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Abstract

A Residual Finite State Automaton (RF'SA) [2],[3],[4] is a Nondeter-
ministic Finite Automaton (NFA) in which every state corresponds to a
residual language of the language it recognizes. We describe in this paper
an algorithm that, for a given sample D, infers a RF'SA consistent with
D that converges to the canonical RF'SA of the target language using
a generalization of RPNT algorithm. As NF A’s are sometimes smaller
than their equivalent deterministic minimal automaton, the characteristic
sample required for inference may also be smaller, so this algorithm may
be useful. We also describe how to use this algorithm to infer the universal
automaton for a language.

1 Introduction

A main topic in Grammatical Inference, used in Pattern Recognition, is the
identification of Finite automata from samples of their behavior, that is, from
words such that the membership to the target language is known.

Although the general problem of determining the existence of a deterministic
finite automaton (DFA) with a number of states less than a given number n
consistent with a given sample D has proved to be N P-complete by Gold [6],
under certain conditions of representativeness, two algorithms solve the prob-
lem in deterministic polynomial time. A unified description and a comparison
between both algorithms can be found in [5].

The first algorithm was proposed by Trakhtenbrot and Barzdin [15] as a
contraction procedure in a finite tree that represents a set that contains all the
words up to a certain length. If this set is somehow characteristic for an unknown
regular language L, the algorithm finds the smallest DF A that recognizes L.
This algorithm was rediscovered and used for grammatical inference by Gold
[6]. Then, characteristic samples are not required as input, and consistency is
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guaranteed in this case at the cost of outputting the prefix tree acceptor (PT A)
of the positive sample.

The second is due to Oncina and Garcia [13] by the one hand and to Lang
[8] by the other. It is known in the literature as the RPN (Regular Positive
and Negative Inference) algorithm and, on input of a sample, outputs a DF'A
consistent with the input in polynomial time. It builds the prefix tree acceptor
of the sample, merges states in lexicographical order and propagates the merges
to keep a deterministic automaton under the condition that it does not accept
a negative sample.

Both algorithms are somehow based in Nerode’s theorem, but experiments
done [5] show that RPN algorithm raises convergence more rapidly than Gold’s
algorithm as it makes better use of the information it has.

Variations of the RPN algorithm (modifications in the way the states are
merged) have been proposed [9] in order to gain efficiency, although theoretical
aspects, like convergence, of those algorithms have not been reported.

F. Denis et al. [2], [3], [4] define the concept of Residual Finite State Au-
tomata (RFSA) as a nondeterministic automata such that every state is asso-
ciated to a residual language of the language it recognizes. They propose the
algorithm DeLeTe2 such that for a sample of the target language L, converges
to the canonical RFSA that accepts L. The only difficulty is that the output of
the algorithm may not be consistent with the input sample if the sample is not
characteristic.

The use of a RFSA representation for target languages may be interesting
as the size of a RFSA is sometimes smaller than the minimal DFA for the same
language.

By the other hand, the concept of universal automaton of a language was
implicitlly introduced by Conway [1]. Sakarovitch and Lombardy [11], [12] have
used this concept for the construction of reversible automata for reversible lan-
guages and also in the study of star height of rational languages.

Pélak [14] studies the universal automaton of a language in connection with
the syntactic semiring of a language and with conjunctive varieties.

The universal automaton of a language, as we will see, is closely related to
concepts like the canonical and the saturated RFSAs.

We propose in this paper three different algorithms. The first one is a nonde-
terministic version of Gold’s algorithm. If we emit a new hypothesis every time
we add a new state to the table we obtain the algorithm DeLeTe2 [4]. The sec-
ond is a nondeterministic version of RPNI (NRPNI). It outputs a RFSA which
is always consistent with the sample and converges to the canonical RFSA that
accepts the target language. Thirdly, we adapt RPNI algorithm (NRPNT’), it
has the same scheme that RPNI, but it uses a function that realizes nondeter-
ministic merging of states. If we compute all the residuals it can be used to
infer the universal automaton of the target language.

