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Abstract
Strategy annotations provide a simple strategy language which is used

in a number of programming languages and rewriting-based systems for
improving the termination behavior and avoiding useless computations.
Examples are the F-strategies of Maude, OBJ2, OBJ3, and CafeOBJ, and
the ‘just-in-time’ strategies of JITty and uCRL. We show that context-
sensitive rewriting strategies provide an appropriate framework for mod-
eling them: we show that the F-strategies and ‘just-in-time’ strategies are
context-sensitive rewriting strategies. We study the semantics of context-
sensitive rewriting strategies and give conditions and techniques guaran-
teeing correctness and completeness of computations regarding the usual
semantics: head-normalization, normalization, functional evaluation, and
infinitary normalization. Our results apply to the aforementioned kinds
of strategy annotations and programming languages.

Keywords: CafeOBJ, Maude, OBJ, programming languages, programmable
strategies, rewriting.

1 Introduction

Most computational systems whose operational principle is based on reduction
(e.g., functional, algebraic, and equational programming languages as well as
theorem provers based on rewriting techniques) incorporate a predefined reduc-
tion strategy which is used to break down the non-determinism which is inherent
to reduction relations. Once a given reduction strategy is fixed in the implemen-
tation, every program will be executed according to that strategy. Eventually,
this can arise problems with some programs, as each kind of strategy only be-
haves properly (i.e., it is normalizing, optimal, etc.) for particular classes of
programs. Thus, the designers of some programming languages have included
language constructs aimed at giving more flexible control of the program execu-
tion. For instance, programming languages such as Maude [5], OBJ2 [8], OBJ3
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[13], and CafeOBJ [10] admit the explicit specification of a particular class of
strategy annotations (called E-strategies [7]), which are lists of integers asso-
ciated to function symbols which specify the ordering in which the arguments
are (eventually) evaluated in function calls. This very simple strategy language
provides quite a powerful way to control the program execution. Due to its
simplicity, it also provides a simple interface for understanding and eventually
modifying the execution of programs. The E-strategies permit us to completely
avoid the evaluation of some arguments of function symbols. For instance, OBJ2
(and OBJ3) built-in conditional operator has the following (implicit) strategy
annotation ([8], Sec. 4.4; [13], Sec. 2.4.4 & Ap. D.3):

op if_then_else_fi : Bool Univ Univ -> Univ [strat (1 0)]

which says to evaluate the first argument until it is reduced, and then apply rules
at the top (indicated by ‘0’). No evaluation is performed on the second and third
arguments!. The presence of such ‘true’ replacement restrictions (e.g., by for-
bidding replacements in the second and third arguments of if_then_else_fi)
is often invoked to justify that OBJ programs? are able to avoid nontermination
([13], Section 2.4.4). Termination of E-strategies has been studied in [9, 23].
However, the use of E-strategies that forbid reductions on some arguments can
also jeopardize the ability of programs to compute, e.g., normal forms.

Example 1 Consider the following program:

obj FIRST-FROM-LENGTH is
sorts Nat LNat .

op O : => Nat .

op s : Nat -> Nat [strat (0)]

op nil : => LNat .

op cong : Nat LNat -> LNat [strat (1 0)]
op first : Nat LNat -> LNat .

op from : Nat -> LNat .

op add : Nat Nat -> Nat .

op length : LNat -> Nat .

vars X Y : Nat .

var Z : LNat .

eq first(0,Z) = nil .

eq first(s(X),cons(Y,Z)) = cons(Y,first(X,Z))

eq from(X) = cons(X,from(s(X))) .

eq add(0,X) = X .

eq add(s(X),Y) = s(add(X,Y)) .

eq length(nil) = 0 .

eq length(cons(X,Z))= s(length(Z)) .
endo

The strateqy annotations for symbols s and cons are both necessary to achieve

a terminating behavior of the program (which can be formally proved). The
evaluation of expression

!The ‘polymorphic’ sort Univ for these arguments is denoted Universal in [13], Appendix
D.3.
?As in [13], by OBJ we mean OBJ*, CafeOBJ, or Maude.



add (length(first (s (0) ,from(0))) ,length(first (0,from(0))))
using (command red of) the Maude interpreter® yields:

s(add(length(first (0, from(s(0)))), 0))
This term is not a normal form.

We especially note that, whenever the user provides no E-strategy for a given
symbol, the (Maude, OBJ*, CafeOBJ) interpreter automatically assigns a default
E-strategy. This can lead to sharp differences between different interpreters.

Example 2 (Continuing Frample 1) The evaluation of the previous expression
using the OBJ3 interpreter yields:

s (add(length(first (0,from(s(0)))),length(first (0,from(0)))))

This is because the default E-strategy for symbol add in Maude is (1 2 0) whereas
the default E-strategy in OBJ3 is (1 0 2 0).

Example 1 shows that computations using strategy annotations can eventually
produce non-totally evaluated terms. Example 2 shows that different inter-
preters accepting the same program can behave quite differently due to the (in-
ternal) use of different E-strategies (i.e., there can be ‘portability’ problems).
These scenarios show that strategy annotations are an essential component of
the computational model of the language which needs to be undertaken in any
semantic description of the programs.

In this paper we investigate the semantic description of rewriting compu-
tations controlled by strategy annotations and its connections with the usual
semantics for rewriting computations. We show that context-sensitive rewrit-
ing (CSR, a simple restriction of rewriting that forbids reductions on selected
arguments of functions [18]) provides a suitable framework for describing and
analyzing computations with programs using strategy annotations.

1. By using the rewriting semantics of [24], we give a semantic description of
computations using context-sensitive rewriting strategies [19] (Section 3).

2. We give conditions ensuring that semantics of context-sensitive rewrit-
ing (strategies) is correct and complete w.r.t. standard semantics: head-
normalization, functional evaluation, normalization, infinitary normaliza-
tion, etc. (Section 4).

3. We show that E-strategies can be considered as specifications of concrete
CS-strategies. Thus, the results in previous sections immediately apply

(Section 5).

3We use version 1.0.5 of Maude interpreter (available at
http://maude.cs.uiuc.edu/current/system/).



4. We also consider Van de Pol’s strategies [31] which are an interesting
refinement of the E-strategies. We prove that Van de Pol’s strategies
can be viewed as CS-strategies. Again, the results in Sections 3 and 4
immediately apply (Section 6).

Semantic aspects of computations with these strategy annotations, also in con-
nection to more standard semantics, have been studied in [26, 27, 31]. Com-
parisons to our approach are given below. Proofs of theorems are given in an
appendix.

2 Preliminaries

Let R C A x A be a binary relation on a set A. We denote the transitive closure
of R by Rt and its reflexive and transitive closure by R*. A finite R-sequence
s a sequence ai,aa, ..., a, of elements taken from A such that a; R a;41 for
1 <i < n; we say that such a sequence begins in a; and ends in a,. We say that
R 1s confluent if, for every a,b,¢ € A, whenever @ R*b and a R*¢, there exists
d € A such that b R*d and ¢ R*d. An element a € A is said to be an R-normal
form if there exists no b such that a R b; otherwise, a is called R-reducible. We
say that b is an R-normal form of a (written a R'b) if b is an R-normal form
and @ R*b; in this case, we also say that @ i1s R-normalizing. We say that R
18 normalizing if every a € A has an R-normal form, i.e., for all @ € A, there
is b € A such that ¢ R' b. In a normalizing relation, each element a € A has
(at least) one normal form. In a confluent and normalizing relation, the normal
form exists and 1s unique. We say that R is terminating iff there is no infinite
sequence a1 R as R as---. Obviously, terminating relations are normalizing.

Throughout the paper, X denotes a countable set of variables and F denotes
a set of function symbols {£, g, ...}, each having a fixed arity given by a function
ar : F — N. We denote the set of terms by T(F,X). Var(t) is the set of
variables in .

Terms are viewed as labelled trees in the usual way. Positions p,q, ... are
represented by chains of positive natural numbers which are used to address
subterms of . We denote the empty chain by A. We denote the length of a
chain p as |p|. If p is a position, and @ is a set of positions, p.Q) is the set
{p.q | ¢ € Q}. Positions are ordered by the standard prefix ordering: p < ¢ iff
¢’ such that ¢ = p.¢’; p || ¢ means p £ ¢ and ¢ £ p. The subterm at position
p of t is denoted as t|, and ¢[s], is the term ¢ with the subterm at position p
replaced with s. We denote the set of positions of a term t by Pos(t). Given
terms t and s, Pos;(t) denotes the set of positions of s in ¢, i.e., p € Pos; (1)
iff t|, = s. Positions of non-variable symbols in ¢ are denoted as Posz(t) and
Posx(t) are the positions of variable occurrences. A term is said to be linear if
it has no multiple occurrences of a single variable. The symbol labelling the root
of t is denoted as root(t). A contertis a term C € T(F U {0}, X') with zero or
more ‘holes’ O (a fresh constant symbol). We write C[ ], to denote that there is
a (usually single) hole O at position p of C'. Generally, we write C[] to denote
an arbitrary context (where the number and location of the holes is clarified



‘in situ’) and CTt1,...,t,] to denote the term obtained by filling the holes of a
context C[ ] with terms ¢1,...,¢,. C[] = O is called the empty context.

A rewrite rule is an ordered pair ({,r), written [ — », with {,» € T(F, X),
I ¢ X and Var(r) C Var(l). The left-hand side (lhs) of the rule is [ and the
right-hand side (rhs) is . A TRS is a pair R = (F,R) where R is a set
of rewrite rules. L(R) denotes the lhs’s of R. Given a substitution o, an
instance o(l) of a lhs | of a rule is a redex. The set of redex positions in ¢ is
Posr(t) ={p€Pos(t) | e L(R) : t|,=0c()}.

A TRS R is left-linear if for all { € L(R), | is a linear term. Given a
TRS R = (F, R), we consider F as the disjoint union F = C WD of symbols
¢ € C, called constructors and symbols f € D, called defined functions, where
D ={root(l) |l > r€ R} and C = F —D.

A term t rewrites to s (at position p), written ¢ Hrs (or just ¢ 5, or
t —r s, orevent — s) if t|, = o(l) and s = t[o(r)],, for some rule [ - r € R,
p € Pos(t) and substitution ¢. The one-step rewrite relation for R is —». A
finite —-sequence is called a rewrite sequence. If ¢t —* s, then s is a reduct of
t. A term ¢ is a head-normal form if it cannot be rewritten to a redex. A term
is said to be head-normalizing if it has reduct which is a head-normal form.
In this paper, the —-normal forms (resp. —-reducible terms) are called normal
forms (resp. reducible terms); —-normalizing terms are said to be normalizing.
A TRS is confluent (resp. normalizing, terminating) if — is confluent (resp.
normalizing, terminating).

An infinite term on a signature F is an infinite ordered tree such that each
node is labeled by a symbol f € F and has a tuple of descendants, and the size
of such a tuple is equal to ar(f). The set of (ground) infinite or finite terms is
denoted by T« (F,X) (resp. T¥(F)). The set of finite or infinite normal forms
of R is w-NFp.

By an infinite rewrite sequence S of terms we mean a mapping A : Nyg —
T (F,X) from positive integers into finite terms such that 4; — A;4q for i > 0
(as usual, we write A; rather than A(é)). Note that we do not consider here
rewrite sequences which explicitly contain infinite terms; infinite terms only
appear as limits of infinite rewrite sequences.

