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Abstract. The class of unbounded unions of regular pattern languages
with bounded constant segments is identifiable from positive data in the
limit [1]. Otherwise, no efficient algorithm that performs the inference of
this class of languages is known. We propose a solution to this problem
using the existing connexion between the positive variety of languages
of dot depth 1/2, LJ + [2] and the class of unbounded union of pattern
languages RP+L.

1 Introduction

Pattern languages have been introduced by Angluin in [3], where she has shown
that they are identifiable from positive data. They have been used for machine
discovery of protein motifs from amino acid sequences in [4].

A pattern is a word on the alphabet Σ ∪ X , where Σ is a finite alphabet (of
constant symbols) and X is a disjoint countable alphabet (of variables). Given
a pattern p, the language L(p) is defined as the set of words on Σ obtained by
replacing the variables in p by constant words.

The class of pattern languages is efficiently identifiable from positive data in
the limit [3]. From the point of view of applications, the use of only one pattern is
not enough flexible and it would be more interesting to use several patterns. The
problem for doing so is that the class of pattern languages is not closed under
union. If we consider the closure under union of the class of pattern languages
P+L we obtain a class (unbounded unions of pattern languages) that is not
identifiable from positive samples, as any word w ∈ Σ∗ is also a pattern such that
L(w) = {w} and, consequently, the class of unions of pattern languages contains
every finite language and also some infinite languages. The same problem still
remains when we consider the union of regular pattern languages RP+L, that is,
patterns in which any variable occurs at most once in the pattern. Shinohara and
Arimura [1] have considered an interesting restriction of the class of unbounded
unions of regular pattern languages, for any k > 0 they consider the class of
unions of pattern in which the length of the constant segments is bounded by k
(unbounded union of regular pattern languages with bounded constant segments
(RP+

k L)). In other words, a language belongs to RP+L if and only if it belongs
to RP+

k L for some k > 0. For any k, RP+
k is identifiable from positive data in the
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limit [1]. The proof given by Shinohara and Arimura uses a theorem of Higman
on well-quasi ordering. Nevertheless, they do not give an efficient algorithm to
identify any class RP+

k L.
In this work we propose an efficient algorithm for the inference of RP+

k L
using a relation between RP+L and the positive variety of languages LJ + [2],
also known as languages of dot-depth 1/2.

We show here that, for any k > 0, RP+
k L ⊆ LJ +

k+1. From this fact and from
the relation LJ+

k = J+ ∗ LIk [5] the problem of the inference of RP+
k L from

positive data can be solved in an easy way through the scheme of inference of
languages in varieties of the form V ∗ LI proposed in [6] and [7]. So, we give an
efficient algorithm to learn languages from RP+

k L.

2 Preliminaries

In this section we will describe some facts about formal languages in order to
make the notation understandable to the reader. For further details about the
definitions, the reader is referred to [8].

Let Σ be a finite alphabet and let Σ∗ be the free monoid generated by Σ with
concatenation as the binary operation and ε as neutral element, and let Σ+ be
the free semigroup generated by Σ with concatenation as the binary operation.
Any subset L ⊆ Σ∗ is called language, we will refer to its elements as words and
the length of a word will be denoted as |x|. Let Σk (resp. Σ≤k) be the set of
word of length k (resp. less than or equal to k) on Σ∗.

Given x ∈ Σ∗, if x = uvw with u, v, w ∈ Σ∗, then u (resp. w) is called prefix
(resp. suffix ) of x, whereas v is called a segment of x. The set of prefixes (resp.
suffixes) of a word x will be denoted as Pr(x) (resp. Suf(x)). We will also denote
by Prk(x) the prefix of length k of x (resp. by Sufk(x) the suffix of length k of
x). Given x, y ∈ Σ∗, we say that x = a1a2 · · ·an, with ai ∈ Σ, i = 1, 2, . . . , n is
a subword of y, and we denote this relationship by x | y if y = z0a1z1a2 · · · anzn,
with zi ∈ Σ∗ for i = 0, 1, . . . , n.

