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Abstract. A new general method for inference of regular languages us-
ing nondeterministic automata as output has recently been developed
and proved to converge. The aim of this paper is to describe and analyze
the behavior of two implementations of that method and to compare it
with two well known algorithms for the same task. A complete set of
experiments has been carried out and the results of the new algorithms
improve the existing ones both in recognition rates as in sizes of the
output automata.

1 Introduction

The first ideas in the field of regular languages inference focused the description
of the target languages using deterministic finite automata (DFAs). Many of
the algorithms and heuristics proposed in this field use the technique of merging
supposedly-equivalent states as a way to generalize the input. The starting point
is the prefix tree acceptor (PTA), which is a tree-shaped automaton that recog-
nizes the sample. The first of these algorithms (1973) is due to Trakhtembrot
and Barzdin [I2]. It is described as a contraction procedure in a finite tree that
represents the words up to a certain length of a regular language. If the given
data contains a certain characteristic set of the target language, it finds out the
smallest DFA that recognizes the language.

The RPNI algorithm [10] starts from the PTA of the sample also. The merges
are done in canonical order (two levels of ordering: length and alphabetical)
controlled by the negative samples. The main ideas to improve the performance
of RPNI have dealt with the order in which the states are merged. The algorithm
EDSM [9] led to a control strategy called blue-fringe in which one of the states to
merge is in the root of a tree. This algorithm, known as RedBlue is considered the
state of art of DFAs inference by means of state merging. In [I] a new measure
to order the merges called shared evidence is proposed. Using the concept of
inclusion between the residuals of states, an extension of RPNI that enlarges
the training set while learning has been proposed in [6].

These methods, which output DFAs, do not behave well sometimes when
the target language has been obtained using randomly generated automata or
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regular expressions. This reason led to researchers to develop algorithms that
output NFAs. Note that NFAs are generally smaller descriptions for a regular
language than its equivalent DFAs. One of those is the DeLeTe2 algorithm [5],
which output an special type of NFA called Residual Finite State Automaton
(RFSA). A RFSA is an automaton with its states being residuals of the language
it accepts.

A subclass of the class of NFAs called unambiguous finite automata (UFA)
has been defined and inferred in [4]. One of the properties of UFA is that the
same target language will be achieved independently of the order in which states
are merged. Some algorithms that use the same strategy that RPNI but output
NFAs have been proposed [2]. The first attempt to use the mazimal automata
of the positive sample instead of the PTA is done in [I3], where every positive
sample is considered independently.

Finally, in [7] a general inference method based in states merging has been
developed and proved to converge. It has been named OIL (order independent
learning). It starts building the maximal automaton that recognizes the positive
samples and one of its main features is that the convergence is achieved inde-
pendently from the order in which states are merged. The convergence is proved
using the concept of Universal Automaton of a language.

This latter fact about order-independent merging convergence opens up new
possibilities of learning algorithms. In this paper two new algorithms based on
the previous method are proposed. They will be referred to as MOIL (minimal
order independent learning) and VOIL (voting order...). Both have in common
that they canonically order the positive samples, and in an incremental way, build
the maximal automata of the sample and merge the states in a random order
to obtain an irreducible automata, controlled by the negative samples. Running
the algorithm several times with different orders, different automata may be
obtained. The difference between MOIL and VOIL is that the former outputs
the smallest of the obtained automata, whereas the later keeps all of them and
classifies the test samples by a majority vote. The proposed algorithms also use
some evidence measure: as sometimes a state in the current automaton could be
merged to several previous states, it chooses the merge that makes the resulting
automaton to accept more positive samples.

2 Definitions and Notation

2.1 Languages and Automata

A language L is any subset of A*, the free monoid generated by a finite alphabet
A. The elements = € A* are called words and the neutral element is denoted .
The complement of L is denoted L. The residual of L with respect to the word
visz 'L={y€A* :xy € L}.

A (non deterministic) finite automaton (NFA) is a 5-tuple A = (Q, A, 8,1, F),
where () is a finite set of states, A is an alphabet, I, F C @ are respectively the
set of initial and final states and ¢ : Q x A — 2% is the transition function, also
be denoted as 6 C @ x A x @ and is extended to Q X A* as usual. The language
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accepted by A is L(A) = {x € A* : §(I,z)NF # (}. The left language of a state
g with respect to Ais L, = {x € A* : ¢ € 6(I,x)}.