An infinite rewrite sequence t; — {5 — - -- is strongly converging if for all
d > 0, there is an index ¢ > 1 such that the depth of every redex contracted in
t; = 1i41 — -+ 1s at least d. Also all finite sequences are strongly converging.
Note that every infinite strongly converging sequence ¢t = {3 — {2 — --- has
a limit s (written ¢ —“ s which is necessarily an infinite term. If ¢ —»* s or
t =¥ s, we write t 5<% 5. A rewrite sequence is called infinitary normalizing
if it strongly converges to a (possibly infinite) normal form [25]. An infinite
rewrite sequence that is not infinitary normalizing is called perpetual.

2.1 Context-sensitive rewriting

Given a signature F, a mapping p : F — P(N) is a replacement map (or F-map)
if forall f e F, u(f) C{1,...,ar(f)}. The replacement map p determines the
argument positions which can be reduced for each symbol in F [18]. The set



of all F-maps is Mz. When considering a TRS R = (F, R), we also write Mg
rather than Mz. An ordering C is defined on Mz, the set of all F-maps: pu C p'
ifforall f € F, u(f) C ¢/ (f). Thus, u C p/ means that p considers less positions
than g for reduction, i.e., y is ‘more restrictive’ than (or equally restrictive to)
. Givent € T(F,X) and u € Mz, the set of u-replacing positions Pos* (1)
of tis: Pos”(t) = {a}, if t € X and Pos"(t) = {A} UU,e roor(s)) ©-Pos" (t]:) if
t € X. By abuse, the occurrence of subterm ¢|, at position p is called replacing
if p € Pos”(t) In context-sensitive rewriting (CSR), we rewrite subterms at
replacing positions: ¢ p-rewrites to s, written ¢ (Lﬂ(u) s (or simply t =gy s,
t—,sort—s)ift 2z s and p € Post (t). The —,-normal forms (< ,-
reducible terms) are called y-normal forms (p-reducible terms). Let NF% be the
set of p-normal forms of R. A term is g-normalizing if it is < ,-normalizing.
A TRS is p-confluent if <, is confluent. Confluence of C'SR has been inves-
tigated in [18]. A TRS R is p-terminating if <, is terminating. Termination
of CSR has been studied in a number of papers, see [12, 21] for recent surveys.

With innermost context-sensitive rewriting fim, we only contract mazimal
positions (w.r.t. <) of replacing redexes (in Posk (¢)): ¢ fim sift B s and

p € mazimal< (Pos’ (t)). We say that R is innermost p-terminating if fim is
terminating. Termination of innermost CSR has been studied in [11, 23].

The canonical replacement map px™ for a TRS R is the most restric-
tive replacement map which ensures that the (positions of) non-variable sub-
terms of the left-hand sides of the rules of R are replacing [18, 19]. Note
that p%™ can be automatically associated to R by means of a very simple
calculus: for each symbol f € F and ¢ € {1,...;ar(f)}, ¢ € p$"(f) iff
Al € L(R),p € Posx(l), (root(l|,) = f Api € Posg(l)). Given a TRS R,
CMp = {pu € Mp | u5™ C p} is the set of replacement maps which are less
restrictive than or equally restrictive to pu%'”. One of the most important prop-
erties of the canonical replacement map is the following.

Theorem 1 [18,19] Let R be a left-linear TRS and p € CMg . Every p-normal
form is a head-normal form.

3 Semantics of (restricted) rewriting computa-
tions

As we will see, semantics of rewriting under strategy annotations is often given
as a rewriting semantics. By a rewriting semantics, we mean a mapping S :
T(F,X)— P(T*(F, X)) such that, for all t € T(F,X) and s € S(t), t == s
(resp. t =% s) [24]. A semantics S is defined (deterministic) if S(¢) # @ (|S(t)] <
1) for all terms ¢. Each rewriting semantics S defines a set Ws = UteT(}',X) S(t)
(i.e., the range of S) of ‘interesting’ or ‘canonical’ values which the computation
represented by the semantics obtains.



eval(t) = {se€T7(C,X)|t—"s}
w-eval(t) = {seT“(C,X)|t—>5*s}
nf(t) = {s€&NFg|t—=*s}
w-nf(t) = {s €w-NFg |t =5 s}
hnf(t) = {s € HNFg |t =" s}

Figure 1: Rewriting semantics for a TRS R

Example 3 The usual semantics given to a (first-order) functional program R
is the set of constructor terms® that R is able to produce in a finite number
of rewriting steps (eval, see Figure 1). Lazy functional languages would rather
consider w-eval instead (i.e., the possibly infinite constructor values obtained
as limits of infinitary computations). Programming languages such as ELAN,
CafeOBJ, OBJ3, and Maude focus on the computation of (finitary) normalization
semantics nf. Infinite normal forms can also be considered with w-nf. A (more
or less) auziliary semantics often considered are, e.g., the set of all possible
reducts of a term which are head-normal forms (hnf).

Programs of real (rewriting-based) programming languages are better described
by also considering the concrete strategy which is used to execute them. A
(non-deterministic) rewriting strategy for a TRS R is a function S that assigns
a non-empty set of non-empty finite rewrite sequences each beginning with ¢
to every term t which is not a normal form. If sequences in S(¢) consists of
at most one rewriting step for all term ¢, we say that S is a one-step rewriting
strategy. S is called deterministic if |S(¢)| < 1. We write t =g s if S(¢) contains a
reduction sequence ending with s. An S-sequence is a reduction sequence of the
form t; =gty —g - --. A strategy S is normalizing if, for all normalizing term ¢,
there is no infinite S-sequence starting from ¢. A reduction strategy S for a TRS
is called infinitary normalizing if there are no perpetual S-rewrite sequences
starting from terms that admit an infinitary normalizing rewrite sequence.

We say that a rewriting strategy S is termunating if —g is terminating.

Remark 1 Termination of strategies is closer to termination of programs than
termination of rewriting. On the other hand, ensuring termination of a strat-
egy is more interesting than just having normalization (traditionally the most
important property of a strategy), since termination means that no infinite com-
putation sequence ever arise.

4Functional languages such as Haskell or ML would actually restrict the attention to ground
constructor terms.



Given a strategy S for a TRS R, we let nfg to be

nfg(t) = {s € T(F,X) |t =§ s}

and w-nfg for the corresponding infinitary version®

w-nfg(t) = nfg(t) U{s € T (F, X) |t —=¢ s}.

3.1 Correctness and completeness of rewriting semantics

A partial order C among rewriting semantics is given by S C S if and only
if Yt € T(F,X),S(t) C S(t) [24]. The following diagram depicts the ordering

among the semantics in Figure 1 (an arrow from S to S means that ST §').

hnf
T w-nf
nf / T
T w-eval
eval

Suitable notions of correctness and completeness of a given semantics w.r.t. a
reference semantics can be defined by using this ordering.

Definition 1 Given a reference semantics So for a TRS R, a particular rewrit-
ing semantics S for R is:

partially correct (w.r.t. So) of ASENWs, LC S,
correct (w.r.t. Sg) if S C Sy,
complete (w.r.t. Sp) if Se C S

Informally, S is partially correct if each interesting (referred to Sg) value which
is computed using S is acceptable (regarding Sp); correct if each computed value
using S is acceptable (for Sp); complete if each interesting value which is com-
puted using Sy is also computed using S. Note that correctness and completeness
are dual properties in this order-theoretic setting. Correctness of a semantics S
w.r.t. Sp implies partial correctness of S w.r.t. Sy (note that, whenever S C Sy,
we have S(t)NWs, = S(t) for all terms t). The opposite is not true: for instance,
nf is only partially correct w.r.t. eval; also, w-eval is partially correct (but not
correct) w.r.t. nf.

Remark 2 If S is partially correct w.r.t. Sg, then S = At.S(t) N Ws, is, by
definition, correct w.r.t. So. Hence, ensuring partial correctness of a semantics
gives us a systematic way to obtain a correct semantics.

5Note that we only consider strongly converging S-sequences.



When considering partial correctness and completeness together, we have the
following interesting (and obvious) fact.

Proposition 1 If S is partially correct and complete w.r.t. Sy, then Sg =
/\t.S(t) N Ws,.

A rewriting semantics S which is correct and complete w.r.t. Sg is, in fact,
equivalent to Sg, i.e., S = Sp.

Remark 3 Proposition 1| allows us to say that if S is partially correct and
complete w.r.t. Sg, then S could be used to simulate Sy, in the sense that, for
each term t, we only need to remove from S(t) the values which are not in Wy
to exactly obtain So(t).

In contrast to correctness, partial correctness is not transitive. However, we
have the following.

Proposition 2 If S is correct w.r.t. Sy and So is partially correct w.r.t. S,
then S is partially correct w.r.t. S.

Since every strategy is forced to perform rewriting steps unless faced to a normal
form, for every rewriting strategy S, nfg is correct w.r.t. nf and hnf, and partially
correct w.r.t. eval. According to the previous facts, semantics nfg is added to
the previous diagram as follows (where a dashed arrow from S to S’ means that
S is partially correct w.r.t. §').

hnf
w-nf
f -~ }
n
nfe ™ I _______ . w-eval
* eval

In contrast to nfg regarding nf, semantics w-nfg 1s not correct w.r.t. w-nf. This
is because convergent infinite reduction sequences issued by S do not need to
reach a normal form.
Example 4 Consider the TRS R:

a — f(a,a)
The evaluation of expression a using the leftmost-outermost rewriting strategy
yields the strongly converging sequence:

a — f(a,a) — £(f(a,a),a) — -
which does not converge to a normal form.
In order to ensure correctness of w-nfg w.r.t. w-nf, we need to use an nfinitary

normalizing strategy S (see [16, 20, 25] for a discussion about the definition of
such strategies.).



3.2 Semantics of context-sensitive computations

The rewriting semantics cs-nf, for a TRS R computes the set of y-normal forms
of each term ¢:
cs-nf, (1) = {s e NFy |t =7, s}

We also consider the infinitary version:
w-cs-nf, (1) = {s € w-NF% |t f—)Ew s}

which computes the finite or infinite g-normal forms of a term ¢ (by using
strongly converging p-rewrite sequences). As for unrestricted rewriting, we can
also consider concrete sequences of context-sensitive rewriting steps when mod-
eling rewriting computations. A (non-deterministic) p-strategy for R is a func-
tion H that assigns a non-empty set of non-empty finite p-rewrite sequences
each beginning with ¢ to every term ¢ which is not a p-normal form [19]. Again,
if sequences in H(¢) consist of at most one p-rewriting step for all term ¢, we say
that H is a one-step p-rewriting strategy; H is called deterministic if [H(¢)| < 1.

Remark 4 Note that, by using p-strategies, p-normal forms cannot be further
reduced. Thus, whenever p # pt (where pr(f) = {1,...,ar(f)} for all symbol
f), a p-strategy is not necessarily a rewriting strategy. On the other hand, since
— = Sur, rewniting strategies can be thought of as a particular subclass of
context-sensitive rewriting strategies.

