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- Motivation: termination

m Proving termination of TRSs: find a
reduction (i.e., awell-founded, monotone,
and stable) ordering ‘>’ which isableto
‘orientate’ therules of the TRS:

|>r forallrules |® r

B Thereisno general algorithm for that!



Motivation: termination

m Proving termination of TRSsIn practice:
find asimplification ordering ‘>’ which is
ableto ‘orientate’ the rules of the (often
transformed) TRS:

|>r forallrules |® r

m Still, thereis no general algorithm for that!
But most automatizable orderings are
simplification orderingd!



- Motivation: programming languages

m User-defined strategies in rewriting-based
programming languages (see Visser
[WRS 01-ENTCSV57] for asurvey):

ELAN,
Maude,
OBJ2,
OBJ3,
CafeOBJ, ...



Motivation: programming languages

H

H

: Example: Consider the following OBJ program:

H obj EXAMPLE i s

= sorts Nat LNat . Explicit ‘local’
[] op 0 : -> Nat . Strategles
[] op s : Nat -> Nat

N op nil . -> LNat

- op cons . Nat LNat -> LNat [strat (1)]

: op from . Nat -> LNat .

L] op sel : Nat LNat -> Nat [strat (1 2 0)]

O op first : Nat LNat -> Nat [strat (1

(] vars N X : Nat . —

H var L . LNat .

B eq sel (s(N),cons(X, L)) = sel (X L)

eq sel (0,cons(X, L)) = X .
eq first(0,L) = nil

eq first(s(N),cons(X, L)) = cons(X first(N,L))
eq from(N) = cons(N,from(s(N)))

endo




Motivation: programming languages

How to analyze the computational properties
of programs written in such languages?




Motivation: programming languages

Termination of rewriting and termination
of such programs do not coincide!!

[




Motivation: programming languages

Example:

sel (s(0),from0)) ® sel(s(0),cons(0,froms(0))))
":-.- .0

EEEEEEEEEEEEEER
)

® sel (s(0), cons(S s(0)),from(s(s(s(0))))))
® ---

|mpossible (dueto
replacement restrictions)!




Motivation: programming languages

Example: Consider the following OBJ program:

obj EXAMPLE is
sorts Nat LNat

C) \I N \T

var L . LNat .

eq sel (s(N),cons(X, L)) = sel (X L)

eq sel (0,cons(X, L)) = X

eq first(0,L) = nil

eq first(s(N),cons(X, L)) = cons(X first(N,L))
eq from(N) = cons(N,fron(s(N)))

endo




Motivation: programming languages

Example: Consider the following OBJ program:

obj EXAMPLE is
sorts Nat LNat .

\VV O \ \ICA

var L . LNat .

eq sel (s(N),cons(X,L)) = sel (X L) .

eq sel (0,cons(X, L)) = X .

eq first(0O,L) =nil .

eq first(s(N),cons(X, L)) = cons(X first(NL)) .
eq from(N) = cons(N,fronm(s(N))) .

endo




Motivation: programming languages

B Replacement maps:

sets (rather than lists) of positive integers associated

to function symbols aimed at specifying which
arguments are reducible in function calls

m Context-Sensitive Rewriting (CSR[JFLP98]):

rewriting steps are limited by the replacement
restrictions imposed by a replacement map




Motivation: programming languages

Example: Consider the following OBJ program:

obj EXAMPLE is Replacement
sorts Nat LNat .
on N C S Nt map

m(s)={1}

{0,s,nil,cons,sel, | n(cons)={1}
first,from} n(sel )={1.2}
| n(f rom={1}
et mm—G (first)={12}

vars N X - Nat
sel (s(N),cons(X,L)) -> sel (N, L)

TRS |sel (0,cons(X L)) -> X
first(O,L) -> nil
first(s(N),cons(X L)) -> cons(X, first(N, L))

from'N) -> cons(N, fron(s(N)))

endo

Sig

\JP L] ] LA




Motivation: programming languages

We devel op a notion of simple termination of
CSR which provides a unifying framework
for proving termination of CSR In practice