A sub-automaton of a NFA A = (Q, A, 6,1, F) is any finite automaton A" =
(Q,A &, I',F)where @' CQ,I' CINQ', FF C FNQR and ¢ C6NQ’' x AxQ'.
If A’ is a sub-automaton of A then L(A’) C L(A).

Let D C A* finite. The mazimal automaton for D is the NFA MA(D)=
(Q,A,6,1,F) where Q = Ugep{(u,v) € A*xA* tuv =z}, I ={(\x):x € D},
F = {(xz,\) : x € D} and for (u,av) € @, §((u,av),a) = (ua,v). So defined
L(MA(D)) =D.

Let A = (Q,A,6,1,F) be an automaton and let 7 be a partition of Q. Let
B(gq, ) be the class of m that contains g. The quotient automaton of m in A
is A/m = (Q', A, ¢, I',F"), where Q' = Q/m = {B(¢q,7) : ¢ € Q}, I' = {B €
Q :BNI#0}, F'={Be€Q :BNF # 0} and the transition function is
B’ € §'(B,a) if and only if 3¢ € B,3¢ € B’ with ¢’ € 6(q,a).

The merge of states p and ¢ in a finite automaton .4, denoted merge(A, p, q)
is a particular quotient in which one of the blocks of the partition is the set
{p,q} and the rest are singletons.

An automaton A is irreducible in L if and only if L(A) C L and for any non
trivial partition 7 of the states of A, L(A/m) — L # 0. A is irreducible if it is
irreducible in L(.A).

Given a regular language L, let U be the finite set of all the possible in-
tersections of residuals of L with respect to the words of A*, that is, U =
{ur’ LN ..nu 'L : k> 0,uy,...,u, € A*}. The universal automaton (UA)
[BILT] for LisUd = (U, A, 6,1, F) where [ ={qeU:qC L}, F={qeU:Xeq}
and the transition function is such that ¢ € 6(p,a) iff ¢ C a=1p.

The UA for a language L does not have any mergible states. A theorem [3]
states that every automata that recognizes a subset of a language L can be
projected into the UA for L by a homomorphism.

2.2 Grammatical Inference

Regular language learning is the process of learning an unknown regular language
from a finite set of labeled examples. A positive (resp. negative) sample of L is
any finite set Dy C L (resp. D_ C L). If it contains positive and negative
words it will be denoted as (D4, D_) and called a complete sample. A complete
presentation of L C X* is a sequence of all the words of A* labelled according
to their membership to L.

An inference algorithm is an algorithm that on input of any sample outputs a
representation of a language called hypothesis. The algorithm is consistent if the
output contains D, and is disjoint with D_. For the family of regular languages,
the set of hypotheses, H, can be the set of NFAs.

The type of convergence that we will use in our algorithms was defined by
Gold [§] and is called identification in the limit. It is a framework proposed in
order to analyze the behavior of different learning tasks in a computational way.



Learning Regular Languages Using Nondeterministic Finite Automata 95

An algorithm Z A identifies a class of languages £ by means of hypotheses in
‘H in the limit if and only if for any L € £, and any presentation of L, the infinite
sequence of hypotheses output by Z.A converges to h € H such that L(h) = L,
that is, there exists to such that (t > 9 = hy = hy, A L(hy,) = L), where hy
denotes the hypothesis output by Z.A after processing ¢t examples.

Most of the regular language inference algorithms output DFAs but recently,
an algorithm called DeLeTe2 was proposed in [B]. It converges to an RFSA of
size in between the sizes of the canonical RFSA and of the minimal DFA of the
target language. It has the inconvenience that it generally outputs non consistent
hypotheses. To overcome this difficulty, a program, also called DeLeTe2, has been
proposed which obtains the best recognition rates -so far- when the languages
to infer are obtained from random NFAs or regular expressions.

The generalizing process of the learning algorithms we propose in this paper
is based in merging the states of the the maximal automaton of the positive
samples in a random order, under the control of the negative samples. They are
instances of the general method called OIL, which has been proposed in [7] by
the same authors of the current paper.