We write ¢ < s if H(¢) contains a p-reduction sequence ending with s. Given
a p-strategy H, a p-reduction sequence of the form ¢ <>y t5 < - - - 1s called
an H-sequence. A p-strategy H is p-normalizing if, for all g-normalizing term
t, there is no infinite Hrsequence starting from ¢ (see [19] for further informa-
tion about how to define p-normalizing p-strategies). A p-strategy is infinitary
p-normalizing if there are no perpetual H-sequences starting from terms that
admit an infinitary p-normalizing p-rewrite sequence. A p-strategy Hl is inner-
most if —g C ‘i>;|; .
A p-strategy His p-terminating if < is terminating. A proof of y-termination

for the TRS R (see [12, 21]) can be used to prove p-termination of (any) p-
strategy for R. The following result connects p-normalization and p-termination
of TRSs and p-strategies.

Proposition 3 Let R be a TRS, p € Mg, and H be a p-strategy for R. Then,
H is p-terminating if and only if R s p-normalizing and H is p-normalizing.

Given a p-strategy H for a TRS R, we define the following semantics:
cs-nfy(t) = {s € T(F, X) |t = s}

and analogously for the infinitary counterpart, w-cs-nfy. Since every pu-strategy
is forced to perform p-rewriting steps unless faced to a p-normal form, we have
the following:

10



Theorem 2 Let R be a TRS, p € Mg, and H be a p-strateqy for R. Then,
cs-nfy 1s correct w.r.t. cs-nf,,.

Again, this result does not hold for w-cs-nfy w.r.t. w-cs-nf, unless H is infinitary
p-normalizing. We also have:

Theorem 3 Let R be a TRS, p € Mp, and H be a p-normalizing p-strategy
for R. If R is p-confluent, then cs-nfg = cs-nf,,.

4 Computing canonical forms

In general, cs-nf, or cs-nfg are not correct or complete w.r.t. eval, nf or hnf.
However, since <, C — for every replacement map y, we have the following
obvious fact.

Proposition 4 Let R be a TRS and p € M. Then, cs-nf, is partially correct
w.r.t. eval, nf, and hnf.

As a consequence of Theorem 2, and Propositions 2 and 4, some new relation-
ships between the different semantics arise:

For left-linear TRSs R and p € CMg, the p-normal forms are head-normal
forms (Theorem 1). Thus, we have:

Theorem 4 Let R be a left-linear TRS, p € CMg, and H be a p-strategy for
R. Then, cs-nf, and cs-nfy are correct w.r.t. hnf.

Correctness of cs-nf, or cs-nfg w.r.t. eval or nf is more difficult to achieve. With
regard to the computation of constructor terms, C'SR exhibits some interesting
properties. Given a TRS R = (F,R) = (CWD, R) and B C C, we let u% to be
pR(c) = {1,...,ar(c)} for all c € B and p&(f) = pss(f) if f € F — B. Note
that % € CMg. Now we let EvMg 5 = { € Mg | p% C u}.

Theorem 5 [18] Let R = (F,R) = (CWD, R) be a left-linear TRS, B C C and
p € BuMg 5. Lett € T(F,X) and 6 € T(B,X'). Then, t = 6 iff t =7, 4.

Theorem 5 is very easy to use in sorted signatures and TRSs (e.g., in OBJ
programs): given a term ¢ (of sort 7), we let B C C to be the set of constructor
symbols which are used to build constructor values of sort 7. As immediate
consequence, we obtain the following.

11



Theorem 6 Let R = (F,R) = (CWD,R) be a left-linear, confluent TRS,
B CC, p€ EvMp 5 and H be a p-normalizing p-strategy for R. Lett € T(F,X)
and § € T(B,X). Then, § € eval(t) if and only if § € cs-nfy(¢).

Therefore, we can use any p-normalizing p-strategy to directly obtain the values
(in 7(B, X)) associated to a term t, provided that u is taken from FuMpg 5.
Note that we do not need p-confluence for ensuring this result.

Even though Theorems 5 and 6 do not express (full) correctness or com-
pleteness of cs-nf or cs-nf w.r.t. eval, they are useful in practice.

A TRS R = (CwD,R) is completely defined (CD) if no ground normal
form contains defined symbols (see [15, 17] for methods for checking completely
definedness of TRSs). Semantics eval and nf of a completely defined TRS R
are equivalent over ground terms #: eval(?) = nf(¢). When considering context-
sensitive computations, we have the following.

Proposition 5 Let R = (CWD, R) be a left-linear, completely defined TRS and
i € BvMg ¢. There is no ground p-normal form containing defined symbols.

Left-linearity is necessary for Proposition 5 to hold.

Example 5 Consider the following TRS R [19]:

f(x,x) — b
a —+ b

and p(f) = @. Note that R is completely defined, but there is a p-normal form
f(a,b) containing a defined symbol £.

As a consequence of Proposition 5, Theorem 5, and Theorem 6, we have the
following.

Theorem 7 Let R = (CWD, R) be a left-linear TRS, p € EvMp ¢, and H be a
p-strategy for R. Then,

1. IfR is completely defined, then cs-nf, and cs-nfy are correct (over ground
terms) w.r.t. eval.

2. Semantics cs-nf, is complete w.r.t. eval.

3. If R is confluent and H s p-normalizing, then cs-nfy is complete w.r.t.
eval.

Although Theorem 7(1) requires to use CD TRSs to achieve correctness w.r.t.
eval, we note that Theorems 7(2) and 7(3) together with Propositions 1 and
4 provide a suitable framework to compute constructor terms which does not
require completely definedness.
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4.1 Computing normal forms

The mazimal replacing context MRC*(t) of t consists of the maximal part of ¢
whose positions are p-replacing in ¢, see [19]. When considering left-linear TRSs
R and replacement maps p € CMp, every p-strategy H can be extended to a
strategy Sy as follows [19]:

TH(¢) if t ¢ NF%
S (t)— C[SH(tl),...,SH(tn)] iftENF%—NFR,
= where C[] = MRC*(t) and t = C[ty,..., 1]
1] otherwise
Here, for a given context (] and sets of rewrite sequences Si,...,.S,, issued

form terms ¢y, ...,t,, C[S1,...,S,] is the set of sequences from C[iq, ..., 1,] to
C[s1,...,8n], where, for 1 < ¢ < n, either s; = ¢; (during the whole sequence)
or s; is the end point of a sequence in S; (also, at least one of the s; must be
taken in this way). We have the following:

Theorem 8 [19] Let R be a lefi-linear, confluent TRS and p € CMgp. IfH is
a p-normalizing p-strategy, then Sy is normalizing.

Note that (again) we do not need p-confluence for ensuring this result. There-
fore, for left-linear, confluent TRSs R and p € CMpg, the ‘normalization via
p-normalization” procedure expressed by the definition of Sy for a given pu-
strategy H provides a systematic way to obtain normalizing strategies from
p-normalizing p-strategies H.

Theorem 9 Let R = (CW D, R) be a left-linear TRS, p € CMg, and H be a
p-strategy for R. Then,

1. Semantics nfgy ts correct w.r.t. hnf and nf.
2. If R 1s completely defined, then

(a) nfgy is correct (over ground terms) w.r.t. eval.

(b) If u € EvMp ¢, then nfgy is equivalent (over ground terms) to cs-nfy.

3. If R is confluent and H s p-normalizing, then nfgy = nf.

In Figure 2 we summarize the conditions for achieving correctness and complete-
ness in context-sensitive (based) finitary computations w.r.t. different semantics.
Obvious conditions entailing determinism of the semantics are also given.

4.2 Computing infinite values and normal forms

In [24] we have shown that, if we do not want to consider transfinite rewrite
sequences, infinitary strongly convergent sequences suffice for computing the

13



CORRECTNESS of
w.r.t. cs-nf, cs-nfy nfgy
cs-nf, v v “T
hnf LL, CMzr LL, CMgr LL, CMgr
LL, CD, LL, CD, LL, CD,
eval EUMR,C EUMR,C CMR
nf HT HT LL, CMR
COMPLETENESS of
w.r.t. cs-nf, cs-nfy nfgy
cs-nf, v #-CR, H pg-norm CR, H pgt-norm
LL, LL, CR, EvMz ¢, LL, CR, CMz,
eval EvMg ¢ H g-norm H g-norm
nf “T CR, H pt-norm HI;ILL’L—?M}){;H?MR’
DETERMINISM of
cs-nf, cs-nfy nfey
1-CR 1-CR, or LL, CR, CMzr
H deterministic

CR: confluence LL: Left-linearity

Figure 2: Correctness, completeness, and determinism for CS-computations
(finitary case)

infinite values that can be obtained from finite terms® ([24], Theorem 1). Thus,
restricting the attention to strongly convergent sequences in the definition of
w-eval does not entail any lose of generality”. Regarding the ability of CSR to
compute infinite values, we prove the following ‘infinitary version’ of Theorem

5.

Theorem 10 Let R = (F,R) = (C WD, R) be a left-linear TRS, B C C and
p € EvMg . Lett € T(F,X) and § € T¥(B,X). Then, t 5% § iff t f—)E“’ d.

The role of (finitary) confluence to ensure good semantic properties of infinitary
computations has been investigated in [24]. Confluence ensures unicity of infi-
nite constructor normal forms ([24], Theorems 6 and 7). Unfortunately, with
confluent TRSs we can still have terms with more than one (possibly infinite)
normal form.

SFor left-linear, confluent TRSs, there is no need to consider transfinite sequences at all
[24], Theorem 4.

"Regarding the computation of infinite normal forms (i.e., w-nf), we need to restrict the
attention to left-bounded orthogonal TRSs, where a TRS is left-bounded (LB) if the depth of
the left-hand sides of its rules is bounded [16, 24].

14



Example 6 Consider the confluent TRS R [24]:

fla) — f(f(a))
f(a) — a

where only symbols a and £ belong to the underlying signature. Term f£(a) has
a finite (constructor) normal form a, and an infinite (non-constructor) normal
form £,

Unicity of infinite normal forms obtained from infinitary strongly converging
sequences is ensured for orthogonal TRSs ([16], Theorem 7.15). According to
these results, we have the following.

Theorem 11 Let R = (CW D, R) be a left-linear TRS, p € EvMg ¢, and H be
a p-strateqy for R. Then,

1. Semantics w-cs-nf,, s complete w.r.t. w-eval.

2. If R is orthogonal and H is infinitary p-normalizing, then w-cs-nfy s
complete w.r.t. w-eval.

Note that the infinitary counterpart of Theorem 7(1) is missing in Theorem 11.
TRS R in Example 6 can be used to show that completely definedness do not
ensure correctness of w-cs-nf, w.r.t. w-eval. It also shows that confluence does
not ensure completeness of w-cs-nfy w.r.t. w-eval.

Example 7 (Continuing Fz. 6) Note that
w-eval(f(a)) = {a}, whereas w-cs-nf, (£(a)) = {a,£¥}.

Thus, w-cs-nf,, s not correct w.r.t. w-eval. On the other hand, a p-strategy H
which only uses the first rule of R in Example 6 for reducing terms is infinitary
put-normalizing but T will never obtain the (finite) constructor normal form a
of £(a). Thus, w-cs-nfy s not complete w.r.t. w-eval. Note that R s completely
defined.