The leading idea of this paper was the conjecture that the advantage of the
performance (both consistency and number of samples needed to converge) of
RPNI with respect to Gold’s could be translated to the inference of RFSAs.
Facts like consistency and convergence of some of the proposed algorithms are



straight forward.

The rest of the paper is structured as follows, Section 2 contains the basic
definitions and notation used. Section 3 contains a description of Gold’s algo-
rithm as well as a nondeterministic version of it and of how it can be modified
to obtain the algorithm DeLeTe2, an example is given for better understand-
ing. Section 4 contains a nondeterministic version of RPNI (NRPNI) algorithm.
Section 5 contains a description of the modifications to be made in the NRPNI
algorithm to be used to infer the universal automaton of a language. A section
with the conclusions ends the paper.

2 Definitions and notation.

We suppose that the reader is familiar with the rudiments of formal languages.
For further details the reader is referred to [7]. Definitions and previous works
concerning RFSA’s can be found in [2], [3] and [4].

2.1 Formal languages

Let A be a finite alphabet and let A* be the free monoid generated by A with
concatenation as the internal law and ¢ as neutral element. A language L over
A is a subset of A*. The elements of L are called words. Given x € A*, if x = uv
with u,v € A*, then u (resp. v) is called prefiz (resp. suffiz) of z. Pr(L) (resp.
Suf(L)) denotes the set of prefixes (suffixes) of L.

A nondeterministic finite automaton (NFA) is a 5-tuple A = (Q, A, J, Qo, F)
where @ is the (finite) set of states, A is a finite alphabet, Qo C @ is the set
of initial states, F' C @ is the set of final states and § is a partial function that
maps Q x A in 29 The extension of this function to words is also denoted as .
A word z is accepted by A if §(Qo, z) N F # (. The set of words accepted by A
is denoted by L(A). A deterministic finite automaton (DFA) is a NF A such
that |Qo] = 1 and |d(¢,a)| < 1, Vg € @, Va € A. Two automata are equivalent
if they recognize the same language.

Given a finite set of words D, the prefirz tree acceptor of S is defined as
the automaton A = (Q, A, 9, qo, F') where Q@ = Pr(S), ¢qo = ¢, F = D, and
0(u, a) = ua, Yu,ua € Q.

A Moore machine is a 6-tuple M = (Q, A, B, d, qo, ), where A (resp. B) is
the input (resp. output) alphabet, ¢ is a partial function that maps @ x A in @
and @ is a function that maps @ in B called output function. A nondeterministic
Moore machine is defined in a similar way except the fact that 6 maps @ x A
in 29.

The behavior of M is given by the partial function ¢5; : A* — B defined as
ta(r) = ®(6(qo,z)), for every x € A* such that d(qo, ) is defined.

Given two finite sets of words Dy and D_, we define the (D, D_)-prefix
Moore machine (PTM (D4, D_)) as the Moore machine having B = {0, 1, 7},
Q=Pr(DyUD_), g0 =¢ and é(u,a) = ua if u,ua € Q and a € A. For every



state u, the value of the output function associated to u is 1, 0 or ? (undefined)
depending whether u belongs to D4, to D_ or to Q — (D4 U D_).

A Moore machine M = (Q, A,{0,1,7},6, qo, ®) is consistent with (D, D_)
if Vo € Dy we have ®(x) = 1 and Vo € D_ we have ®(z) = 0.

2.2 Canonical RFSA and universal automaton

The left quotient of a language L by a word u, also called residual language of L
associated to u is u"!L = {v € A* : uwv € L}. The same definition for languages
is Lfng ={v € A*:Ju € Ly, uv € Ly}. A residual language u~1L is composite
if u7'L =U{v™ 'L :v7'L ¢ u='L}. A residual language is prime if it is not
composite.

A Residual Finite State Automaton (RFSA) A is a NFA such that every
state defines a residual language of L(A).

Given a language L C A* the canonical RFSA of L is the automaton A =
(Q, A, 0,Qo, F) where:

e Q={u'L:u"'L is prime,u € A*}

« Qo—=1L

e F={ulLeQ:ecu'L

e S(ullya)={v 'LeQ:v 'L C (ua)~'L}

Given a language L C A* we define the set of all possible intersections of its
residuals, that is, U = {uflLﬂ ﬂu,;lL ik >1,up,...,ur € A*}. Note that U
contains the set all the residuals of L.