A Nondeterministic Finite Automaton (NFA) is defined as a quintuple A =
(Q, Σ, δ, Q0, F ) where Q is a finite set of states, Σ is a finite alphabet, Q0 ⊆ Q is
the set of initial states, F ⊆ Q is the set of final states and δ is a partial function
from Q × Σ into P(Q), which can be extended to a function from P(Q) × Σ
into P(Q) by establishing δ(Q′, a) =

⋃
q∈Q′ δ(q, a) for any Q′ ⊆ Q and a ∈ Σ. It

can also be extended to a function from P(Q) × Σ∗ into P(Q) by establishing
δ(Q′, ε) = Q′ and δ(Q′, xa) = δ(δ(Q′, x), a), for every Q′ ⊆ Q, x ∈ Σ∗ and
a ∈ Σ. If in the previous definition we take Q0 = {q0} with q0 ∈ Q and δ as a
function from Q × Σ∗ into Q, we obtain the definition of Deterministic Finite
Automaton (DFA).

A word x is accepted by an automaton A if δ((Q0), x) ∩ F �= ∅. The set of
words accepted by A is denoted by L(A).

A sequential machine is a sextuple A = (Q, Σ, ∆, δ, λ, F ) where Q, Σ and δ
are defined in the same way as in a DFA, ∆ is the output alphabet and the
output function λ is a function that maps Q×Σ into ∆∗, which can be extended
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to Q×Σ∗ by establishing λ(q, ε) = ε, and λ(q, xa) = λ(q, x)λ(δ(q, x), a), for every
q ∈ Q, x ∈ Σ∗ and a ∈ Σ.

We use the model of learning called identification in the limit [9]. An algorithm
A identifies a class of languages H in the limit if and only if for any L ∈ H ,
on input of any presentation of L, the infinite sequence of output languages
obtained by A converges to L.

2.1 Formal Languages

A language is of level 1/2 in the Straubing-Thérien hierarchy if it is a finite union
of languages of the form Σ∗a1Σ

∗a2Σ
∗ · · ·Σ∗anΣ∗, where a1, . . . , an ∈ Σ. The

family of languages of level 1/2 in the Straubing-Thérien’s hierarchy forms the
positive variety J + corresponding to the variety of ordered monoids J+ [5].

The languages of dot-depth 1/2 are finite unions of languages of the form
u0Σ

∗u1Σ
∗ · · ·uk−1Σ

∗uk, where k ≥ 0 and u0, . . . , uk ∈ Σ∗. The family of lan-
guages of dot-depth 1/2 forms the positive variety LJ + corresponding to the
variety of ordered semigroups LJ+ [5].

The next theoretical result comes from [5] and characterizes some subclasses
of LJ +.

Given some words u1, u2, . . . , un of the same length, we define

L(u1, . . . , un) = {u ∈ Σ+ | u1, . . . , un occur in this order as segments of u}

If we set u = u1u2 · · ·un ∈ (Σk)∗ with ui ∈ Σk for i ∈ {1, . . . , n}, we also denote
L(u1, . . . , un) by L(u).

Theorem 1. [5] Let L be a language of Σ+. The following conditions are equiv-
alent.

(1) L is of dot-depth 1/2,
(2) L is a finite union of languages of the form {u}, with |u| < k − 1 or pΣ∗ ∩

L(u1, . . . , un) ∩ Σ∗s, where, for some k > 1, p, s ∈ Σk−1 and u1, . . . , un is
a sequence of words of Σk.

For a given k > 0, we will denote by LJ +
k the languages defined in (2).

It is known that LJ+ = J+ ∗ LI and that LJ+
k = J+ ∗ LIk [5].

LI is the variety of locally trivial finite semigroups. For any k > 0 the variety
of languages corresponding to LIk consists of languages of the form XΣ∗Y ∪ Z
with X, Y ⊆ Σk and Z ⊆ Σ<k, some other definition can be found in [10].