Regarding infinitary normalization with left-linear TRSs R, replacement maps
u € CMyp, and a p-strategy H for R, we can use the following strategy [19]:

TH(¢) ift ¢ NF
slt) = s, ... sl if t € NFY, — NFg,
where C[] = MRC*(t) and t = C[ty, ..., 1]
1] otherwise
Here, for a given context (] and sets of rewrite sequences Si,...,.S,, issued
from terms ¢1,...,%,, we let C’”[Sl, ..., 5,] denote the set of derivations from

Clt1,...,tp) to C[s1,. .., sy] such that there is ¢ € {1,...,n} such that #; is not
a normal form and for all 1 < j < n, either ¢; is not a normal form (and is
t; =1 s; € S; as well), or ¢; is a normal form and s; = ¢;.
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Theorem 12 Let R be a left-linear TRS and pn € CMy . IfH is a p-terminating
p-strategy, then S]IILI 15 wnfinitary normalizing.

Example 8 Consider the TRS R [19]:
a — c(a,a)
and p(c) = @. It is easy to see that R is p-terminating. Therefore, every
p-strategy is also p-terminating. Since the only p-reducible term is a, there is
only one possible p-strategy H for R. We have the following S]Illﬂ-sequence
a —g c(a,a) —g clcla,a),cla,a)) —g -
i i i

which clearly converges to the infinite normal form of a.

Interestingly, p-termination (rather than p-normalization) of u-strategies is
helpful for achieving infinitary normalization. The following example shows
that requiring p-normalization does not suffice to ensure infinitary normaliza-

tion with SIl.

Example 9 Consider the TRS R of Example 8 and p(c) = {1}. Note that term
a has no p-normal form now. Again, there is only one possible p-strategy H for
R which is trivially p-normalizing (for every term t, if t contains a replacing
occurrence of a, thent has no p-normal form; otherwise, t is a p-normal form).

Since a has no p-normal form, both S]Illﬂ and H perform the same reduction steps
which correspond to the infinite sequence

a < c(a,a) — c(c(a,a),a) < ---

which does not converge to the infinite normal form of a.

Moreover, note that this is a proper feature of p-strategies which does not
apply to rewriting strategies; obviously, terminating rewriting strategies cannot
be used to obtain infinite normal forms. Note, however, that if H is terminating,
then w-cs-nf = cs-nfy.

Remark 5 Note that Sy and S]Illﬂ are equivalent regarding normalization, 1.e.,
nfsy = nfgy for all p-strategy H. We also note that, «f H is terminating, then
s

H-sequences and S]I}lﬂ-sequences are strongly converging.

By using these results, we can also prove the following.

Theorem 13 Let R be a left-linear TRS, p € CMg, and H be a p-terminating
p-strategy for R. Then,

1. w-nfyy s correct w.r.t. w-nf.
s

2. If R 1s completely defined and p € EvMRg ¢, then w-nfy) is equivalent (over
s

ground terms) to cs-nfy.

3. If R 1s orthogonal, then w-nfy) is complete w.r.t. w-eval, and w-nfy) = w-nf
i s
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Now, we introduce a new criterion for guaranteeing unique normal forms by
infinitary rewriting by requiring confluence and termination of CSR.

Theorem 14 Let R be a left-linear, confluent TRS and p € CMg be such that
R is p-terminating. Let t € T(F,X). Ift =< 5, and t ==% sy for normal
forms sy, s3, then s1 = s3.

Note that R in Example 6 is confluent but not p-terminating for any p € CMg
(note that CMz = {p1}). By lack of space, we refer the reader to [19], Section
11.1 for a non-trivial example of TRS to which Theorem 14 applies, whereas
results in [6, 16] do not.

In [21], we prove that, for left-linear TRSs R and p € CMpg, p-termination
of R implies top-termination of R (a TRS is top-terminating if no infinitary
reduction sequence performs infinitely many rewrites at topmost position A [6]).
Interestingly, top-termination is not sufficient to ensure Theorem 14, as the
following example shows:

Example 10 Consider the TRS R [6]:

glx,a) — f(glx,a)) a — b
gx,b) — ¢ f(c) = ¢
As remarked in [6], R is top-terminating and locally confluent. It is not difficult

to see that it 1s confluent, indeed. However, g(x,a) has two normal forms: c
and £¥.

We have the following corollary of Theorem 14.

Corollary 1 Let R be a left-linear, confluent TRS, and p € CMgr. If R 1s
p-termanating, then, for all p-strategy H for R, w-nfyy s complete w.r.t. w-eval,
i

and w-nfy = w-nf.
i

5 FE-strategies

A local strategy (or E-strategy) for a k-ary symbol f € F is a sequence ¢(f) of
non-negative integers® taken from {0,1,..., k}. In the OBJ family of languages,
they are given as sequences of numbers in parentheses. A mapping ¢ that
associates a local strategy ¢(f) to every f € F is called an E-strategy map [27].
Eker [7] and Nagaya [26] largely motivate the interest of requiring that 0
be the last index of local strategies associated to defined symbols. Since this
requirement is essential in our development, we introduce the following?:

Definition 2 (Regular E-strategy) We say that an E-strategy map ¢ for a
signature F = C WD is regular if for all f € D, ¢(f) ends in 0.

8The use of negative integers has also been proposed in local strategies aimed at relaxing
the replacement restrictions, see [1] for a discussion on the topic.

®The adjective ‘regular’ that we adopt here is inspirated by [30], where it is used with a
slightly different meaning.
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The following definition is used below.

Definition 3 [23] Given a TRS R = (CWD, R), we say that an E-strategy map
@ s elementary for R if for all f € D, ¢(f) = (1 i, 0) and i; > 0 for
1<j<n.

Given a regular E-strategy ¢, we obtain an elementary E-strategy vps as fol-
lows: for all symbol f € D, wpi(f) is the prefix of ¢(f) which contains a single
occurrence of 0.

5.1 Default F-strategies

As remarked above, symbols without an explicit local strategy are given a default
one whose concrete shape depends on the language considered:

1. In Maude, the default local strategy associated to a k-ary symbol f, is
(12 ---k0), see [5].

2. In OBJ3, the default local strategy associated to a k-ary symbol f ‘is de-
termined from its equations by requiring that all argument places that
contain a non-variable term in some rule are evaluated before equations
are applied at the top’ and ‘all arguments are reduced in some order’
and ‘either the operator has no rules or the strategy ends with a fi-
nal zero’ [13], Section 2.4.4. In other words: for defined symbols f €
D, o(f) = (i1, im,0,41,...,Jn,0) where {i1,... in} = p%"(f) and
i, gnt = {1 . ar(H)} — p58"(f). For constructor symbols ¢ € C,
ple) = (12 -k 0) (or p(c) = (1 2 ---k) which is equivalent for con-
structor symbols).

3. In CafeOBJ, the default strategy is computed as follows in OBJ3 (see [28],
Section 7.4.2).

Example 11 The following table shows the E-strategies used in the program
of Fxample 1 with OBJ3 and Maude interpreters (user defined strategies high-
lighted).

| FIRST-FROM-LENGTH |
Symbol OBJ3 Maude

0 (0) (0)
s (0) (0)
nil (0) 0)

cons (10) | (10)
first | (120) | (120)
from (0 1 0) (1 0)
add (1020)|(120)
length (1 0) (1 0)
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Note that default E-strategies in Maude, OBJ3, and CafeOBJ are regular. More-
over, Maude recently imposed that all E-strategies end in 0. In fact, the Maude
interpreter automatically adds a zero at the end of every non-zero-ended lo-
cal strategy (even for explicit ones) in order to achieve regularity. Indeed, the
version of the OBJ3 interpreter that we used seems to do the same.

Remark 6 Default strategies in Maude are elementary (the exception is anno-
tation (1 0 2 3 0) for the if_then_else_£fi operator). This is not the case for
OBJ3 or CafeOBJ (see Example 11).

5.2 Rewriting under E-strategies

Nagaya describes the operational semantics of term rewriting under E-strategy
maps as follows [26]: Let £ be the set of all lists consisting of natural numbers.
By L,, we denote the set of all lists of natural numbers not exceding n € .
We use the signature Fr = {fr | f € F AL € Lu(s)} and labelled variables
Xe =A{xni | # € X}, The set of labelled terms is, then, 7 (F., Xr).

An FE-strategy map ¢ for F is extended to a mapping from 7 (F,X) to
T (Fe,Xe) as follows:

(t)_{l‘m'l ft=zec X
7 N ftp(f)(gp(tl)aasp(tk)) it = f(tla”'atk)

The mapping erase : T (Fz, Xz) = T (F, X) removes labellings from symbols in
the obvious way.

The binary relation —, on 7 (Fg, Xg) xN7 (i.e., pairs (¢, p) of labelled terms
t and positions p) is [27, 26]: (¢, p) =, (s, ¢) if and only if p € Pos(t) and either

1. root(t|p) = fair, s =t and p = ¢.¢ for some ¢; or
2.ty = fir(ty, ... t) with i > 0, s = ¢[fr(t1, ..., tx)]p and ¢ = p.d; or

3. tlp = for(ts, ..., k), erase(t],) is not aredex, s = t[fr(t1, ..., t)]p, ¢ = p;
or

4.t = for(ts,...,ts) = o(l'), erase(l') = 1, s = tlo(e(r))], for some
!l = r € R and substitution o, ¢ = p.

Given pairs (t, p) and (s, ¢), if (¢, p) =, (s, ¢) using one of the first three (traver-
sal) steps above, we write (t,p) E)w (s,¢). On the other hand, if the last
(rewriting) step is used, we write (¢, p) iw (s,¢). This defines two auxiliary
reduction relations E)w and iw on pairs of labelled terms and positions which
we use later. Obviously, %w:gw U iw Note that E)w is deterministic (i.e., if
t,p) EW (s,q) and {t,p) EW (s',¢"), then s = s' and ¢ = ¢'), hence confluent.

Moreover, E)w is obviously terminating.
Given a TRS R = (F, R) and a E-strategy map ¢ for F, eval, : T(F,X) —
P(T(F, X)) is defined as [26]:

evaly (t) = {erase(s) € T(F,X) | {¢(t),A) _>!w (s,A)}.
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Remark 7 Command red (or reduce) which is available in existing OBJ in-
terpreters implements the semantic function eval,. In principle, the evaluation
of expressions in OBJ languages produces a single output expression of no ex-
pression at all (i.e., the evaluation does not terminate). It is, however, possible
to obtain all possible values associated to an input expression t by explicitly
activating such a multiple evaluation n the interpreter. This only has sense
if the program, viewed as a TRS, contains overlays, i.e., critical pairs whose
overlapping position is the root position A.

A TRS R is p-terminating if, for all t € T(F,X), there is no infinite —,-
rewrite sequence starting from (p(t), A) [22, 23]. The following proposition is
used below.

Proposition 6 Let R be a TRS and ¢ be an E-strategy map for R. Then,

eval, (1) = {erase(s) € T(F, X) | {¢(t), A)( i)'w o iw)!<5,p>}.

5.3 FE-strategies as context-sensitive rewriting strategies

We write e € L to denote that item e appears somewhere within the list L.

Definition 4 Guven a E-strategy map ¢ for F, we define p¥ € Mg as follows:
Jorall f € F, u#(f) = {i > 0] i € o(/)}.

Remark 8 Since we use sets of indices rather than lists, we loose the informa-
tion concerning repeated indices and the order of reductions. Duplicated positive
indices do not add computational power to E-strategies (Corollary 3.2 in [7]).
Contiguous occurrences of zero can be simplified into a single one (Corollary 3.3
in [7]); we, however, drop all occurrences of zero as they are useless to configure
a replacement map.