The wuniversal automaton for L is a NFA defined as U = (U, A, 9§, Qo, F)
where:

¢« Qo={PcU:PCL}
e F={PeU:c€ P}
e §(Pja)={P' €eU:P C(a)"'P}

Automaton U recognizes L and is such that any nondeterministic automaton
that accepts a subset of U can be projected to U by means of a homomorphism
[10]. Note that if A is the canonical RFSA of L, the identity (that maps every
residual to itself) is an homomorphism of automata, that is, the canonical RFSA
is the subautomaton of U induced by the prime residuals of L.

Two relations between the states of an automaton link RFSAs with gram-
matical inference. Let D = (D, D_) a sample, let u,v € Pref(Dy). We say
that u < v if no word w exists such that ww € Dy and vw € D_. We say that
u~vlifu<vandv<u.

1This relation is known in the terminology set up by Gold as not obviously different states.



3 Gold’s algorithm. A nondeterministic version

We will briefly describe the algorithm proposed by Gold [6], based in the so
called states characterization matrix. A complete description of it, both in
terms of matrixes and a merging states version can be found in [5].

Definition 1 A states characterization matrixz over an alphabet A is a triple
(S,E,T) where S, E are finite subsets of A* and T : (SUSA)E — {0,1,7}.
The elements of S are called states, while those of E are called experiments. If
there exists uw € (SU SA) and v € E, x = wv and x € Dy (resp. D_), then
T(uv) =1 (resp. T(uv) =0). For the rest of the words we set T (uv) =?.

Every element u of (S U SA) defines a row which will be called row(u).
Given u,v € (S U SA), we say that row(u) is obviously different from row(v),
and we write row(u) % row(v), if there exists an experiment e € E such that
T(ue), T(ve) € {0,1} and T'(ue) # T'(ve). Otherwise we write row(u) =~ row(v).
We say that row(u) < row(v) if there does not exist e € E such that T'(ue) =1
and T'(ve) =0

A state characterization matrix is called closed if neither row belonging to
SA — S is obviously different from all the rows of S.

Algorithm 1 Gold (D4, D_)
Begin

S={eh

E = Suf(A~{(D; UD_))

Build the table (S, E,T);

While there exists s’ € SA — S such that Vs € S, row(s) # row(s’)
Choose s;//The first one in lexicographical order//
S=5uU{s}

Update(S, E, T)

End While;

Q=25;q=¢ (¥

For s S
se Fiff T(s)=1;

Forae A
If sa € S Then §(s,a) = sa
Else §(s,a) = any s’ such that row(sa) ~ row(s’)
//The first one in lexicographical order//
End For

End For;

A= (QvAa(quOaF);

If M is consistent with (D, D_) Then Return(A)

Else Return(PTA(D4,D_))

End.




The initial states characterization matrix is established as the triplet (S, E,T') =
({eh E= Suf(Ail(DJr uD-)),T). g

The algorithm begins by setting S = {¢}. We have to maintain two sets of
words (each word defines a row), the set S and the set SA — S . At every step
we have to move from the set SA — S to the set S one of the rows which is
obviously different from the row of every word of S. We have then to update
the set SA — S and this operation has to be done until neither word can be
moved from SY — S. The output of the algorithm is an automaton obtained
from the state characterization matrix. If this automaton is not consistent with
the data, the algorithm outputs the automaton PT A(D4,D_).

3.1 Example

Let D = (D4+,D_), were Dy = {£,00,11,010,10} and D_ = {0,1,001}. The
initial states characterization matrix is the table of Figure 1 (left).

As 0 # ¢, we add 0 to the S part of the table and obtain SA — S. Then we
obtain the table of Figure 1 (right).

e 0 1 01 10

e 0 1 01 10 S € 1 0 0 7 1

S el 0 0 7 1 0o (0 1 72 0 1
SA-S|0]0 1 7?2 0 1 1 ]0 1 1 7 7
170 1 1 7 7 SA-S|jo00|1 7 0 ? 7

oLy 1 7 7 7

Figure 1: Initial (left) and final (right) states characterization matrixes used by
Gold’s algorithm on input Dy = {¢,00,11,010,10} and D_ = {0, 1,001}

The matrix is now closed as 0 ~ 1, 00 ~ ¢ and 01 ~ 0. The algorithm would
try to output the automaton depicted in Figure 2 (left). As it is not consistent
with the sample (it accepts 11), outputs the prefix tree acceptor of the sample
instead.

