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Abstract. We describe in this paper the experiments done to compare
tw o algorithms that idetify the family of regular languages in the limit,
the algorithm of T rakheibrot and Barzdin/Gold by one hand and the
RPNI/Lang algorithm by the other. As a previous step, for a better
comparison, we formulate the algorithm of Gold as a merging states in
the prefix tree acceptor scheme.

1 Introduction

Finite automata identification from samples of their behavior is an old problem
in automata theory and is a central topic in the discipline known as Grammatical
Inference, connected to the field of Pattern Recognition.

This problem canfdyenally established as a decision problem as follows:
Given an integer n and tw odisjoint sets of words Dy and D_ over a finite
alphabet, do there exist a deterministic finite state automaton (DF A) consistent
with D4 and D_ and having a number of states less than or equal to n?

Gold [2] has proved that this problem is N P-complete. Nevertheless, be-
sides the (general) enumeration algorithm, if the sets Dy and D_ are somehow
representative, there are tw oalgorithms that solve the considered problem in
deterministic polynomial time.

The first one (1973) is from Trakh ten brot and Barzdin [6], and will be denoted
as TB. The authors describe it as a contraction procedure in a finite tree that
represents a uniformly complete data set (a set that contains all the words up
to a certain length). If the given data set comprises a certain characteristic set
of an unknown regular language, the algorithm finds the smallest DF A that
recognizes the language. The characteristic input set required for T'B algorithm
to con verge isof polynomial size in relation with the number of states of the
canonical acceptor of the target language.

In 1978, Gold [2] rediscovers T B algorithm and applies it to the discipline of
grammatical inference (uniformly complete samples are not required). He also
specifies the way to obtain indistinguishable states using the so called state char-
acterization matrices. If the input data set does not contain the characteristic



set mentioned above, the algorithm guarantees the consistency at the cost of
outputting the prefix tree acceptor (PTA) of the positive sample. A complete
proof of the equivalence of T'B and Gold algorithms would enlarge this paper
too much.

By other hand, in 1992, Oncina and Garcia [5] propose the RPN (Regular
Positive and Negative Inference) algorithm for inference of regular languages
from complete presentation. In the same year, Lang [4] describes T'B algorithm
(in a way that, if one doesn’t use a complete uniform sample as input it doesn’t
necessarily coincides with T'B) and modifies it to guarantee the consistency in
the case of a non complete input sample, obtaining this way an algorithm that
behaves exactly in the same way as RPN does.

The aim of the present paper is to show the experimental results done in
order to compare the behavior of both algorithms (T'B/Gold by one hand and
RPNI/Lang by the other). As a previous step, we formulate both algorithms in
a homogeneous way. RPN algorithm is based on merging states in the prefix
tree acceptor of the sample, while Gold used the -so called- state characterization
matrices, but as both algorithms are somehow based on Nerode theorem one
might expect a similar behavior.

Experiments done show that RPN I /Lang algorithm raises convergence more
rapidly than T'B/Gold algorithm does.

2 Definitions and notation.

We suppose that the reader is familiar with the rudiments of formal languages.
For further details the reader is referred to [3]. Let X be a finite alphabet and let

X7* be the free monoid generated by X with concatenation as the internal law
and X as neutral element. A language L over X is a subset of X*. The elements
of L are called words. Given x € X* if & = uv with u,v € X* then u (resp. v) is
called prefiz (resp. suffiz) of x. Pr(L) (resp. Suf(L)) denotes the set of prefixes
(suffixes) of L. The right quotient of a language L by a word u is denoted by
u 'L, that is, u 'L = {v € ¥* : uv € L}. The right quotient of two languages
is Ly'Ly ={veX*:Fue Li,uw e Ly}

A deterministic finite automaton (DFA) is a 5-tuple A = (Q, X, 6, qo, F)
where @) is the (finite) set of states, X is a finite alphabet, go € @ is the initial
state, ' C () is the set of final states and ¢ is a partial function that maps
@ x X to @ which can be extended to words by doing (g, A) = ¢ and (g, za) =
0(d(g,x),a),Vq € Q,Vr € ¥*,Va € X. A word z is accepted by A if §(qo, x) € F.
The set of words accepted by A is denoted by L(A).

A Moore machine is a 6-tuple M = (Q, X, I, 6, qo, P), where X (resp. I') is
the input (resp. output) alphabet, § is a partial function that maps @ x X in @
and @ is a function that maps @ in I" called output function. The behavior of
M is given by the partial function tp; : X* — I' defined as tp(z) = ¢(6(qo, x)),
for every z € X¥* such that §(qgo,x) is defined.