By abuse, we write ¢ € CMg, ¢ € BvMpg ¢, etc., if u¥ € CMg, pu¥ € BvMg ¢,
etc. There is a very close connection between —,-reduction and < ,-reduction:
each computation step induced by an E-strategy map ¢ corresponds to a (pos-
sibly empty) context-sensitive reduction step using p¥ [22, 23].

Theorem 15 Let R be a TRS and ¢ be an E-strategy map. Lett € T(Fz, Xz),
and p € Pos“w(emse(t)) be s.t. root(t|,) = fr for some suffizc L of (f). If
t,p) =y (s,q), then g € Post” (erase(s)) and

1if (t,p) E)w (s,q), then erase(t) = erase(s).
2. i {t,p) iw (s, q), then erase(t) <. erase(s).

Terms returned by eval, are called E-normal forms (ENFs [7, 30]). We have
the following.

Theorem 16 [22] Let R be a TRS and ¢ be a regular E-strategy map for R.
If s € eval,(t), then s is a p-normal form of t.
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Regularity of E-strategies ensures that ENF's are y?-normal forms. For regular
FE-strategies ¢, eval, can be thought of as the specification of a u?-rewriting
strategy Hl, such that H, (¢) contains a u¥-rewriting sequence

tItl ‘-)ucp t2 ‘-)ucp "'(—>u¢ tn
for each sequence
T R T R T 1 R
(51,P1) =, 0 =4 (52,P2) —>,0 =y -+ =, 0 = (Sn, Pn)

where s1 = ¢(t), pr = A, t; = erase(s;) for i > 1, and (sp, py) is a i)'w o Ew—
normal form. Note that the definition of H, is technically correct for ¢-
terminating TRSs; otherwise, there will be terms ¢ which are not p-normal
forms for which H, (¢t) = @. By construction of H,, an using Proposition 6,
Theorem 15, and Theorem 16, we have:

Theorem 17 Let R be a TRS and ¢ be a regular E-strategy map for R. If R
is p-terminating, then eval, = cs-nfy,.

We have the following immediate consequence of Theorems 16 and 17, and the
results in Sections 3 and 4.

Theorem 18 Let R = (F,R) = (CWD,R) be a TRS and ¢ be a regular E-
strategy map for R.

1. Semantics eval, 1s correct w.r.t. cs-nf,e.
Semantics eval, s partially correct w.r.t. hnf, eval, and nf.

If R s left-linear and ¢ € CMg, then eval, 1s correct w.r.t. hnf.

T

If R s left-linear and ¢ € EvMg ¢, then

(a) If R is completely defined, then eval, is correct w.r.t. eval.

(b) If R is confluent and -terminating, then eval, is complete w.r.t.
eval.

5 Let BCC,p € EvMr g, t € T(F,X)and§ € T(B,X). If R is left-linear,
confluent, and @-terminating, then § € eval(t) if and only if § € eval,(t).

Some examples of use of Theorem 18 follow.

Example 12 Consider the OBJ3 version of a TRS in [11]:

obj DIFF is
sort Nat .
op 0 : —> Nat .
ops p s : Nat -> Nat .
op _<=_ : Nat Nat -> Bool .
op _—_ : Nat Nat -> Nat .
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vars M I : Nat .

eq p(s(W)) =N .

eq 0 <= N = true .

eq s(M) <= 0 = false .

eq s(M) <= s() =M <=1N .

eq M - N = if M <= N then 0 else s(p(M) - N) fi .

endo

where Bool, true, false, and if _then_else_fi are predefined in the ‘prelude’
of OBJ3. Termination of this program can be formally proved (see [11]); we note
that the OBJ3 default annotation (1 0) for the if_then_else_fi operator is
essential for this (in fact, the program is not terminating when executed using
the Maude interpreter!). According to Theorem 18(2), eval, is partially correct
w.r.t. eval, i.e., every constructor term in evaly(t) is a value of t. Also, eval, is
complete regarding eval (Theorem 18(4b}). This means that every constructor
term of sort Nat that can be obtained from any expression t of sort Nat, can also
be obtained using command red of OBJ3. Thus, terms s which are eventually
obtained using red on a termt can be just disregarded if they are not constructor
terms, since they cannot be further reduced to a constructor normal form of t
(e.g., evaluate p(0) ).

Example 13 The following program:

obj SEL-FIRST-FROM is
sorts Nat LNat .

op O : —> Nat .

op s : Nat -> Nat .

op nil : -> LNat .

op cong : Nat LNat -> LNat [strat (1 0)] .
op sel : Nat LNat -> Nat .

op first : Nat LNat -> LNat .

op from : Nat -> LNat .

vars X Y : Nat .

var Z : LNat .

eq sel(s(X),cons(Y,Z)) = sel(X,Z) .

eq sel(0,cons(X,Z2)) = X .

eq first(0,Z) = nil .

eq first(s(X),cons(Y,Z)) = cons(Y,first(X,Z)) .

eq from(X) = cons(X,from(s(X))) .

endo

specifies an explicit strategy annotation (1 0) for the list constructor cons which
disables reductions on the second argument. Termination of this program can
also be formally proved. Program SEL-FIRST-FROM can eventually fail to fully
evaluate expressions of sort LNat. However, according to Theorem 18(5), the
program can indeed be used to obtain every constructor term of sort Nat that
can be obtained from any expression t of sort Nat using command red of OBJ3.
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In some cases, eval, can be more conveniently expressed as the semantics in-
duced by the following (one-step) p¥-strategy:

H, (t) = {t = erase(s) | (p(t),A) —, 0 T, (s,p)}

Again, H, is well-defined for regular E-strategies ¢, but @-termination is not
necessary now.

Theorem 19 Let R be a TRS and ¢ be a reqular E-strategy for R.

1. If R s orthogonal, then eval, = cs—an;.

2. If ¢ s elementary, then H/w 15 an wnnermost u¥-strategy and eval, =
cs—an;.

For non-elementary E-strategies (and non-orthogonal systems), Theorem 19
does not hold.

Example 14 Consider the following TRS R

f(a) — ¢ a— ¢
b — a

and p(£) = (010), p(g) = (10) and p(a) = p(b) = (0). Then,
£(b) —mw, £(a) —mw ¢
Thus, ¢ € cs-nfy (£(b)), but evaly,(£(b)) = {£(c)}.

Remark 9 The elementary part wps of any default E-strategy in Maude and
OBJ3 is compatible with the canonical replacement map pE™, e, p(f) C
HE () for all symbol f which is given a default strategy o(f).

We have implemented the ‘normalization via g-normalization’ procedure of Sec-
tion 4.1 in the OnDemandOBJ interpreter'® by introducing a new command
norm.

Example 15 Consider the program in Example 1. As shown in the example,
command red fails to obtain the values of either sort Nat or LNat that correspond
to some initial expressions. By using command norm of OnDemandOBJ:
FIRST-FROM-LENGTH>
norm add(length(first(s(0),from(0))),length(first(0,from(0)))) .
Normal form: s(0)
{ 0.0000 sec., 11 rewrites }

we obtain the desired normal form of the initial expression.

Roughly speaking, command norm of OnDemandOBJ implements the following
semantics:
normy, = nfg

cvalg
that is: the ENF's computed by eval, are used in the normalization via u-
normalization process of Section 4.1. The following results are useful for using
norm,.

108¢e http://www.dsic.upv.es/users/elp/ondemand0BJ.
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Theorem 20 Let R = (CWD, R) be a TRS and ¢ be a regular E-strategy map
for R such that ¢ € CMp. Then,

1. Semantics normy 1s correct w.r.t. hnf and nf.
2. If R 1s completely defined, then

(a) normy, is correct (over ground terms) w.r.t. eval.

(b) If ¢ € EvMp ¢, then normg is equivalent (over ground terms) to
eval,.

3. If R 1s confluent and @-terminating, then norm, = nf.

No command for ‘infinitary normalization via p-normalization’ is available yet.
We plan to use the results in Section 4.2 to address this task in the near future.

5.3.1 Related work

Correctness of OBJ computations regarding semantics nf has been studied in [26]
and [27] (using a different, sometimes misleading, terminology). In principle,
the strategy annotations can be fixed in such a way that E-normal forms are
ensured to be normal forms, which guarantees correctness of OBJ computations
w.r.t. nf:

Theorem 21 [26] Let ¢ be a regular E-strategy map such that p®(f) = {1,...,
ar(f)} for all symbol f € F. Then, eval, is correct w.r.t. nf.

Note that Theorem 21 does not apply to any program in this paper (remarkably,
it does not apply to OBJ3 program DIFF in Example 12 as p(if _then_else) =
(1 0) is fixed by the interpreter).

Remark 10 Default E-strategies in Maude fulfill the conditions in Theorem 21.
In OBJ3, the if_then_else_fi built-in operator is the only exception.

The following theorem by Nakamura and Ogata provides another interesting
characterization of correctness regarding nf. In the following result, ‘+4’ ap-
pends two lists.

Theorem 22 [27] Let ¢ be a reqular E-strategy map such that eval, is correct
w.r.t. hnf. Then, for any ¢ given by @' (f) = o(f)++(é1 -+ in) for all symbol
feF and {ir,....in} ={1,...,ar(f)} — p?(f), evaly is correct w.r.t. nf.

Nevertheless, we do not consider that this is a very suitable way to achieve
normal forms in practice (at least with non-terminating TRSs), as the apparent
possibilities introduced by the relax of the replacement restrictions are often
missed owing to problems of non-termination
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Example 16 Consider the program in Ezxample 1. The evaluation of t =
first(s(0),from(0)):

Maude> red first(s(0),from(0)) .

reduce in FIRST-FROM-LENGTH : first(s(0), from(0)) .

rewrites: 2 in -10ms cpu (Oms real) (~ rewrites/second)

result LNat: cons(0, first(0, from(s(0))))
does not obtain the desired normal form cons(0,nil). By Theorem 18(3),
eval, is correct w.r.t. hnf. According to Theorem 22, we let ¢'(s) = (0 1),
¢'(cons) = (1 0 2) and ©'(f) = ¢(f) for every other symbol f (we label it
SEL—FIRST—FROM—INF). We have:

Maude> red first(s(0),from(0)) .

reduce in FIRST-FROM-LENGTH-INF : first(s(0), from(0)) .

Segmentation fault (core dumped)
The evaluation of t does not terminate now; the Maude interpreter ‘shows’ this
as a ‘segment violation’. However, with OnDemandOBJ and norm, we obtain:

FIRST-FROM-LENGTH> norm first(s(0),from(0))

Normal form: cons(0,nil)

{ 0.0000 sec., 4 rewrites }

With regard to the computation of normal forms by directly using the E-strategy,
Nagaya gives conditions (on the TRS and the E-strategy ¢) ensuring that ¢ is
normalizing, i.e., it is able to compute a normal form of a term whenever it exists
(i.e., he studies completeness of eval, w.r.t. nf). However, these results concern
quite a restricted subclass of orthogonal TRSs. Complementarily, Theorem
20 establishes that completeness of norm, w.r.t. nf is possible for left-linear,
confluent and ¢-terminating TRSs.