3.2 Non Deterministic Gold and DeLeTe2 algorithms

Some modifications have to be done in Gold’s algorithm to obtain RFSAs. They
affect to the set of initial states and to the establishment of the transitions
between states.

The following changes should be made in Gold (D4, D_) algorithm:

e The part marked as (*) in the original algorithm has to be changed to
Qo={ueS:u<e}.

2In [6], it is only established that E must be suffiz-complete (Vo € E, Suf(z) C E) and
that it must be large enough to contain every word belonging to Dy U D_




o j(u,a) ={vesS:v<ua}.

With the same input as before, the output is depicted in Figure 2 (right).
We see again that this output is not consistent with the input, as it accepts the

negative sample 001.
1 0,1

0,1

Figure 2: Output automata given by Gold’s algorithm (left) and by nondeter-
ministic Gold’s algorithm (right) before checking for consistency.

If in Nondeterministic Gold’s algorithm we emit a hypothesis and check for
consistency every time we obtain a new table, we obtain the algorithm DeleTe2
proposed by Denis et al. [4].

4 NRPNI algorithm

The algorithm RPNT is based in deterministic merging of states (see the function
detmerge [5]). States in the PTM are lexicographically ordered and in the
current automaton we try to merge every state (following this order) with the
previous ones (also in order) using the function detmerge. The process continues
until there are no remaining states. The function detmerge guarantees the
consistency of the intermediate automata and thus, of the output automaton.

In the algorithm we propose, the deterministic merging of states is replaced
by a nondeterministic merging using the function ndetmerge we will next de-
scribe. During the process, in the sub-automaton of the explored states two
types of transitions may appear

e Type A transitions, which are the ones that RPNI would create.
e Type B transitions, which are determined by the relation <.

In the Figures, type B transitions are depicted as dashed lines, whereas for
type A transitions we will use continuous ones.

When we apply function ndetmerge to a pair of states, consecutive merges
(folding) of states may appear only on type A transitions. New transitions
produced by this folding, are also of type A.

The following algorithm describes the behavior of the function ndetmerge.
State va (the first state which has not been explored) is such that v belongs
to the explored part of the automaton. P is the set of explored states. It
has been written in a way that we think it can be better understood. The
algorithm does not reflect the situation where there is more than one state in P
not distinguishable from state va. If this is the case the rest of the equivalent
states give type B transitions -see the example of run and the automaton of
Figure 4 (right).



Algorithm 2 ndetmerge (va, P, M)
Begin
List = {}; equiv = False; initial = False;
For u e P
If (u <va Ava A u)
Then 6 =6 U (v,a,u) //new type B transition//
End If
If (u AvaAva<u)
Then Append u to List
If u = ¢ Then initial = True;
End If
If (u <va Ava < u) //u and va are not distinguishable //
Then equiv = True;
q=u;
End If
End For
If equiv
Then M = detmerge(q,va, M)
Else For r € List
For (p,b,r) €4
0 =0U(p,b,va) //new type B transition//
End For
End For
If initial Then Qp = Qo U {va}
End For
End.

Note also that when a state is input to function ndetmerge it is only needed
one comparison with every previous state to decide the different conditions.
Those conditions can be established making a virtual folding as function det-
merge would do. When states v and va are compared, and the automaton is
folded using type A transitions, either the pair (u,va) or their successors (let us
denote a pair of successors by (p, q)) are such that if (p,q) represents the pair
(u,va) or any of its followers when the folding is produced, then:

1. u < va and va £ u if and only if there does not exist (p, q) with ®(p) =1
and ®(q) = 0 and exists (p, ¢) with ®(p) = 0 and ®(q) = 1.