2.2 Pattern Languages

Let Σ be a set of constant symbols containing at least two symbols, and X be
a countable set of variable symbols. We assume that Σ ∩ X = ∅. A pattern p is
a word on (Σ ∪ X)∗. Note that we consider the empty word ε. We denote by P
the set of all patterns. The length of a pattern p ∈ P , will be denoted by |p|.
A substitution ρ is a homomorphism from patterns to patterns that maps every
constant to itself. For a pattern p and a substitution ρ. We say that a pattern
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q is a generalization of p, or p is an instance of q, and we denote that fact by
p 	 q, if there is a substitution ρ such that ρ(q) = p.

The language defined by a pattern p ∈ P is the set L(p) = {w ∈ Σ∗ | w 	 p}.
We denote by PL the class of all pattern languages.

In this paper, we are specially concerned about a subclass of P . A pattern
p ∈ P is regular, if each variable appears at most once in p, i. e. for any x ∈ X ,
the number of occurrences of x in p |p|x ≤ 1. A regular pattern language is a
pattern language defined by a regular pattern. We denote by RP the set of all
regular patters, and by RPL the set of all regular patterns languages.

We are also concerned with unions of languages defined by patterns. By P+

we denote the class of all nonempty finite subsets of P . Analogously, by RP+

we denote the class of all nonempty finite subsets of RP , and by RP+L the
corresponding class of languages.

The next proposition shows that the class of unions of pattern languages is
exactly the positive variety LJ +.

Proposition 1. The class of unions of regular pattern languages RP+L is the
positive variety of languages LJ +.

Proof. By the definition of LJ +, it suffices to see that for any pattern p, L(p) =
u0Σ

∗u1Σ
∗ · · ·uk−1Σ

∗uk, for some k ≥ 0 and u0, . . . , uk ∈ Σ∗, and that for any
language L in this form, there exists a pattern p, such that L(p) = L.

Finally we are interested in unions of bounded pattern languages. Given an
integer k ≥ 0 a k-bounded pattern is a pattern that has at most k constant
consecutive symbols. We will denote the set of all these patterns as Pk, and as
in the previous cases we will denote by RPk and RPkL, the sets of k-bounded
regular patterns and k-bounded regular pattern languages. From the definition of
bounded pattern we obtain the definition of union of k-bounded regular pattern
and k-bounded regular pattern languages, that will be denoted by RP+

k and
RP+

k L respectively.

3 Inferring J +

In this section we describe an algorithm for the inference of languages that
belongs to J +.

Given a sample S = {x1, x2, . . . , xn} we can associate a language LJ+S ∈ J +

as follows

LJ+S = {x ∈ Σ∗ | there exists i ∈ {1, . . . , n} such that xi | x}.

Proposition 2. LJ+S is the smallest language in J + that contains S.

Proof. If K ∈ J + and w ∈ K, any word x such that w | x belongs to K. If
furthermore S ⊆ K, K contains all words x such that xi | x for some xi ∈ S.
And then, LJ+S ⊆ K.

Algorithm 1 yields a NFA by constructing for every word xi an automaton
that accepts all words which have xi as subwords, we order S and check the
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acceptance of any word before constructing the automaton in order to save
automaton size.

For the study of the convergence of Algorithm 1 we have that for any alphabet
Σ and any language L ∈ J +(Σ∗), L can be written as

⋃
1≤i≤m Σ∗ai,1Σ

∗ . . .
Σ∗ ai,niΣ

∗. Then, if we use as input of the algorithm the set S = {a1,1 · · ·
a1,n1 , . . . , am,1 · · · am,nm}, we have that LJ+S = L, and the result follows from
Proposition 2.