Correctness or completeness w.r.t. eval has been not addressed before. Cor-
rectness or completeness w.r.t. infinitary semantics w-eval and w-nf either.

In [2] we discuss a transformational approach to achieve correct and complete
computations under E-strategies regarding the evaluation semantics. In [1] we
discuss the use of negative annotations to improve correctness and completeness
of computations using F-strategies.

6 Van de Pol’s strategy annotations

Van de Pol’s strategies [31] are a refinement of the FE-strategies: instead of
using ‘0’ to indicate that the application of rules must be attempted in some
stage of computation, van de Pol permits to exactly specify what a rule should
eventually be applied. Van de Pol’s style of strategy annotations is the basis of
the JITty system [32] which has been integrated in the uCRL tool set [3].

Example 17 The following JITty program

signature
true(0) if (3)
false(0)
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rules
if1([x,y], if (true,x,y), x)
if2([x,y], if(false,x,y), y)
if3([x,yl, if(x,y,y), ¥)
strategies
if([1,if1,if2,2,3,if3])
end
indicates that, after evaluating the first arqument of a call to if, only the first
and second rules (labelled i1 and if2, respectively) can be attempted. If they
fail, then the second and third arguments must be evaluated and finally only the
third rule (with lable 1£3) is considered.

Let R = (F, R) be a TRS. According to van de Pol [31], a strategy annotation
associated to a given symbol f € F is a list ¢(f) whose elements can be either

1. a number ¢ with 1 < ¢ < ar(f); or
2. arule [ = r € R such that root(t) = f.

In principle, strategy annotations contain no duplicated items. We say that a
strategy annotation < is r-full if for all { — r € R, I = r € ¢(root(l)); we say
that ¢ is full if it is r-full and for all f € F and i € {1,... ar(f)}, i € <(f).
A strategy annotation ¢ i1s in-time if for all f € F, a : | — r € R such that
root(l) = f, and ¢ € {1,...,ar(f)}, whenever ¢(f) = LiaLqiLs, then { is not
needed for a. Here, index 7 is needed for a rule o : [ = rifl|; ¢ XY or l]|; € X
occurs in {|; for i # j. For example, the strategy of Example 17 is full and
in-time.

6.1 Van de Pol’s strategies as context-sensitive rewriting
strategies

Given a strategy annotation, van de Pol describes the rewriting strategy that it
specifies. A rewriting strategy is seen as a function that, given a term ¢, yields
either some rewrite of ¢, i.e., a pair (p, s) such that ¢ 2y s, or L if no rewrite step
has been selected. Given a term ¢ and a strategy annotation ¢, rewr. indicates
the (unique, if any) rewrite step that can be issued on ¢.

Definition 5 [31] Let R = (F, R) be a TRS, < be a strategy annotation, and
t € T(F,X). Then, rewrc(t) = rewr(t,¢(root(t))), where rewrs(t,nil) = L;
rewrc(t,(l = r : L)) = (A, 0(r)), ift = o(l) for some o and rewrc(t,(l = r :
L)) = rewr(t, L) otherwise; and rewre(t, (i : L)) = (i.p,t[s]s), if rewrs(t|;) =
(p,s) for some p,s, and rewrc(t, L) otherwise.

We write ¢t D¢ s (or just t —¢ s) if (p,s) = rewrc(t) # L. Thus, t is a
—¢-normal form (or just a ¢-normal form) if and only if rewr(t) = L.
Given a strategy annotation ¢ for F, we define pu* € Mr as follows: for all

fFeF, u(fy={ieN|ies(f)}. We have:
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Theorem 23 [23] Let R be a TRS, ¢ be a strategy annolation, and t,s €
T(F,X). Ift = s, thent — s s.

According to Theorem 23, p-normal forms are always ¢-normal forms. We also
have the following.

Theorem 24 Let R be a TRS, ¢ be an r-full strategy annotation, and t €
T(F,X). Ift is a s-normal form, thent is a p-normal form.

Thus, for r-full strategy annotations, ¢-normal forms and p-normal forms coin-
cide. In this case, —, can be thought of as the reduction relation <y associated
to a (one-step) pc-strategy H. given by

H (1) = {t —¢ s}

For r-full strategy annotations ¢, we can use semantics cs-nf_ associated to the
pe-strategy H.

According to the definition of —, given terms ¢, s, and s’, it follows that
t —¢ s and t —¢ s’ imply that s = ¢, i.e., each —¢-reduction step (hence H
and cs-nfy_) is deterministic.

In fact, although Van de Pol’s strategy annotations forms the basis of the
aforementioned JITty system, the current implementation only permits full and
in-time strategy annotations. Thus, the system is not able to exploit all possi-
bilities of this kind of annotations. In any case, van de Pol did not investigate
any semantic property of non-full strategies. Now, Theorems 4, 6, 7, 9, 11, and
13 can be used to describe computations with van de Pol’s strategy annotations
by taking IH; as the considered p°-strategy and cs-nfy_ or nfg, as semantics.

6.1.1 Related work

The main concern of [31] is computing normal forms. Van de Pol provides a
normalization (partial) function:

Definition 6 [31] Let R = (F, R) be a TRS, < be a strategy annotation, and
t € T(F,X). Then, norm¢(t) = norme(t,s(root(t))), where normg(t, nil) =t;
norme(t,({ = r: L)) = norm¢(o(r)) ift = o(l) for some o, ornormc(t,(l = r:
L)) = norm(t, L) otherwise; and norm(t, (i : L)) = norm¢(t[normc(t];)]i, L)

Then, he proves the following theorem.

Theorem 25 [31] If ¢ is in-time, then norm.(t) is the last element of the maz-
tmal —-reduction sequence starting from t.

As a consequence of Theorem 25, we conclude the following.

Theorem 26 Let R be a TRS and < be r-full and in-time. If s € norm¢(t),
then s s a p-normal form of t. Moreover, normg = cs-nfm_.
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Van de Pol proves that semantics norm, for full and in-time strategies < is
correct w.r.t. the normalization semantics nf.

Theorem 27 (Correctness [31]) Let ¢ be full and in-time. If s € norm¢(t),
then s 1s a normal form of t.

Unfortunately, no analysis of completeness is given for norm.. As mentioned
above, our results can be used to ensure correctness and completeness of com-
putations with van de Pol’s strategy annotations by taking H. as the considered
pe-strategy and cs-nfy_ (i.e., norme for r-full and just-in-time strategy annota-
tions) or nfg, as semantics.

7 Conclusions

Strategy annotations have been used in the OBJ family of languages for many
years. However, only recently (but quite intensively) has been addressed the
formal analysis of computations under such kind of strategies (see, for instance,
[7, 9, 22, 26, 27, 30, 31]). Also, other eager programmming languages such as
ELAN [4] incorporate the specification of syntactic replacement restrictions as
an ingredient of the definition of more complex rewriting strategies which can
be used to guide the evaluation of expressions (see [19]).

In this paper, we have given a semantic description of computations of rewrit-
ing under strategy annotations. Our description uses context-sensitive rewriting
(strategies) and rewriting semantics as useful frameworks for modeling computa-
tions under strategy annotations and compare them w.r.t. the usual semantics:
computation of (infinite) constructor terms, head-normal forms, and (infinite)
normal forms. We have used some existing results in the literature about CSR
to provide a complete description of the computational power of strategy an-
notations. We have also proved new results regarding the use of CSR with
completely defined TRSs, the ability of CSR to compute infinite values, the
possibility of guaranteeing unicity of infinite normal forms with non-orthogonal
TRSs, etc. We have considered the F-strategies of Maude, OBJ* and CafeOBJ.
We proved that the semantic framework which has been developed for CSR can
be used to predict the behavior of the implementations of such languages. Many
new results have been given in this sense. We have also considered Van de Pol’s
strategy annotations. Van de Pol payed no much attention to the use of strategy
annotations with incomplete specification of indices and rules. In this paper, we
give a solid framework to deal with these kind of strategy annotations which can
be used to improve the systems where they are used [3, 32]. We finally note that
only standard restrictions (mainly left-linearity and confluence/orthogonality)
are imposed on the TRSs in our results (even for the infinitary rewriting stuff).
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Proofs of Section 3

Proposition 1 If S is partially correct and complete w.r.t. Sg, then Sq =
/\t.S(t) N Ws,.

Proor. If S is partially correct w.r.t. Sg, then S(tjNWs, C So(¢) for all terms
t. If S is complete w.r.t. Sp, then So(t) C S(t), i.e., So(t) N Ws, C S(¢) N Ws,.
Since So(t) N Ws, = Sp(t), the conclusion follows. ]

Proposition 3 Let R be a TRS, p € Mg, and H be a p-strateqy for R. Then,
H is p-terminating if and only if R s p-normalizing and H is p-normalizing.

Proor. If R is not p-normalizing, then there is a term ¢ having no p-normal
form. Thus, any H-sequence starting from ¢ must perform an infinite number
of rewritings. If the p-strategy H is p-terminating, then H is obviously p-
normalizing. On the other hand, if H is g-normalizing, since every term ¢ has
a p-normal form (due to R p-normalizing), then there is no term issuing an
infinite Hrsequence, i.e., H is pg-terminating. a

Proofs of Section 4

Theorem 6 Let R = (F,R) = (CWD,R) be a left-linear, confluent TRS,
B CC, u€ EvMp g and H be a p-normalizing p-strategy. Let t € T(F,X) and
deT(B,X). Then, 6 € eval(t) if and only if § € cs-nfy(?).

ProoF. The ‘if’ direction is obvious. For the ‘only if” direction, if § € eval(t),
then, by confluence, ¢ is the only normal form of {. By Theorem 5, we have
that t —* §. Since H is y-normalizing, it must be J € cs-nfg(2). O

In the proof of the following proposition, we use the notion of stronghead-normal
form. A term is a strong head-normal form if w(t) # Q, where (following [14]),
Q is a new constant symbol which is introduced to represent arbitrary terms.
Then, w(t) is the (unique) normal form of ¢t w.r.t. Huet and Levy’s Q-reduction
(see [14, 19] for precise definitions).

Proposition 5 Let R = (F, R) = (CWD, R) be a left-linear, completely defined
TRS and pn € BEvMg ¢. There is no ground p-normal form containing defined
symbols.

Proor. By induction of the structure of ground g-normal forms ¢. If ¢ is a
constant symbol ¢, then ¢ is a constructor symbol. Let ¢ = f(t1,...,%;) be a
p-normal form.

1. If f is a k-ary constructor symbol, then, since y € EvMg ¢, we have
u(f) = {1,... k}. Since replacing subterms of a p-normal form are p-
normal forms, ¢1, ..., {; are g-normal forms. By the induction hypothesis,
they do not contain defined symbols. Hence, ¢ contains no defined symbol.
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2. If f is a k-ary defined symbol and u(f) = @, then, since p € CMg, every
rule defining f has shape f(x1,...,2;) — r for variables #, ..., 25 and
term r. Thus, ¢ is not a normal form; hence, ¢ is not a g-normal form
either. Hence, we assume pu(f) # @ and take ¢ € u(f). By the induction
hypothesis, ¢; is a ground term that contains no defined symbol. This
implies that there is a constant constructor symbol ¢ € C. By Corollary 1

in [19], C[Q] is a strong head-normal form for C[] = M RC*(t). Let s be
the smallest subterm of C[Q] satisfying root(s) € D. Since every subterm
of a strong head-normal form is also a strong head-normal form, s is a
strong head-normal form. Let s’ be s with all occurrences of Q replaced
by c¢. Note that s’ is a strong head-normal form. Moreover, since only
the root symbol of s’ is a defined symbol, s’ is a ground normal form

containing a defined symbol. This contradicts the CD property for R.