Given two finite sets of words Dy and D_, we define the (D4, D_)-prefix
Moore machine (PTM(D4,D_)) as the Moore machine having I" = {0, 1,1},



Q =Pr(DyUD_), g0 = XA and 0(u,a) = ua if u,ua € Q and a € X. For every
state u, the value of the output function associated to u is 1, 0 or 1 (undefined)
depending whether u belongs to D, to D_ or to the complementary set of
D,UD._.

A Moore machine M = (Q, X, {0,1,1}, 6, qo, @) is consistent with (D4, D_)
if Vo € Dy we have &(z) =1 and VY € D_ we have &(x) = 0.

3 A Description of the algorithms to be compared.

3.1 TB/Gold algorithm.

We are going to see the algorithm proposed by Gold [2], based on the so called
state characterization matrix.

A state characterization matriz over an alphabet X is a triple (S, E,T') where
S, E are finite subsets of X* and T : (SUSY)E — {0, 1,1}. The elements of S
are called states, and those of E are called experiments.

The data (D4 and D_) contained in a state characterization matrix is:

ze€D, ifFue (SUSY)Tve E,x =uwvAT(uwv) =1
xe€D_ fFue(SUSY)weE z=uwAT(uw)=0

For the rest of the words we set T'(uv) =71. Every element u of (SUSY) defines
a row which will be called row(u). Given u,v € (SUSZX), we say that row(u) is
obviously different from row(v), and we write row(u) % row(v), if there exists
an experiment e € E such that T'(ue), T (ve) € {0,1} and T'(ue) # T (ve).

A state characterization matrix is called closed if neither row belonging to
SX — S is obviously different from all the rows of S.

Gold algorithm [2] was initially established using Mealey machines. Here we
use Moore machines to present it, as they are, to our opinion, the best way
to present RPN algorithm also (Moore machines associate the outputs to the
states). Doing it this way the comparisons between both algorithms can be seen
in a more clearly way.

Remark. The choice that we make here of the set E does not appear as
necessary in [2], where it is only established that E must be suffiz-complete
(Vz € E, Suf(x) C E) and that it must be large enough to contain every word
belonging to D, U D_.

The algorithm begins by setting S = {A} and E as the right quotient of the
set of suffixes of the sample by the alphabet. We have to maintain two sets of
words (each word defines a row), the set S and the set SX¥' — S . At every step
we have to move from the set SX — S to the set S one of the rows which is
obviously different from the rows of every word of S. We have then to update
the set SX — S and this operation has to be done until neither word can be
moved from SX — S (we say then that the matrix is closed). The output of the
algorithm is an automaton obtained from the state characterization matrix. If
this automaton is not consistent with the data, the algorithm outputs the Moore
machine PTM (D4, D_).



Algorithm 1 Gold’s Algorithm
Gold(D;, D_)
S={\}; E=Suf(¥~'(D4+UD-));
Build the table (S, E,T) ;
While there exists s’ € (S¥ —5) : row(s’) Z row(s), Vs € S

Choose any s'; (*)

S=SuU{s'};

Update (S, E,T)
End While;
Q=5 q=X\
For all s€ S

B(s) = T(s);

For allae ¥
If sa € S Then 4(s,a) = sa
Else 0(s,a) = any s’ € S : Not(row(sa) % row(s’)) (**)
End For all

End For all;
M = (Q: 27 {07 17 T}: 67 qo, Q)a
If M is consistent with (D4, D_) Then Return(M)
Else Return(PTM (D4, D_))
End

There are exactly two places where the algorithm may be non deterministic.
The first one! is when there are several rows from SX — S that can be moved
to S. The second is when we are building the output automaton and there are
several obviously different rows (states) where the transition can be assigned?.
The solution we adopted for both situations is to choose the smallest row in
lexicographic order.

Ezample 1. Let Dy = {abb, bb, bba, bbb, babb} and D_ = {\, a,ba, aba,bab}. The
initial state characterization matrix is:

E abb bb b A ba aab
S N1 1100017
S¥—-Salt 110011
1 111100

! See the part marked with (*) in the algorithm Gold(D4, D_).
2 See the part marked with (**) in the algorithm Gold(Dy,D_).



Applying the algorithm until the matrix is closed we obtain:

E abb bbb A ba aab
A1l 110001
S b|{1 1114100
bb| 1+ 1t 111 17¢
alT 1100711
SY¥Y—-S ba|t 100111
bbal + t 1411
bbb+t t1 11 1

The Moore machine resulting from running the algorithm with the above ex-
ample is depicted in figure 1 (a). The corresponding automaton used for pattern
recognition is shown in figure 1(b). In this automaton the states in which the
output is undefined are considered as non final.

a a
Q =@
7 a ab 7 a ab
(@ (b)

Fig. 1. (a) Moore machine output by Gold algorithm on input positive and negative
samples of example 1. (b) Automaton inferred under the same conditions for clasifica-
tion tasks.