The time complexity of Algorithm 1 is N ·Σ. Let S = {x1, x2, . . . , xn} and let
N = |x1|+|x2|+· · ·+|xn|. As for any i ∈ {1, . . . , n} The J + Inference Algorithm
constructs an automaton whose number of states is |xi| + 1, having every state
at most |Σ| transitions, the complexity of the algorithm is N · Σ. Nevertheless,
if we consider an implementation where the construction of transitions is linear,
the overall algorithm complexity would be linear with the size of the input
data.

Algorithm 1. J + Inference
Input: S set of words over Σ∗

Output: NFA A = (Q,Σ, δ, Q0, F ), such that L(A) = LJ +S

Method:
Q = ∅ ; δ = ∅ ; F = ∅ ; Q0 = ∅
Order S by decreasing length as: S = {x1, x2, . . . , xm}
For xi = a1a2 . . . an ∈ S Do

If δ(Q0, x) ∩ F = ∅ Then
Q = Q ∪ {(i, 0), (i, 1), . . . , (i, n)}
For j = 0 To n − 1 Do

δ = δ ∪ ((i, j), aj , (i, j + 1))
For c ∈ Σ\{aj}

δ = δ ∪ ((i, j), c, (i, j))
For c ∈ Σ

δ = δ ∪ ((i, n), c, (i, n))
Q0 = Q0 ∪ {(i, 0)}
F = F ∪ {(i, n)}

Return (A)

4 Inferring LJ +

We recall the following definitions and theorems that will lead us in the inference
process. We follow a similar scheme to the scheme used in [6, 7].

Theorem 2 (Ginzburg and Rose, see [11]). Let τ : Σ∗ → Γ ∗ be the se-
quential function realized by the transducer τ = (P, Σ, Γ, δ1, λ, p0, F ) and let
A = (Q, Γ, δ2, q0.F

′) be an automaton such that L = L(A). The language
τ−1(L) ⊆ Σ∗ is recognized by the cascade product A◦τ = (Q×P, A, δ, [q0, p0], F ′

×F ), with the transition function defined as δ([q, p], a) = (δ2(q, λ(p, a)), δ1(p, a)).

We define now the transduction τk,F , for k and F ⊆ Σk−1, that will be used
in the sequel.
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Definition 1. For k > 0 and a finite set of word F ⊆ Σk−1. Let τk,F =
(Q, Σ, B, δ, λ, q0, F ∪ Σ<k−1) be a sequential machine defined as Q = ∪k−1

i=0 Σi,
p0 = ε , B =

⋃k−1
i=1 
k−iΣi ∪ Σk and for every p ∈ Q and a ∈ A, the transition

and output functions are respectively defined as:

δ(p, a) =
{

pa if |p| < k − 1
fk−1(pa) if |p| = k − 1 and

λ(p, a) =
{


k−|pa|pa if |p| < k − 1
pa if |p| = k − 1 .

The sequential machine τk,F , for a given k > 0 and a word x ∈ Σ∗, outputs a
word τk.F (x) whose symbols are the segments of length k (considering as initial
segments 
k−1a1 | 
k−2a1a2 | · · · | 
a1 · · · ak−2 being w = a1 · · · an ∈ Prefix(x))
of x, in order, and the last segment of length k−1 belong to F . Examples of τk,F

for the values k = 2 with F = {a} and k = 3 with F = {aa, bb} for Σ = {a, b}
can be seen in Figure 1.

1

a

b

1

a

b

aa

ab

ba

bb

a/�a

b/�b

a/aa

b/bb

b/aba/ba

a/��a

b/��b

a/�aa

b/�ab

a/�ba

b/�bb

a/aaa

b/bbb

a/abab/bab

b/aab

a/bba

a/baa

b/abb

Fig. 1. Transducers τ2,{a} and τ3,{aa,bb}

In order to use τk,F in some algebraic proofs, we define the morphism h from
B∗ into (Σk)∗ for any word b ∈ B∗ by setting

h(b) =
{

b if b ∈ Σk

1 otherwise

Now, we describe the algorithm 2 in order to infer languages from LJ +
k . This

algorithm will use some of the above elements.
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Given a word x, we can associate to this word a language LLJ+
k
{x} in LJ +

k

as follows,

LLJ+
k {x} =

{
x if |x| < k
Prk−1(x)Σ∗ ∩ L(h(τk(x))) ∩ Σ∗Sufk−1(x) if |x| ≥ k.