[




Summary

B Simple termination of rewriting
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Simple termination
of rewriting




- Simple termination of rewriting

m A reduction ordering is awell-founded,
stable and monotonic ordering >

koA

Stable

TCAA

Monotonic



Simple termination of rewriting

m Theorem: A TRSR isterminating If and
only If there Is a reduction ordering > such
that

| > r
foral rulesl = rinR



Simple termination of rewriting

m Definition [MZ97]: A TRSR over a
signature F isssmply terminating if R
extended with the rules

Emb(F )={f(Xy,... %) — % | finFand 1 <i <k}
IS terminating



Simple termination of rewriting

m A simplification ordering Is a stable and
monotonic ordering > with the subterm

property:

T A
Subterm

B The subterm property guarantees well-
foundedness of > (for finite signatures)



Simple termination of rewriting

m Examples of ssmplification orderings:
Knuth-Bendix ordering [KB70]
Recursive-path ordering(s) [Der82]
Polynomial orderings [Lan79]




. Simple termination of rewriting

m Theorem [MZ97]. A TRSR over afinite
signature F is simply terminating iIf and only
If there Is a simplification ordering > such
that

| >r
fordl rulesl = rinR



Context-sensitive rewriting




Context-sensitive rewriting

B Replacement map:

A mapping u which associates a subset u(f) of
{1,...,ar(f))} to each function symbol f

B The set of positions of aterm splitsinto two

digoint sets: Replacing pos. /‘

Non-replacing




Context-sensitive rewriting

N
- B Example: t=sel (s(0), cons(0, fron(s(0))))
N
E sel
m0)=/
E m(s)={ 1} S/\COHS
O mni | )=A | T
. m(cons)={1} O O from
- (f r omy={ 1} |
- nsel )={1,2} ?
- 0




Context-sensitive rewriting

N
- m Context-sensitive rewriting:
N
: Given a replacement map u, only rewriting steps at
: replacing positions are allowed (writtent — )
. ©
O sel —> sel
O Py U P
- S cons 0 from
= | T ®
O 0 0 from S
R |
S S
|

0 0




Simple termination of CSR




. Simple termination of CSR

m A mreduction ordering is awell-founded,
stable and mmonotonic ordering > [Zan97].

Sable

mM onotonic



. Simple termination of CSR

m Theorem [Zan97]: A TRSR ismterminating
If and only If there isamreduction ordering

> such that
| >r foralrulel—= r InNR



Simple termination of CSR

m Definition: A TRSR over asignature F is
simply mterminating if R extended with the

rules
EMb*(F )={f(Xy,....%,....%) — % | finFandi in u(f)}
IS mterminating i



. Simple termination of CSR

m A msimplification ordering is a stable and

mmonotonic ordering > with the msubterm
property

Replacing
position

mSubterm
B The msubterm property does not guarantee

well-foundedness of > (!!)




Simple termination of CSR

m Example:Consider the constant a and the
monadic symbol ¢ together with n(c)=A

Then, the ordering > given by
c'(a) >c™(a) for n=0,1,..

1S stable, mmonotonic and has the msubterm
property, but it is not well founded:

a>c(a) >c(c(a)) >



. Simple termination of CSR

B Theorem: A TRSR issmply mterminating
If and only If thereisawell-founded

msimplification ordering > such that

>r fordlrulel = r InR



Proving simple termination
of CSR




Transformation methods




Proving simple termination of CSR

B Transformations: The mtermination of a TRS
R Is demonstrated by proving termination of
aTRSR"g for agiven transformation Q:

Lucas [ CALPO6]
Zantema [RTA9/]
Ferreiraand Ribeiro [RTA99]

Gied and Middeldorp [RTA99] (gave acomplete
transformation)