3.2 The algorithm RPNI/Lang.

The algorithm RPNI/Lang [6] has been described and widely used in pattern
recognition tasks, see for example [4] and [5]. It is also somehow based on Nerode
theorem. The algorithm merges states on the prefix Moore machine of the pos-
itive and negative samples and outputs an automaton which is consistent with
those samples. After trying to merge two states it has to group together the
necessary ones to make a deterministic automaton. If any of the groupings gives
an automaton which is not consistent with the data, it has to forget the current
merging and try another one. An upper bound of the running time of this algo-
rithm is mn?, where m is the size of the initial prefix tree and n is the size of
the final automaton ([4]). A detailed and revised description of the algorithm
can be found in [1].

4 A merging states version of T'B/Gold algorithm.

Differences between Gold and RPN algorithms start at the very beginning, so,
in order to compare them it can be useful to re-write one of the algorithms in



a similar way as the other is written. We will present T'B/Gold algorithm as a
merging states in the PT M (D4, D_) procedure.

Given a Moore machine M = (Q,X,{0,1,1},0, o, P), we say that p,q €
Q are distinguishable in M if there exists a word z € X* with &(d(p,x)),
&(d(q,x)) € {0,1} and &(6(p,z)) # P(d(¢g,x)). On the opposite way we say
that p and ¢ are non distinguishable in M. We next describe the procedure
distinguishable and the TB/Gold algorithm.

In the procedure distinguishable we make use of the function compatible which
assigns to a couple of states the value False if one represents a positive sample
and the other a negative one, and the value True in the rest of the cases. We also
make use of the functions defined for lists, First which returns the first element
of a list and Rest which returns the list without the first element.

Algorithm 2 function distinguishable: given p,q € @, returns True if 4 z € X*:
P(0(p, 7)), 2(6(g,x)) € {0,1} and &(5(p, z)) # P(6(q,))
distinguishable(u, v, PTM (D4, D_))
list ={(u,0)};
While list # ) do
(p,q) = First(list); list = Rest(list);
If (Not(compatible(p,q))) Then  Return(True)
//p,q € Q are not compatible if ®(p), (q) € {0,1} A B(p) # (q) .//
Else For every a € ¥
If 36(p,a) A F6(q,a) Then
Append (§(p,a),d(gq,a)) to list
EndIf
EndIf
End While
Return(False)
End.

Ezample 2. Let Dy = {bbbb} and D_ = {b} as in the above example. The
function distinguishable({\}, {b}, PT M (D4,D_)) returns the result False.

If one wishes that this algorithm returns complete automata as the original
Gold algorithm does, we only have to send the lacking transitions to the initial
state.

With this new approach to Gold algorithm, some differences related to the
behavior of both -RPNI and Gold- algorithms can be seen. The main one is
that at every step Gold only uses the prefix tree acceptor and the states to be
merged, so he does not make use of some information that RPN uses, as this
last algorithm considers all the merging done at every step as correct.

By other hand, Gold algorithm returns a hypothesis of size less than or equal
to the size of the target automaton, as the number of rows of S is bounded by
the number of states of the target automaton, which determines the number of
equivalence classes in the Nerode equivalence.



Algorithm 3 TB/Gold algorithm as a merging states in the PTM(Dy,D_)
procedure
TB/Gold (D4,D_)
Moy = PTM(D+7D—)7 //MO = (Q():E:{O: 17T}767q07¢0)//
S ={Ak
While there exists s’ € S¥ — S such that Vs € S, distinguishable(s, s', Mo)
choose s';
S=SuU{s'};
End While;
Q=S5;q9 =X\
For se€ S
B(s) = Bo(5);
Forae X
If sa € S Then §(s,a) = sa
Else 4(s,a) = any s’ such that Not(distinguishable(sa, s', My));
End For
End For;
M= (Qv 27 {07 1, T}7 67 qo, ¢)7
If M is consistent with (D4, D_) Return(M)
Else Return(Mpy);
End.

Less important is the fact that Gold algorithm always returns complete au-
tomata, while this is not necessarily true in case of RPN algorithm.

4.1 An example of the merging states scheme of Gold algorithm.

Figure 2 represents the (D4, D_)-Prefix Moore machine with D, = {aa, aaa,
aaab, aaba, aabba, ab, abab, abb, abba, abbb} and D_ = {\, a, aab, b, bb}. The
states to be merged at every step, and the evolution of S and SX can be seen
in the following table.

S Sy list

{A} {a, b}

{\,a} {b, aa, ab} {(b, M)}
{\,a,aa} |{b,ab,aaa,aab}

{\, a, aa,ab}|{b, aaa, aab,aba, abb}|{(b, \), (aaa, ab), (aab, a),
(aba, a), (abb,ab)}

According to the algorithm, the states of the resulting automaton are {\, a,
aa, ab}. The transition function of the automaton is 6(\,a) = a, §(a,b) = A,
d(a,a) = aa, §(a,b) = ab, d(aa,b) = a, §(ab,b) = ab and d(ab,a) = a. The set of
final states is F' = {aa,ab}. The automaton is depicted in figure 3.