Given a sample S = {x1, x2, . . . , xn}, we can extend the previous definition
by associating the language LLJ+

k S ∈ LJ + as follows

x ∈ LJ+
k S ⇔ there exists i, such that x ∈ LLJ+

k {xi}.

Proposition 3. LLJ+
k S is the smallest language in LJ +

k that contains S.

Proof. It suffices to show that the result holds for S = {x} for some x ∈ Σ∗.
The result is trivial if |x| < k.

If S ∈ L and L ∈ LJ +
k then for any i ∈ {1, . . . , n} there exists yi with

τk,Σk−1(yi) | τk,Σk−1(xi) and Prk−1(xi)Σ∗∩L(h(τk,Σk−1(yi)))∩Σ∗Sufk−1(xi) ⊆
L. So, for any i ∈ {1, . . . , n}, LLJ+

k {xi} ⊆ L. And then, LLJ+
k S ⊆ L.

The algorithm 2 tries to calculate LLJ+
k {xi} for any xi in S. We order S and

check the acceptance of any word before constructing the automaton. To see that
the algorithm calculates LLJ+

k {xi} for any xi, it suffices to see that if |xi| < k−1,
xi is accepted by the definition of the cascade product and by the fact that the
transduction is filled by the symbols 
 on the left. If |xi| ≥ k, the language of the
automaton contains L(u1, . . . , un) by the definition of the transducer τk,F , fur-
ther more since the transduction is filled by the symbols 
 on the left this implies
that the prefix of all words belonging to the language accepted by the automaton
is exactly Prk(x). Finally, by choosing F = Sufk−1(x), the suffix of all all word
belonging to the language accepted by the automaton is exactly Sufk−1(x).

Algorithm 2. LJ +
k Inference

Input: S set of words over Σ∗ and k a positive integer
Output: NFA A = (Q,Σ, δ, Q0, F ), consistent with S such that L(A) = LLJ+

k
S

Method:
Q = ∅ ; δ = ∅ ; F = ∅ ; Q0 = ∅
Order S by decreasing length as: S = {x1, x2, . . . , xm}
For 1 ≤ i ≤ m Do

If δ(Q0, x) ∩ F = ∅ Then
A′ = (Q′, Σ′, δ′, Q′

0, F
′) = J + Inference(τk,Sufk−1(x)(xi))

A = A ∪ A′ ◦ τk,Sufk−1(x)

Return (A′)

The convergence of Algorithm 2 is a direct consequence of Proposition 3.
The time complexity of Algorithm 2 is N ∗ |Σ|k+1. Let S = {x1, x2, . . . , xn}

and let N = |x1| + |x2| + · · · + |xn|. The size of the transducer τk,F is of order
|Σk| but computing τk,F (xi) for i ∈ {1, . . . , n}, is of order |xi|. Since the only
remaining steps to be done by the algorithm are: to apply the Algorithm 2 and to
calculate the cascade product, the complexity of the Algorithm 2 is N ∗ |Σ|k+1.
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5 Inferring Finite Unions of Pattern Languages with
Constant Segments

In this section we show that we can infer k-bounded pattern languages by using
the inference algorithm used to learn LJ + languages.

In order to do so, we define a new product of automata and transducers. This
product is in some sense the inverse of the cascade product.

Definition 2. Let A = (Q1, Σ, δ, q0, F ) be a finite deterministic automaton, and
let τ = (Q2, Σ, Γ, δ′, λ, p0, F

′) be a sequential transducer. We define the product
A◦τ = (Q1×Q2, Γ, δ′′, (q0, p0), F ×F ′) with δ′′((q, p), b) = (q′, p′) if δ′(p, a) = p′,
λ(p, a) = b and δ(q, a) = q′.