O

Theorem 9 Let R = (C WD, R) be a left-linear TRS, i1 € CMg, and H be a
p-strategy for R. Then,

1. Semantics nfgy ts correct w.r.t. hnf and nf.
2. If R 1s completely defined, then

(a) nfgy is correct (over ground terms) w.r.t. eval.

(b) If u € EvMp ¢, then nfgy is equivalent (over ground terms) to cs-nfy.
3. If R is confluent and H s p-normalizing, then nfgy = nf.
Proor.

1. Since Sy i1s a rewriting strategy, only normal forms can be considered
irreducible for Sgr. Thus, nfg,(t) C nf(t) for all terms ¢, i.e., nfg, is correct
w.r.t. nf. Since nf is correct w.r.t. hnf, it follows that nfg, also is.

2. Let t be an arbitrary ground term.

(a) For completely defined TRSs, nf(t) = eval(f). Since nfgy is correct
w.r.t. nf, nfg, () C nf(t) = eval(?).

(b) If 4 € EvMpg ¢, then, by Proposition 5, no ground p-normal form s
of t contains defined symbols. Therefore, by construction of nfg, we
cannot further rewrite on s when no further —y-steps are possible
on s. Thus, nfg,(t) = cs-nfp(?).

3. By Theorem 8, Sy is normalizing, i.e., there are no infinite Sg-sequences
for terms ¢ having a normal form. Thus, if nf(?) is not empty, then nfg,(?)
contains a normal form which, by confluence, is the only one belonging
to nf(t), i.e., nfgy(t) = nf(t). On the other hand, if nf(t) is empty, by
correctness of nfg, w.r.t. Snf, nfg,(t) = @. Thus, for all term ¢, nfg, () =

nf(t).
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O

Theorem 28 [18] Let R = (C WD, R) be a left-linear TRS and pn € CMg. Let
teT(F,X), e € X, and s = ¢(5) for some c € C. Ift =>* x, thent =* z. If

t —* s, then there exists s' = c(s') such thatt <—* s’ and s' Ay
A simple consequence of Theorem 28 is the following.

Proposition 7 Let R = (F,R) = (C WD, R) be a left-linear TRS, B C C,
and p € EvMp . Ift =* s and s = C[s1,...,s,] for some C[,...,] €
T(Bu{d}, X)andsi, ... sy € T(F,X), thent =7 s’ where s’ = C[s}, ..., s;]
and s} —=* s; for 1 <i<n.

Proposition 8 [24] Let R be a left-linear TRS, t € T (F,X), and s be a finite
<w

term. Ift —3% s, thent —* s.

Theorem 29 [24] Let R be a left-linear TRS, t € T(F,X) and s € TY(F, X).
Ift =¥ s, then for all k €10, 1], there exists s’ € T(F,X) such thatt =* s’ and
d(s',s) < k.

Theorem 10 Let R = (F,R) = (C WD, R) be a left-linear TRS, B C C and
p € EvMg . Lett € T(F,X) and § € T¥(B,X). Then, t 5% § iff t f—)E“’ J.
Proor. The ‘if’ part 1s obvious. For the ‘only if” part, we consider two cases:
If § is a finite term, by Proposition 8, ¢t —* §. Thus, by Theorem 5, t <> §. If
d is an infinite term, then (by Theorem 1 in [24]) there is an infinite derivation

A1t2t1—>t2—>t3%"'

that strongly converges to 4. By using A, we construct an infinitary p-rewriting
sequence A’ starting from ¢ and converging into §.

Let d; be the depth of the redex which is contracted in the rewriting step
t; = 1i41. Since A is a strongly converging derivation, for each P € N there
is a least index ip such that d; > P for all j > ¢p. Obviously, for P = 0,
we have ip = 1. Note that there can be (many) P € N such that ip = ip4;.
Given P € N, we let succs(P) be the least @ € N such that @ > P and
ip # ig. Obviously, P < succa(P) and ip < isyce,p)y for all P € N. Let
Py = {Py, Pi,...}, where P, = 0 and P, = succi(Po) for k > 0. Note that,
since J is an infinite term and A is strongly converging, P4 is an infinite set.
We have the following facts:

1. for all k € N — {0}, spa(MCP(t;,,)) = Py where, for any term ¢, MCP(t)
is the maximal constructor prefix of ¢ and spa(C[]) is the length of the
shortest path from the root to a hole in C[]. The proof of this claim is
easy: Obviously, by definition of MCP, spa(MCP(t;y, )) < Py, Assume
that spo(MCP(t;,, )) < Py. Then, by definition of ¢;, , the depth of
all rewriting steps issued in sequence A after t;, take place at depth
greather than or equal to P;. However, there is a subterm of ¢;, at depth
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spa(MCP(t;p, )) < Py which is rooted by a defined symbol (note that this
is not necessarily true for k& = 0; hence the exclusion of this case). In order
to obtain 4, this subterm must be reduced in sequence A at its topmost
position. This leads to a contradiction.

2. Since A strongly converges to an infinite constructor term, for all £ € IV,
MCP(tip, ) is a strict prefix of MCP(t , Moreover, according to 1

above, 278 > d(t;, ,9).

ipyys)
1P

Let s = t;, = C[sy,...,s,] where C[] = MCP(s). By 1 above, spa(C[]) = P1 >
0, i.e., C[] is not empty. By Proposition 7, there is a term u = Cluy, . .., u,] such
that ¢ =+ u (¢ = u is not possible here) and w,;, —* s, for 1 <m < n. Let B!
be the (finite) p-rewrite sequence starting from ¢ and leading to . Consider now
tp, = C[sy,...,s]. Note that, by 1 above, MCP(s!,) # O for some 1 <m < n
(whereas, necessarily, MCP(sp,) = O for all 1 < m < n). Since s, —* s, for
1 < m < n, we have u,, =* s/, for 1 < m < n. Again, we have finite (possibly
empty) p-rewrite sequences Bi, ..., B} leading from u,, to u/, such that u/, —*
st and MCP(u,) = MCP(s.,) for 1 < m < n. Moreover, at least one of the
B}, must be non-empty for some 1 < m < n. Now, we can build a single rewrite
sequence B? from ¢ to ' = C[u}, ... ul,] as follows: B? = BY; B};-..; B! (the
ordering among sequences By, is not important). Since § € 7% (B, X), C[] is
a prefix of §, and p(c) = {1,...,ar(c)} for all ¢ € B, the resulting rewriting
sequence 1s, in fact, a p-rewriting sequence. We proceed in this way for each
P, with & > 2 to obtain a set of finite u-rewriting sequences B', B? B3 ...
leading from ¢ to terms u',u? u®, ... respectively (where u! = u,u? = /.. .).
By construction, B! is a strict prefix of B? which is a strict prefix of B3, etc.
Moreover, since 27 (which tends to cero when m tends to w) is an upper
bound of d(u™,d), it follows that d(u™,d) also tends to cero. Now, we can
define A’ to be the union of the previous sequences: A’ = |J, ., B*. Therefore,

A’ is an infinite sequence of p-rewriting steps whose limit is 4. ad

Theorem 11 Let R = (C WD, R) be a left-linear TRS, it € EvMp ¢, and H be
a p-strateqy for R. Then,

1. Semantics w-cs-nf,, s complete w.r.t. w-eval.

2. If R is orthogonal and H is infinitary p-normalizing, then w-cs-nfy s
complete w.r.t. w-eval.

Proor.
1. Use Theorem 10.

2. If R is orthogonal and w-eval(?) contains a constructor term 4, then § is
only finite or infinite normal form of ¢ ([16], Theorem 7.15). By Theorem
10 there is a p-rewriting sequence leading to J. Since H is infinitary pu-
normalizing, every H-sequence will end in a normal form which must be

J.
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Theorem 12 Let R be a left-linear TRS and yp € CMp . If H s a p-terminating
p-strategy, then S]Illﬂ 15 wnfinitary normalizing.

Proor. By Proposition 3, H is p-terminating only if R is g-normalizing and
H is p-normalizing. Thus, the conclusion follows by Corollary 13 in [19]. a

Theorem 13 Let R be a left-linear TRS, p € CMg, and H be a p-terminating
p-strategy for R. Then,

1. w-nfyy s correct w.r.t. w-nf.
s

2. If R 1s completely defined and p € EvMg ¢, then w-nfy) is equivalent (over
i

ground terms) to cs-nfy.

3. If R 1s orthogonal, then w-nfy) is complete w.r.t. w-eval, and w-nfy) = w-nf
s s

Proor.
1. Theorem 12.

2. Since R is completely defined, every ground p-normal form is a constructor

term. Thus, by definition of w-nfy), the w-nfg)-sequences issued from any
g

s
ground term ¢ coincide with the corresponding Hisequences. Therefore,
w-nfg (t) = cs-nfy(t) for all ground term ¢.
s

3. Let & € w-eval(t); there exists an infinitary rewriting sequence starting
from ¢t which converges to §. By [16], Theorem 7.15, such § is unique and
there is no other finite or infinite normal form of t. By Theorem 12, there
exists no perpetual w—nfs]%—sequence starting from ¢, 1.e., J € w—nfs]%(t).

O

Proposition 9 [18] Let R be a left-linear TRS, | € L(R) and p € CMgr. If
t =" o(l) for some substitution o, then there is a substitution 6 such that

t =*0(l) and 6(z) =% o(x) for all x € Var(l).

Proposition 10 Let R be a left-linear TRS and p € CMg. Ift(— — —)*s and
tl, = o(l) for some substitution o, p € Pos"(t), and l € L(R), then s|, = o'(l)
for some substitution o'.

ProoF.  Since ¢ rewrites into s without giving any p-rewriting step, we can
write t = C[ty,...,ty] and s = C[s1,...,s,] for C[] = MRC*(t). Obviously,
p € Posrux(C[]). If s|, is not a redex, then some reduction on a position
p.q € Pos(t') for some ¢ € Posz(l) is performed during the rewrite sequence
from ¢ to s (let’s say, on a term ¢’ such that t(— — —=)*t'(— — <)*s. However,
since p € CMg, ¢ € Pos" () and hence p.q € Pos"(t'), a contradiction. |
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Proposition 11 Let R be a left-linear TRS and p € CMgr. Lett € T(F,X)
and s 1s a normal form. If A:t =t —ts =¥ s and, for all 1 € N, t; 1s not a
head-normal form, then A contains an infinite number of p-rewriting steps.

ProoF. By contradiction. Let ¢ € N be such that for all j > ¢, the position
p; € Posr(t;) of the contracted redex is not replacing. Since ¢; is not a head-
normal form, by Theorem 1, ¢; is not a g-normal form and contains a replacing
redex at a position p € Pos (¢;). By Proposition 10, this redex is not destroyed
by the derivation from ¢; to s. Thus, it is not difficult to see that s cannot be a
normal form. ad

Proposition 12 Let R be a left-linear TRS and p € CMg. Let t,u,s €
T(F,X). Ift(—> — —)*u and v — s, then there exists ' € T(F,X) such
that t — v and u' —* s.