3 Two Algorithms of the OIL Scheme

A general method was described in [7] which, on input of a set of blocks of positive
and negative samples for a target regular language L, obtains an automaton
that recognizes L in the limit. The method is called OIL (Order Independent
Learning) and is described in Algorithm [I

The method starts building the maximal automata for the first set of positive
words D(j) and obtains a partition of the set of states such that the quotient

automaton is irreducible in D(_l).

For every new block which is not consistent with the previous automaton (oth-
erwise this new block is just deleted), it has to consider the following possibilities:

1. If the new set of negative samples is consistent with the current automaton,

— It deletes the positive words accepted by the current hypothesis.

— It builds the maximal automata M A(Dg)) for the new set of positive
words and adds to the set of negative ones the new block, obtaining D_.

— It finds a partition of the states of the disjoint union of the previous au-
tomaton with M A(DSE)) such that the quotient automaton is irreducible
in D_.

2. Otherwise it steps back and runs the algorithm starting with the first set of
words, but considering the whole set of negative samples presented so far.

The convergence of the method was proved in [7] using the concepts of ir-
reducible automaton in a language and of universal sample. To keep this paper
self-contained, we recall these definitions and give a brief description of the proof
of the convergence of the method.
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Algorithm 1. OIL

Require: A sequence of blocks((DSrl), by, (Df), D@, .., (DSF"), D™)).
Ensure: An irreducible automaton consistent with the sample (recognizes the target
language in the limit).

1: STEP 1:

2: Build MA(D);

3: D_= D(,l);

4: Find a partition 7 of the states of MA(DS:)) such that MA(DS:))/TF

is irreducible in D_.
5. STEP i+ 1:
6: Let A = (Q,A,6,1,F) be the output of the algorithm after processing the first ¢
blocks, for i > 1.

7: D_=D_uD"Y,

8: if A is consistent with (D™, DO*V) then

9:  Go to Step i+ 2.

10: end if

11: if A is consistent with D" then

12:  pytY = pity — L(A); /

13:  Build MAD™); //MAD™) = (Q', 4,6, 1", F")//

14: A =(QUQ A SUS TUI' FUF');

15:  Find a partition 7 of Q U Q" such that A’ /7 is irreducible in D_.
16: A= A'/m; Go to Step i + 2.

17: end if

18: if A is not consistent with D™ then

19:  Run OIL with input (D", D), (D, D_),..., (DY, D))
20:  Go to Step i+ 2.
21: end if
22: Return A

A universal sample for L is a finite set Dy C L such that if 7 is any parti-
tion of the states of M A(D,), such that M A(D. )/ is irreducible in L, then
L(MA(D4)/m) = L. The proof of its existence (and its finiteness) can be seen
in

The following facts are also proved in [7]:

1. If Dy C L is finite and 7 is a partition of the states of M A(D4) such that
MA(D4)/7 is irreducible in L, then M A(D,)/7 is isomorphic to a sub-
automaton of U (the universal automaton of L). If D is a universal sample,
then M A(D4 )/ accepts L.

2. If D is a universal sample, there exists a finite set D_ C L such that if 7 is a
partition that makes M A(Dy)/m to be irreducible in D_, then M A(D,)/m
is irreducible in L and accepts L.

Based in those facts, the convergence of algorithm OIL is proved straight
forward. In fact, if (DE:),DSI)L (Df%D(f)), ... i1s a complete presentation of a
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regular language L, there exists a value of n such that D = |JI_, DE:) is uni-
versal for L. In this case,

- Iy, DY is enough to guarantee a correct partition of the set of states,
OIL will return a correct hypothesis that will not change (line 9).

— Otherwise, there will exist m > n such that D_ = [J;*, D(_Z) will avoid any
erroneous merging when the first n blocks of positive samples are processed
considering always D_ as the control set.

In both cases OIL will converge to a correct hypothesis.

3.1 The Algorithms MOIL and VOIL

Based on the previous method we propose two algorithms. They are particular
instances of the OIL scheme in which the way to obtain an irreducible automaton
(lines 4 and 15 of the method) is specified. So those lines have to be changed
by the function described in Algorithm 2l The function Run (Common Part
OIL) of line 3 of both algorithms means to run the OIL scheme with the specific
way of obtaining the partition established by Algorithm

Both algorithms have in common that:

— they canonically order the set of positive samples and consider that every
block contains just a single word, so Dy = {x1,x1,...,2,} with z; < x; if
1 < j and consider every block of positive samples as having one word, that
is, Dgf) ={z;}.