2. va < u and u £ va if and only if there does not exist (p, ¢) with ®(¢q) =1
and ®(p) = 0 and there exist (p, ¢) with ®(¢) = 0 and ®(p) =1

3. u < va and va < wu if and only if there does not exist (p, q) with ®(p) =1
and ®(q) = 0 and neither exists (p, ¢) with ®(p) =0 and ®(q) =1

Figures 3 to 5 show examples of application of function ndetmerge.



In order to design algorithm NRPNI it should be enough to change the
function detmerge by ndetmerge in former RPNI. The algorithm obtained this
way would converge to the saturated RFSA and not to the canonical RFSA. To
do so it would be necessary to eliminate composite states. This also would slow
the convergence as samples would be needed to distinguish every state of the
minimal automaton of the target language.

This scheme will be used in section 6 to infer the universal automaton for a
given sample and will be referred to as NRPNT’. To obtain the canonical RFSA,
the algorithm will have to be modified as follows:

Algorithm 3 NRPNI (D, D_)
Begin
My = PTM(DJM D*); //MO = (Qv A, {07 L, ?}a g, {6}7 (I)O)//
S = {6}; M = Mo;
Repeat
Forve SA-S
M = ndetmerge(v, S, M);
End For
If M is consistent with (Dy, D_)
Then Return (M);
Else S = SU{w}// w is the first state in SA — S which is
distinguishable from every state in S//
End If
End.

4.1 Example of run of function ndetmerge

Let us suppose that M is the Moore Machine of Figure 3. The stable part of
the automaton is the set {1,2,3}.

Figure 3:

The function ndetmerge(4,{1,2,3}, M) is called. It finds the relations 1 <
4N4 <1and 2 <4A4 £ 2 soq=1 and loop of type B around state 2 is



added. As 3 £ 4 A4 £ 3 we add the type A transition from state 2 to state 1
and thus, we obtain automaton of Figure 4 (left).

Now the function ndetmerge(5,{1,2,3}, M) is called. It finds the relations
14A5A5<1,s0list={1}and 2<5A5<2and 3 <5A5 < 3 Note that this
is the special situation that we have not described in the algorithm for better
understanding of it. It does ¢ = 2 and states 2 and 5 are merged. The transition
from state 2 to state 3 is of type B. We obtain automaton of Figure 4 (right).

Figure 4:

At this point, the function ndetmerge(6,{1,2,3}, M) is called. It finds the
relations 1 £#6A6 < 1,s0 ¢ =1, then 2 < 6A6 £ 2 so it adds type B transition
from state 3 to state 2 labelled with 0. Then it finds 3 < 6 A6 £ 3, so it adds a
loop around state 3 labelled with 0. The resulting automaton after this step is
depicted in Figure 5 (left). The situation after detmerge(1,6,.4) is depicted in
5 (right).

Figure 5:

4.2 Example of run of NRPNI

Let D = (D4, D_), were D, = {£,00,11,010,10} and D_ = {0,1,001}. The
prefix tree acceptor for that sample can be seen in Figure 6.
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Figure 6: Prefix tree acceptor for the sample D, = {g,00,11,010,10} and
D_ ={0,1,001}.

We use thick lines to design final states, thin lines for the non final and
dashed lines for the non defined.

We first have S = {1} and S¥ — S = {2,3}. The merges (1,2) and (1,3)
can not be fulfilled, as state 1 is final, whereas 2 and 3 are not, then we output
automaton of Figure 7 (left) which is not consistent. Thus, we have now S =
{1,2} and S-S = {3,4,5}. States 3 and 2 are equivalent and they are merged
giving automaton of Figure 7 (right). Note that the output function of state 5
in the Moore machine is now positive.

Figure 7: Output automata when S = {1} (left) and after merging states 2 and
3 (right).

We find now that 4 and 1 are equivalent, while 4 and 2 are not. The merging
of them outputs the automaton of Figure 8 (left).

The relations 1 < 5 and 2 < 5 add new transitions (the ones with dashed
lines) to the former automaton, giving the automaton of Figure 8 (right).

Now the algorithm checks for consistency with states 1 and 2 and outputs
automaton of Figure 9.