ProOF. By induction on the number of steps in derivation t(— — —)*u.
If n = 0, it is obvious. If n > 0, then let {(— — =)t/(—» — —)*u. By
the induction hypothesis, there is a term w such that ¥ — w and w —* s.
Therefore, we can write t' = C[o ()], for some p € Pos” (') and rule l — r of R.
Also, w = Clo(r)],. By reasoning as in the proof of Proposition 10, we conclude
that there is a substitution ¢’ such that ¢|, = o/(l). Let ¢ € Posg(t) be the
position of (non-replacing) redex contracted in the rewriting step t(— — <—)t'.
Obviously, t|, = 6(!') and ¢/ = t[6(+')], for some substitution § and rule I’ — '
Let o' = t[o’(r)],. We consider two cases: p || ¢ and p < ¢ (the case p > ¢ is
not possible, since positions above p must be replacing). If p || ¢, then v’ — w
by contracting redex u'|, using rule I’ — . If p < ¢, then there is a position
q" € Posy(l) such that p.¢" < ¢. Assume that = [[|,. If = € Var(r), then
u' = w; otherwise, v’ =% w by contracting the descendant of redex |, in v’
as many times as variable occurrences of x are present in r. Thus, in all cases,
u = w, e, u =% s a

Theorem 30 Let R be a left-linear TRS and p € CMpg be such that R s p-
terminating. Let t € T(F,X). Fuvery finitary or infinitary rewrite sequence
leading from t to a normal form contains a finite head-normal form.

Proor.  For finitary sequences, it is obvious. For infinitary sequences, we
proceed by contradiction. Consider an infinitary sequence A leading from ¢ to
s that does not contain any finite head-normal. By Proposition 11, A contains
an infinite number of p-rewriting steps. Thus, we can write A as follows:

At =ti(= -t =T tz3(w — =)t =Tty -5 =Y s

where purely p-rewriting and purely non-p-rewriting steps are alternated. By a
repeated application of Proposition 12, we are able to build an infinite p-rewrite
sequence starting from ¢ which contradicts p-termination of R. i
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Proposition 13 Let R be a left-linear TRS and p € CMp be such that R is
p-terminating. Let t € T(F,X). Ift =t =ty =% s and s is a normal form,
then, for all d > 0, there is i > 1 such that for all j > i, |p| > d for every
p € Pos(t;) such that t;|, is not a head-normal form.

PRrROOF. First, we note that, since we are considering an infinite strongly
converging sequence, s must be an infinite term. Now, we proceed by induction
ond. If d =0, it is obvious. If d > 0, by Theorem 30, there is ¢ > 1 such that
t =*t; and t; = f(uy,...,ux) is a head-normal form. Then, s = f(s1,...,sk)
for infinite normal forms sq, ..., sk, and there are sequences u; —* s; for 1 <
t < k which are extracted from the sequence t; —* s in the obvious way. By
induction hypothesis, for 1 < m < k, there 1s i, such that for all j,, > 7,,,
|pm| > d — 1 for every p € Pos(t;) such that ¢;|, is not a head-normal form.
Now, if we take ¢ = 22:1 im, since t; is a head-normal form, it follows that
for all j > 7', |p| > d for every p € Pos(t;) such that ¢;], is not a head-normal
form. ad

Theorem 14 Let R be a left-linear, confluent TRS and p € CMg be such that
R is p-terminating. Let t € T(F,X). Ift =< 5, and t ==% sy for normal
forms sy, s3, then s1 = s3.

PrRoOOF. Assume that s; # s2. By confluence, at least one of the derivations
must be infinite; hence, we assume t =% s;. Let £ = d(s1,82) # 0 and d =
|logs k| +1. By Proposition 13, we can write t —* ¢; =< s; in such a way that,
for all position p € Pos(t1) such that |p| < d, t1], is a head-normal form. Note
that d(¢1,s1) < &; hence there exists a context C[] such that t; = Cluq, ..., up]
and sy = Cluj,...,u,]. If sy is a finite term, then we have t —* s5. By
confluence, there should be ¢; —* s, but this is not possible since there is wu;
for some 1 < i < n such that u; is a head-normal form and root(w;) # root(u}).
This leads to a contradiction.

Now, if we assume that s; 1s an infinite term, then by Proposition 13 we
can write t —* t5 =S¥ s5, in such a way that, for all position p € Pos(ts) such
that |p| < d, t2]p is a head-normal form. Again, d(f2, s2) < k and we can write
to = Cluf, ... ull] for the same previous context C[]. By confluence, there is a
term w such that ¢; —* v and {5 —=* u. However, there is some j, 1 < j < n
such that root(u;) # root(uj). Since u; and w; are head-normal forms for all
1 <% < n, subterms u; and u"/ are not joinable, and t; and ¢ are not either.
This, again, leads to a contradiction. a

Proofs of Section 5

Theorem 15 Let R be a TRS and ¢ be an E-strategy map. Lett € T(Fz, Xz),
and p € Pos“w(emse(t)) be s.t. root(t|,) = fr for some suffizc L of ¢(f). If
t,p) =y (s,q), then g € Post” (erase(s)) and

1if (t,p) E)w (s,q), then erase(t) = erase(s).
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2.

if {t,p) iw (s, q), then erase(t) <. erase(s).

ProoF. TImplicit in the proof of Theorem 7 in [22] O

Proposition 6 Let R be a TRS and ¢ be an E-strategy map for R. Then,

eval, (1) = {erase(s) € T(F, X) | {¢(t), A)( i)'w o iw)!<5,p>}.

Proor. Obvious, due to the mutually excluding cases of the definition of —.

O

Theorem 18 Let R = (F,R) = (CWD,R) be a TRS and ¢ be a regular
E-strategy map for R.

1. Semantics eval, 1s correct w.r.t. cs-nf,e.
2. Semantics eval, is partially correct w.r.t. hnf, eval, and nf.
3. If R 1s left-linear and ¢ € CMp, then eval, is correct w.r.t. hnf.
4. If R 1s left-linear and ¢ € EvMg ¢, then
(a) If R is completely defined, then eval, is correct w.r.t. eval.
(b) If R is confluent and -terminating, then eval, is complete w.r.t.
eval.
5 Let BCC,p € EvMr g, t € T(F,X)and§ € T(B,X). If R is left-linear,
confluent, and @-terminating, then § € eval(t) if and only if § € eval,(t).
Proor.
1. By Theorem 16, for all s € eval,(t), s is a p-normal form of ¢, ie., s €
cs-nfye (1).
2. By Proposition 4, cs-nf,» is partially correct w.r.t. hnf, eval, and nf. Since
eval, is correct w.r.t. cs-nf,., by Proposition 2 the conclusion follows.
3. By Theorem 16, for all s € eval, (), s is a p-normal form of t. By Theorem
1 it is a head-normal form of ¢, i.e., s € hnf(2).
4.

(a) Let t be a ground term. By Theorem 16, for all s € eval,(t), s is a
p-normal form of ¢. By Proposition 5, s € 7(C), i.e., 5 € eval(?).

(b) Since R is ¢-terminating, by Theorem 17, eval, = cs-nfy. Obvi-
ously, H, is u¥-normalizing. Thus, by Theorem 7, eval, is complete
w.r.t. eval.

5. Theorem 17 and Theorem 6.
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Lemma 1 Let R be a TRS and ¢ be an elementary E-strategy for R. If

(p(t),A) i)'w o iw (s,p), then (p(erase(s)), A) i)”; (s,p).

Proor. We can write t = C[o(l)], and erase(s) = C[o(r)], for some rule
! = r € R and substitution . Moreover, we have (p(t), A) i)'w ', p) iw (s,p)
for some term ¢’ such that erase(t’) = erase(t). Since E)w is deterministic, and
reduction steps leading from (@ (), A) to (¥, p) only depend on (the annotations
on) symbols in ¢(C[]). Here elementarity is used to ensure that no new redex
created on positions ¢ < p can be considered for reduction before reaching
position p again. Thus, the conclusion follows. a

Lemma 2 Let R be an orthogonal TRS and ¢ be a regular E-strategy for R.

If {p(t), A) i)'w o iw (s,p), then (p(erase(s)), A) i)”; (s,p).

ProoF.  The proof is similar to that of Lemma 1 but orthogonality ensures
now that no new redex 1s created above a position p by issuing a rewriting step
on this position. a

Theorem 19 Let R be a TRS and ¢ be a regular E-strategy for R.
1. If R s orthogonal, then eval, = cs—an;.

2. If ¢ is elementary, then H

> 15 an innermost p?-strategy and eval, =

cs-nfy .
H,

Proor. Consider a term ¢t € T(F,X). If s € eval,(t), then, by Proposition 6,
there 1s a reduction sequence

(t1,p1) ==, 0 5y (l2,p2) =, 0 D -+ =L 0 Dy (L, pa)

where 1 = ¢(1), p1 = A, erase(ty,) = s, and (t,,pn) is a L’wo E>¢—normal
form. By Theorem 16, s is a p¥-normal form. We proceed by induction
on n. If n =1, then t = s. Hence, Hi,(t) = @. If n > 1, by defini-
tion of H,, we have t <y, erase(lz). By Lemmata 2 or 1, we can write
T .
(plerase(ta)), A) —7 (t2,pa).  Thus, by LH., s € cs—an;(emse(tz)), le.,
erase(ls) %]!HI, s. Therefore, s € cs—an; ().
¢

Now, let s € cs—an;(t). By definition of H/w’ we have t = ¢; Sy, tr Sy
com n =S, Again, we proceed by induction on n: if n = 1 1t is obvious: ¢
is a p¥-normal form and, then, (¢(t),A) is a i)'w o E>¢—normal form. If n > 1,

. . . . T R

by the induction hypothesis, s € eval,(t2). Since {¢(t1), A) _>!w o =, (ta, pa),
by Lemmata 2 or 1, again, it follows that s € eval, ().

If ¢ is elementary, the innermost character of Hl, is easily proved by induction

on the length n of the traversing derivation (p(¢), A) i)'w (t', p) which is part of
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the H;Mphi—step t = s, where t|, is the contracted redex. If n = 0, then, by
elementarity of ¢, p(root(t)) = (0) and p = A. Since p¥(root(t)) = @, p is the
only innermost replacing redex in ¢. If n > 0, then the conclusion easily follows
by the induction hypothesis. a

Proofs of Section 6

Theorem 24 Let R be a TRS, ¢ be an r-full strategy annotation, and t €
T(F,X). Ift is a =¢-normal form, then t is a p-normal form.
ProOOF. We proceed by induction on pairs (¢, L) (where ¢ is a term and L is
a list) ordered by the (left-to-right) lexicographic extension (=, >) of orderings
= and >, where = is the subterm ordering (i.e., t = s if Ip € Pos(t),s = t|,),
and > is the suffir ordering on lists (i.e., L > L’ if L’ is a suffix of L). Minimal
elements of this ordering are pairs (¢, nil), where ¢ is a constant symbol or a
variable. If ¢ is a constant and ¢(root(t)) = nil, then, since ¢ is r-full, there is
no rule associated to root(t). Hence, t is a g-normal form.

Otherwise, by induction hypothesis, the conclusion follows. a
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