— they consider the whole set of negative samples from the beginning, so pW =
D_ and DY =0 if i > 1.

— if the current state has several candidates to be merged with, it chooses the
state that makes the resulting automaton to accept more positive samples.

— they run the method %k times (this can be done since the merges are done
randomly and thus, several automata can be obtained).

They differ in how the output is considered. The first algorithm, called MOIL
(Minimal OIL) outputs the smallest of the k hypotheses, that is, the automaton
having smallest number of states. It is described in Algorithm

The second, called VOIL (Voting OIL), keeps the k hypotheses and classifies
the test sample voting among those hypotheses. It is described in Algorithm [l

This way of obtaining the partition does not affect to the convergence of the
process, so both algorithms converge and they run in time O(n?m), where n is
the sum of the lengths of the positive samples and m the sum of the lengths of
the negative ones.

4 Experimental Results

We present the results -both in recognition rates and in size of the inferred
automata- of the algorithms MOIL and VOIL and compare them with the results
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Algorithm 2. FindPartition(A, x, D4, D_)

Require: A sequence of words (D4, D_), x € D4 and an automaton A with states
randomly ordered.

Ensure: An irreducible automaton A consistent with the current sample ({z; : z; <
1: Build M A(x); //states of M A(x) randomly ordered after those of A//

2: A= AU MA(z); //disjoint union//

3: for every state ¢; of M A(z) in order do
4: A= merge (A, qi, qx) where g is any previous state such that:

5. (1) merge (A, gk, q:) is consistent with D_
6 (2) merge (A, gk, gi) recognizes more words of D than any other merge (A, q, ¢;)
7: end for
8: Return (A)

Algorithm 3. MOIL

size = oo; output = 0;

: fori=1to k do
A = Run (Common Part OIL);
if size(A) < size then

size = size(A); output = A,

end if

end for

: Return (output)

P> T Wi

Algorithm 4. VOIL

output = (J;

: for i =1to k do
A = Run (Common Part OIL);
output = Append(output, A);

end for

: Return (output)

ST

obtained by the algorithms RedBlue [9] and DeLeTe2 [5] for the same task. These
algorithms constitute the state of art in regular languages inference. The former
behaves better when the source comes from random DFAs whereas the latter
works better when the source comes from NFAs or from regular expressions.

4.1 Corpora

The regular languages we use in the experiments come from the corpora used
to run the algorithms DeLeTe2 [5] and UFA [4]. The target languages in them
are randomly generated from three different sources: regular expressions (RE),
deterministic (DFA) and nondeterministic (NFA) automata. Once we eliminate
repetitions we keep 102 RE, 120 NFAs and 119 DFAs.

We generate 500 different training samples and divide them in five incremental
sets of size 100, 200, 300, 400 and 500. We also generate 1000 test samples,
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different from the training ones. The length of the samples randomly varies from
zero to 18. The samples are labeled by every automaton, obtaining 15 different
sets (5 for each of RE, DFA and NFA). The percentage of positive and negative
samples in each of the training sets is not controlled.

4.2 Experiments

We have done two basic experiments to compare the behavior of the new algo-
rithms with the previous DeLeTe2 and RedBlue:

1. We run five times the basic method and thus we obtain five (may be) different
automata for which we measure:
(a) The average size and recognition rate of the five automata.
(b) The size and recognition rate of the smallest automata (MOIL).
(¢c) We label the test set according to the majority vote between the five

automata measuring this way the recognition rate (VOIL).

2. We fix the training corpus (we use the sets re 100 and nfa 100) and run &
times the method, being k an odd number varying from 3 to 15 and proceed
as in (1)(c).

The results obtained by the algorithms are summarize in Table[Il We can see
that both strategies -choosing the smallest hypothesis and voting among the five
output hypotheses- present better recognition rates than those obtained by the
algorithm DeLeTe2 and Red Blue when the source comes from random regular
expressions or from NFAs. Note that those better recognition rates are obtained
with hypotheses which are much smaller than those obtained by the algorithm
DeLeTe2.