4.3 Convergence of NRPNI

The convergence of NRPNI algorithm relies in the assertion that any charac-
teristic sample for RPNI makes NRPNI to converge also. In fact, for a target
automaton, if we call Sp (short prefixes) to the set of the smallest words in
lexicographical order that raises every state from the initial one, and K (kernel)

11
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Figure 8: Output automata after merging states 4 and 1 (left) and after detect-
ing the relations 1 < 5 and 2 < 5 (right).
1

0,1
0,1

Figure 9: Output automata for NRPNI algorithm after checking for consistency.

to the set Sp U SpA, where A is the alphabet, the characteristic sample must
contain the words that:

e For every element of K there must be a completion in the target language
(in the case that the word raises a final state, this completion must be ¢).

e For every pair (u,v) € Spx K there must be a word w such that (vw, vw) €
(D+ X D,) U (Df X D+)

To distinguish states u, v such that v < v (L, C L,,) we must have a word w
such that vw € Dy and uw € D_ and we must never have w such that uw € Dy
and vw € D_. So if two states are distinguished with respect to equivalence,
they are also distinguished with respect to inclusion.

The worst case is the one in which there are not composite states. In this
case it will be necessary to distinguish all the states. The convergence of RPNI
guarantees this fact.

5 Inference of the universal automaton

The identification of regular languages through the universal automaton can
be done either using nondeterministic Gold’s algorithm or using NRPNI" both
algorithm converge to the saturated RFSA of the language (the subautomaton
induced by states 1, 2, 3, 4 and 5 of the Figure 11) and thus, the only thing to
do is to compute the intersection of the residuals. The following example shows
how to obtain the universal automaton from a given sample.

5.1 Example

Let D4 = {¢,00,10, 11,000,010, 100,101, 110,0010, 1001, 1010} and D_ = {0, 1,
01,001,0001}. This sample is a characteristic sample for RPNI and for automa-
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ton depicted in [4], page 272, Fig. 1 (left). To visualize the intersection of
residuals we can dispose them in a table similar to the states characterization
matrix:

e 0 1 00 01 10 001 010
€ 1 0 0 1 0 1 0 1
0 0 1 0 1 0 1 0 1
1 0 1 1 1 1 1 1 1
00 1 1 0 1 0 1 0 1
10 1 1 1 1 1 1 1 1
end0 |0 0 0 1 0 1 0 1
If we compute the intersections of the residuals (we just calculate the con-

junction of the rows, element by element) we obtain: eN1=eU0,eN00=¢,
eNl0=¢,0Nn1=0,0n00=0,0n10=0,0N10=0,1N00=0,00N10 = 00,
1N10=1.
Thus, the only new state obtained (denoted as e M0 ) is then e 1L N0O71L.
The partial order relation scheme between the states of the universal au-
tomaton for the inferred language is depicted in Figure 10. Every transition
that enters a state has to enter all the previous states with this partial order.

10
/N
1 00

]
\mo/

Figure 10: Scheme of the order relation between states of the universal automa-
ton

Following this scheme with mentioned sample, we obtain automaton of Fig-
ure 11. The transitions added which are related to the new state (¢ N 0) are
depicted in Figure 12

6 Conclusions

Two algorithms solve the problem of identifying regular languages from a com-
plete presentation of it, Gold and RPNI algorithms. While the later is always
consistent, the former may not be (in this case it outputs the PTA of the posi-
tive sample). We have extended both algorithms to the nondeterministic case.
In this case they infer RFSAs. The extension of Gold’s algorithm modified in

13



Figure 11: Universal automaton for the language obtained on input of sam-
ple D, = {¢,00, 10,11, 000,010, 100, 101, 110, 0010, 1001,1010} and D_ = {0, 1,
01,001,0001}

the way that it emits a hypothesis with every new state and checks for consis-
tency is the algorithm DeLeTe2 [4] and thus, may not be consistent, while the
later always is. Denis et al. reported a consistent version of DeLeTe2, although
they don’t explain how they do it. Experiments should be done to compare the
behavior of both algorithms. By the other hand, the main advantage of the use
of RFSAs is the smaller size of them in comparison with DFAs.
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