Proving simple termination of CSR

m Lucas transformation [| CALP96]. remove all
non-replacing subterms from the rules of the

TRSR : For instance;

first(0,x) -> nil
|first(s(x),cons(y,z)) -> cons(y,first(x,z))
from(x) -> cons(x,fron(s(x))

m(cons)=n(f rom=n{(s)={1}, n(first)={12}

. first(0,x) -> nil

first(s(x),cons(y)) -> cons(y)
fromx) -> cons(x)

Note that R ", isterminating (e.g., use RPO)




Proving simple termination of CSR

O
- m Comparison:

O
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- Termination [GM99] Simpleterm. [RTAOZ]

The transformations are available for use within MU-TERM 1.0:
http://ww. dsi c. upv. es/ users/ el p/ sl ucas/ nuterm
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Proving simple termination of CSR

S mpl e mterml nation

it

Proving simple mtermination using transformations



Direct methods




Proving simple termination of CSR

m Direct methods for proving mtermination:
CSRPO (Borralleras, Lucas & Rubio [CADEO2])

m RPO isawell-known simplification ordering

m CSRPO generalizes RPO to cope with
context-sensitive replacement restrictions

m Theorem: CSRPO isawell-founded m
simplification ordering




Proving simple termination of CSR

m Polynomials: The mtermination of the
following TRSR [GM99]:.

(f(a,b,x) -> f(x, X, X)
nf)={3}| {c ->a

' c ->D
cannot be proved by using transformations
(or CSRPO)!

m \We consider polynomial interpretations using
Integer coeficients and returning nonegative
values (and requiring mmonotonicity only)




- Proving simple termination of CSR

m Definition: Polynomial morderings are those
Induced by polynomial minterpretations

m T heorem: polynomial morderings are well-
founded msimplification orderings



Proving simple termination of CSR

m In the previous example, we let:
f(xy,2) =1+ (X-y)?+ z a
c=3 b

m Then, we have

f(a, b, x)]=2+x> 1+x=[f (X, X, X) ]
c]=3>2=]a]
c]=3>1=[Db]

2
1

Therefore, R Issimply mterminating!



Proving simple termination of CSR

m Comparison:

S mple mterml nation

\
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Proving si mple mtermination

mpoly



Modularity of simple
termination of CSR




Modularity of ssimple mtermination

m Definition: A CSRSisapair (R,m, whereR
ISsa TRS and mis areplacement map

B Theorem: Simple termination of CSR Is
modular for digoint unions of CSRSs

A (necessary?) condition: there must be symbolsf in
the signature of each module which have at least two
replacing arguments




Modularity of ssimple mtermination

B Theorem: Simple termination of CSR Is
modular for constructor-sharing unions of
CSRSs where the shared constructors are
fully replacing

Again: there must be symbolsf in the signature of
each module which have at |east two replacing
arguments

m Without fully replacing shared constructors
the theorem does not hold!




Modularity of ssimple mtermination

m Example:Consider the CSRSs
R [frggg{sl}-> 0 zeros

| ength([]) -> O _ —
| IIength(x:y)) -> s(length(y))

(- )=n(l engt h)=n(s)={ 1}

zeros -> 0:zeros
RAR | enath([]) > 0

|l ength(x:y)) -> s(length(y))
n(: )=n(l engt h)=n{s)={1}

| engt h(zeros) — length(0:zeros) — s(length(zeros)) — -




Conclusions and future
work




Conclusions

m \We have introduced:

the notions of ssmplification ordering and ssmple
termination for CSR

polynomial orderings for CSR
preliminary results regarding modularity of
simple termination of CSR
B Simple termination of CSR provides a
unifying framework for proving termination
of CSR In practice



Future work

m Well-foundedness of msimplification
orderings (Kruskal)

m CSKBO (Borralleras [PnD02])

m Modularity in more general combinations of
CSRSs (e.g., composable, hierarchical)
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