The size of the output is not reported when the labels come from voting, as
in this case several hypotheses participate in the decision and the size can not
be compared to the other outputs.

On the other hand the recognition rates of MOIL and VOIL algorithms when
the source comes from random DFAs are as poor as they are when one uses
the algorithm Del.eTe2 and they are far away of the rates obtained by Red
Blue. For the case of DeLeTe2, this fact has been explained saying that the
inference methods based on the detection of inclusion relations do not behave
well when the target automata do not have those inclusion relations between
states. Denis et al. [5] have experimentally shown that this was the case for
randomly generated DFAs.

For the case of the algorithms we present, we conjecture that the reason of
this behavior is that the size of minimal NFAs (hypotheses) which are equivalent
to relatively small DFAs (targets) may be very similar to the size of the DFAs, so
the algorithms that narrow the search space to DFAs tend to behave better. On
the other hand, relatively small NFAs may have substantially greater equivalent
DFAs.

The second experiment is done over the sets of samples er 100 and nfa 100 and
the value of k indicating the number of automata output by the algorithm varies
from 3 to 15, following the odd numbers. Of course it was expected that the size
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Table 1. Recognition rates and average size of the smallest hypothesis and recognition
rates voting for k = 5 compared to those of DeLeTe2 and RedBlue algoritms

Smallest A. Vote DeLeTe2 RedBlue
1d. Rate Size Rate Rate Size  Rate Size

er 100 93.79 8.27 93.32 91.65 30.23 87.94 10

er 200 97.83 7.80 97.27 96.96 24.48 94.81 9.97
er 300 98.77 7.68 98.68 97.80 31.41 96.46 11.05
er 400 99.20 7.55 99.10 98.49 27.40 97.74 10.43
er 500 99.66 6.82 99.53 98.75 29.85  98.54 10.47

nfa 100 75.00 21.46 76.42 73.95 98.80 68.15 18.83
nfa 200 78.05 35.23 79.94 77.79 220.93 72.08 28.80
nfa 300 81.27 45.81 82.94 80.86 322.13 74.55 36.45
nfa 400 83.87 52.40 85.58 82.66 421.30 77.53 42.58
nfa 500 85.64 58.81 87.06 84.29 512.55 80.88 47.54

dfa 100 60.17 28.01 60.34 62.94 156.89 69.12 18.59
dfa 200 63.05 49.63 63.54 64.88 432.88 77.18 25.83
dfa 300 66.01 65.17 67.41 66.37 706.64 88.53 25.10
dfa 400 69.12 78.66 70.53 69.07 903.32 94.42 21.36
dfa 500 72.29 88.30 73.66 72.41 1027.42 97.88 18.75

Table 2. Recognition rates for different values of k over the set of samples er 100 and
nfa 100

er 100 nfa 100
Smallest H. Vote Smallest H. Vote
Rec. Size Rec. Rec. Size Rec.
92.15 9.79 92.17 74.23 22.77 75.41
93.79 8.27 93.32 75.00 21.46 76.42
94.90 7.51 93.59 75.32 20.30 77.46
94.63 7.42 93.83 75.67 19.90 77.65
11 94.82 7.49 93.82 75.85 19.67 77.83
13 95.01 7.18 93.95 76.32 19.51 77.78
15 95.14 7.10 94.32 76.23 19.10 78.00

© N ot w R

of the smallest automaton becomes smaller as k gets larger, so this experiment
wanted to measure how the variation of k affects to the recognition rates both
average and of the smallest output.

The results are summarized in Table[2l Note that the recognition rates increase
as k gets bigger, which would indicate that for this algorithm, the smallest
hypothesis output tends to be the best.

5 Conclusions

The general scheme proposed in [7] opens up new possibilities of inference algo-
rithms. Two implementations of this method have been proposed and measured
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its performance, both in recognition rates as in size of the output. The results
are very promising as they beat -both in recognition rates as in size of output-
the algorithm DeLeTe2, which is considered the state of art when samples are
taken from random NFAs or regular expressions. In the case of samples taken
from random DFAs, the proposed algorithms and DeLeTe2 are far away of the
results obtained by the RedBlue.
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