The next proposition gives us the meaning of this operation.

Proposition 4. Given a DFA A = (Q1, Σ, δ, q0, F ) and a finite transducer
τ = (Q2, Σ, Γ, δ′, λ, p0, F

′), L(A◦τ) = τ(L(A)).

Proof. Let w ∈ τ(L(A)), then there exists x ∈ L(A) such that τ(x) = w. Then,
we have δ′(p0, a) = f ′, λ(p0, x) = w and δ(q, x) = f , for some f ∈ F and f ′ ∈ F .
And so, δ′′((q0, p0), w) = (f, f ′) ∈ F × F ′, that is w ∈ L(A◦τ).

Conversely, Let w ∈ L(A◦τ), this implies that δ′′((q0, p0), w) = (f, f ′) for
some f ∈ F and f ′ ∈ F ′, and there exists x ∈ Σ∗ such that δ′(p0, a) = f ′,
λ(p0, x) = w and δ(q, x) = f . And so, τ(x) = w and x ∈ L(A). And so,
x ∈ τ(L(A)).

Note that if there does not exist p ∈ P and a, b ∈ A such that λ(p, a) = λ(p, b)
we have that A◦τ is a deterministic automaton.

Theorem 3. RPL+
k is included in LJ +

k+1. Furthermore, any language belong-
ing to RPL+

k can be obtained as a finite union of languages belonging to LJ +
k+1.

Proof. It suffices to prove the theorem for patterns of the form u0x1u1 · · ·
un−1xnun, since the class of languages LJ + is closed under finite union. Since
p ∈ RPk we have that |ui| ≤ k for 1 ≤ i ≤ n.

We now give a process to obtain the pattern language L(p) of the form
u0Σ

∗u1 · · · un−1Σ
∗un from languages belonging to LJ +.

Since p is a regular pattern we know that there exists an automaton Ap such
that L(p) = L(Ap).

Now let τk+1,Σk−1 be the transducer defined in Definition 1, then by Propo-
sition 4 we know that L(A◦τk+1,Σk) = τk+1,Σk(L(A)).

Let B =
⋃k−1

i=1 
k−iΣi ∪ Σk, and let as denote by h the morphism from B∗

into (Σk)∗ introduced in Definition 1.
We denote by P the set of acyclic paths of A◦τk+1,Σk going from the initial

state to some final state. Note that this set is finite. We claim that
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L(p) =
⋃

X∈P

|x|=k,u0∈Pre(x)

|y|=k,un∈Suf(y)

xΣ∗ ∩ L(h(X)) ∩ Σ∗y

⋃
{x ∈ L(p) | |x| < k}.

The result is clearly true for any w ∈ Σ∗ with |w| < k. So, let us suppose
|w| ≥ k.

Let w ∈ L(p), we know that τk+1,Σk(w) ∈ L(A◦τk+1, Σ
k), which means that

there exists X ∈ P such that X | τk+1,Σk(w), and then, if we take x = Prk(w)
and y = Sufk(w), we have that w ∈ xΣ∗ ∩ L(h(X)) ∩ Σ∗y.

In the other direction let w ∈ xΣ∗ ∩ L(h(X)) ∩ Σ∗y for some x, y ∈ Σk and
X ∈ P . By Proposition 4 and the definition of P , there exists a word z ∈ Σ∗

such that τk+1,Σk(z) = X and z ∈ L(p). Since z ∈ L(p) and p is k bounded we
have that v0v1 · · · vn | h(X) with |vi| = k and vi = xiuiyi for some xi, yi ∈ Σ∗

with 0 ≤ i ≤ n. Then τk+1,Σk(z)|τk+1,Σk(w) and v0v1 · · · vn | h(τk+1,Σk(z)), and
so, necessarily w ∈ L(p).