Fig. 2. (D4, D_)-Prefix Moore machine with Dy = {aa, aaa, aaab, aaba, aabba, ab,
abab, abb, abba, abbb} and D_ = {\, a, aab, b, bb}.

Fig. 3. Output automaton of the execution of the merging states scheme of Gold
algorithm for the given sample.

5 Experimental results.

We have compared the new version of T'B/Gold algorithm (merging in the prefix
tree acceptor) and RPNI/Lang algorithm.
Description of the experiments:

— We work with minimal automata having 8, 16, 32, 64 and 128 states, the
alphabet is ¥ = {a,b}. We obtain them beginning with larger automata,
we then minimize them and discard the automata which do not have the
required size. This method is inspired in [4], Although Lang permits some
flexibility in the number of states.

— For the learning process we use randomly generated strings of length less
than or equal to 21 over X*. The number of them is shown in the figures
that describe the results of the experiments.



— The comparison of the automata is done using all the words of length less
than or equal to 15 not used in the learning process. When Gold algorithm
obtains an automaton which is not consistent with the sample we use it
instead of the prefix tree acceptor of the sample. Other way, as we use for
testing different words as for learning, the error rate for that automaton
would be 100%. We recall that the objective of the experiment is to measure
how close the hypothesis and the target automata are.

— We have done 1000 experiments for each different size of the automata.

The following figures show the mean (and one of them the typical deviation)
of the error rate (percentage of words not correctly classified) and of the repre-
sentation coefficient (size of the obtained hypothesis divided by the size of the
target automaton).

5.1 Error rate.

0
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Fig. 4. Error rate obtained running Gold algorithm with target automata of size from
8 to 64 states as the number of sample used for inference varies.

Figures 4 and 5 show respectively the variation of the error rate (percentage
of words not correctly classified) obtained by Gold and RPNI algorithms for
different sizes of target automata when the number of samples used for inference
also varies. As one may hope, for a given inference sample size, if the size of the
target automaton increases so does the error rate. One may observe that the
error rates of RPN algorithm are better than those of Gold algorithm.

In figure 6 we compare the behavior of both algorithms for the case of au-
tomata of size 16 (for the rest of the cases, the situation remains equivalent so
we do not depict them).

Figures 7 and 8 show the variation of the mean and of the typical deviation
of the error rates of the algorithms subject of study for automata of size 16 as
the number of samples used for inference vary. We can observe that the typical
deviation obtained with RPN algorithm decreases to zero more rapidly than
that obtained with Gold algorithm.
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Fig. 5. Error rate obtained running RPNI algorithm with target automata of size
from 8 to 64 states as the number of sample used for inference varies.
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Fig. 6. A comparison of the error rate average obtained by Gold and RPN algorithms
when the number of samples used automata of size 16 varies from 100 to 2000.

5.2 Representation coefficient.

Figures 9 and 10 show the representation coefficient (size of the hypothesis di-
vided by the size of the target automaton) of the automata obtained when run-
ning Gold and RPN algorithms respectively.

We can see that both algorithms converge to identify the number of states
of the automata correctly, although Gold algorithm obtains increasing values as
the number of words used in the inference becomes larger (we recall that the size
of the hypothesis obtained using Gold algorithm is less than or equal to that of
the target automaton) while RPN obtains decreasing values.

6 Conclusions.

We have revised Trakhtenbrot and Barzdin (T'B), Gold, RPNI and Lang algo-
rithms. As it can be seen in [1], the first two ones are in fact the same, while
the first description that Lang does of T'B algorithm agrees with it only in case
of a uniformly complete sample. The extension he gives to obtain consistent
hypothesis is in fact RPN algorithm.

We have also formulated T'B/Gold algorithm as a procedure of merging states
in the prefix Moore machine of the sample for a better understanding of the com-
parison with RPNI. By other hand we have observed that the implementation
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Fig. 7. Error Diagram (mean and typical deviation) for Gold algorithm for automata
of 16 states as the number of samples used for inference vary from 100 to 2000.
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Fig. 8. Error Diagram (mean and typical deviation) for RPNI algorithm for automata
of 16 states as the number of samples used for inference vary from 100 to 2000.
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Fig. 9. Average of the representation coefficient of the automata inferred using Gold

algorithm.

of this new version works much faster than the original one. That fact can be

deduced from theoretical estimations [1].

We have observed, both in theoretical analysis as in experiments done, that
generally RPN algorithm obtains better results than Gold algorithm.
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Fig. 10. Average of the representation coefficient of the automata inferred using RPNTI
algorithm.
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