This theorem implies that k-bounded regular pattern languages can be iden-
tified by the LJ +

k+1 Inference Algorithm in the limit.
The following example shows the behavior of the previous algorithm.

Example 1. Let p1 = axayb and p2 = bxb be 1-bounded patterns. Figure 2 shows
the automaton that accepts L(p1) ∪ L(p2).

The automaton constructed in Theorem 3 in order to obtain the words on Σ2

required to learn the pattern is shown in Figure 3.
This shows that the sequences (aa, ab), (ab, ba, ab), (bb) and (ba, ab) are

enough to describe L(p1)∪L(p2). By (aa, ab) we obtain aΣ∗∩L(aa, ab)∩Σ∗b, by
(ab, ba, ab) we obtain aΣ∗∩L(ab, ba, ab)∩Σ∗b, by (bb) we obtain bΣ∗∩L(bb)∩Σ∗b
and (ba, ab) we obtain bΣ∗ ∩ L(ba, ab) ∩ Σ∗b. Note that they are the only paths
without cycles from the initial to the final states.

1

2 4 6

3 5

a

a

b

b

a

b

b

a

a b

a b

Fig. 2. Automaton accepting L(p1 ∪ p2) for the patterns p1 = axayb and p2 = bxb
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1, 1

2, a

3, b

3, a

4, a

5, b

2, b

6, b

�a

�b

aa

ab

ba
ab ba

bb

ba
ab

ba

aa

bb

bb

aa

bb

Fig. 3. Automaton accepting A(L(p1∪p2))◦τ2 for the patterns p2 = axayb and p2 = bxb

1

1

2

2

3

3 4

�b

�b

bb

ba ab

B2 − �a

B2 − �a

B2 − bb

B2 − ba

B2

B2 − ab B2

1

1

2

2

3

3

4

4 5

�a

�a

aa

ab

ab

ba ab

B2 − �a

B2 − �a

B2 − aa

B2 − ab

B2 − ab

B2 − ba

B2

B2 − ab B2

Fig. 4. The automaton obtained for the J + inference algorithm for the samples
{(�a, aa, ab), (�a, ab, ba, ab), (�a, ab, ba, ab, ba, ab), (�b, bb), (�b, bb, bb), (�b, ba, ab)}

Otherwise, (aa, ab), (ab, ba, ab), (bb) and (ba, ab) also gives a characteristic set
for the inference of L(p1)∪L(p2). Let us consider the set S = {aab, abab, ababab,
bb, bab, bbb}, note that this set contains the characteristic set {aab, abab, bb,
bab}. By appliying the J + Inference Algorithm to the set τ2,Σ(S) we obtain the
automaton shown in Figure 4.

Finally, Figure 5 shows the automaton obtained from the algorithm used to
learn LJ +

2 . We can verify that the minimal automaton obtained for the automa-
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1, 1

1, 1

2, b

2, b

3, b

3, a 4, b

3, a

4, a

2, a

b

b

b
a

b

a b

a b
a

b

b

b

a b

a

a

a

1, 1

1, 1

2, a

2, a

3, a

3, b

4, b

4, a 5, b

4, a

5, a

2, b

a

a

a

b

b
a

b

b a

a b
a

b

a

a

b

b a
b

a b a

Fig. 5. The automaton obtained for the LJ +
2 inference algorithm for the samples

S = {aab, abab, ababab, bb, bbb, bab}

ton shown in Figure 5 is exactly the automaton shown in Figure 2 that accepts
the language L(p1) ∪ L(p2).

6 Conclusions

In this article we give an efficient inference algorithm for the positive varieties of
languages J + and LJ +. The algorithm for LJ + is done by using the algorithm
for J + and the cascade product.

By using this algorithm and some new and old theoretical results, we solve the
open problem of given an efficient algorithm to infer unbounded unions of regular
pattern languages with bounded constant segments proposed in [1]. This shows
the that study of the algebraic theory of automata can give us some knowledge
in order to perform new algorithms to be applied in practice.
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