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1 Introduction

In the field of pattern recognition it is important to represent the objects as
accurate as possible The existence of primitives that can express different
features of the objects help to obtain this accuracy

The syntactic (or structural) representation of objects has been ap-
proached in different ways [1, 2], There are primitives which have a high
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representative power (web, plex, or graph grammars), but as the more rep- -

resentative power a primitive has, the more time it needs to operate, strings
have been traditionally used to represent objects. Their expt essive power is

low, but the cost of operations on them, such as classification algorithms, is -

also low.
The development of efficient algorithms to manipulate primitives with

greater 1epresentative power is a goal in the fleld of pattern recognition In -
this way, algorithms that perform error correcting analysis for multidimen-

sional languages [12, 9] permit the use of primitives such as trees in the
modeling of the different classes that take place in a recognition task.

Due to the limits established by Gold in the field of grammatical infe:r--_.
ence [7], certain classes of string languages require the use of a structural -

sample to be inferred [18, 19, 15). Although those algorithms could easily be

adapted as to be considered tree language inference algorithms, this type of -
algorithms has been specifically considered in literature [5, 6, 13, 3, 11} and -

several of them have been implemented and used in practice (ie [10, 11]).

Another classical approach to string language inference consists in the -
use of only positive samples in the task of learning. Several important -
subfamilies of regular languages, like the k-Testable in the Strict Sense or -.
the k-Piecewise Testable Languages, have been inferred in this way [4, 17].
Their common characteristic is that those languages can be defined by means -
of the segments (using consecutive symbols) or the subwords (using non
consecutive symbols) that appear in their words. This features have proved

to be fruitful in pattern recognition tasks [4, 16]

The aim of this work is to define a new family of tree languages that will:
be called %-Piecewise Testable Tree Languages (k — PTTL), wheie k is a -
strictly positive integer, and to propose an algorithm that, for a given value

of k, infers the family of k — PTTL from positive data in the limit.

The definition of k — PTTL uses the concept of tree subword. Informally, -
2 k-tree subword of a tree t is a tree of depth k, which is formed by forks
of height one that appear in ¢ and maintain the same node hierarchy A
language is k — PTTL if it is saturated by a tree congruence in which two:

trees are equivalent if they have the same set of k-tree subwords.

The work is structured as follows, first we intioduce some notation and -
the definitions that will be used along the wotk Then, we define the new:
family of tree languages and establish some useful properties. Afterwards, we
propose the inference algorithm and prove that it infers the desired family,’
the time complexity is also obtained The conclusions and some lines of:

future work end this paper.
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2 Notation and Definitions

L(?t N be the set of positive integers and let (N*,.) be the free monoid
with the c':oncatenation asg the binary operation and X as the identity For
u,w € N*, we write u < w if and only if there exists v € N* such that
*le= w-v; u < w, if u<wand u# w The length of a word z is denoted by
z

A tree domain is a set D C N* that fulfills the following conditions:

a} v € D and u < v implies that u € D.
b) fui1eDieNthenu €D Vj: 1<5<i

Given an alphabet V, a ranked alphabet is a pair (V,r), where r is a

finite Ielajtion in (V xN) Let V;, = {o € V|{o,n) € r} and let VT be the
set of finite trees whose nodes are labelled with symbolsin VA tree can
inductively be defined as follows:

VocvT
J(tla”'atn)eVT tha "ytTLEVT: UGVTI

We define the extended ranked alphabet of V, denoted by V,, as the pair
(V,re), where re = r U {(a,0) | 3n: a € V,}

Note that a tree t € V7T can be seen as a mapping ¢t : D — V, where D
is the tree domain of ¢

The size of a tree ¢, denoted by ||¢]|, is inductively defined as follows:

liall =0 Va € Vy
”J(tl? ‘-,tn)H =1+ Zi:i‘. n ||t1” Vi, in € VT: ogeVy
The depth of a tree ¢, denoted by depth(t), is defined as Maz(|z|), z €
dom(t). ,
We denote by VT the set of trees VT = {t | t € VT Adepth(t) = k}.
The set of subtrees of ¢, Sub(t), is defined as follows:

Subla) =@ Ya € Vp
Sub(o(t1, tn))={t1,.tn} UlUi=1 » Sub{t;),
Vi1, ot € VT, ceV,

The subtree of t € V7T 100ted at = € dom(t) is defined as:

_ ) dom{t/z)={y |z y € dom(t)}
g { (t/2)s) =tz 3)
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The substitution of the subtree t/z with s € V7T is defined as follows:

o #(y) it |y < lal, y # 2, y € dom(?)
t(‘“—s)(y)‘{ s(i) ifg:m-z,zedom(s)

An equivalence 1elation = over V7 is subtree invariant whenever t1 = &3
implies #(z < 1) = t(z + t2), VI € VT, z € dom(t). A tree set is regular

if and only if is the union of some classes from a subtree invariant, finite - =

index, equivalence relation

A deterministic tree automaton is a four-tuple 4 = (Q, V.4, F) where Q@
is a finite set of states; V is a ranked alphabet withQnV =0; FCQis
the set of final states and & = (dp, ,6m) is a finite set of transitions defined "

as follows:
bn: (Vax (QU)") = Q n=1.,m
dola) = a Va € Vo
§ can be extended to operate on trees in the following way:
§: VT QU

§(o(ty,. ,tn)) = 8n{o,8(t1), ,6(ta)) ifn >0
éa)=a

The language accepted by a tree automaton A is LA ={teVT|it)e

F}

q is at level ¢ if and only if 7 = min{depth(t) | t € VT,8(t) = ¢}

3  Piecewise Testable Tree Languages

Definition 3.1 Givent,s ¢ VT, let P¥(s) be defined as follows:

Pt(a) = {z € dom(t) | t(z) = a} VaeV
PHa(t1,. ,ta)) = {z € dom(t) | 21, 2a
cow iz € P} Vo € Vi,
Vi, tn € V7T

Example 3.2 Consider the tree t of the Figure 1, then:
Ptb) = {13,1212,1222}
P¥{o{a,b)) = {121, 122}
P'(a(a,0(a,b),b)) {13
P (o(a,0(a,b),b)),a(c)) {A}

Given a tree automaton A = (Q,V, 4, F) and a state ¢ € @, we say that
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Figure 1: Tree example where the subscripts denote the domain of the node.

Definition 3.3 Given a tree t € V7, the set PSub(t) is defined as:
PSub(t) = {s € V.7 | PY(s) # @}
and let also kPSub(t) be defined as follows:

kEPSub(t) = t r if depth(t) <k
s € Ve | s € PSub(t) depth(s)=Fk otherwise

Example 3.4 Given the tree of the Figure 1, the set 2PSub{t) and some
members of 3PSub(t) are shown below:

2PSub(t) = {o(o(a,b),0), o(o,0(a,b)), olo(a,b),o(a,b)), ola,o(o,a),b
o(a,o(a,b),b), olo(a,o,b),o(c, o)), J(J(a,o',b)fcr(c§) )

Ecr(a,cr, b),0), olo(o,0),0(c,0)), o(o(a,b),o(c,o))

(

a9

o(o,0),0(c)), olo{a,b),o(c)), olo(o,0),0), o(o(a,b),c
o(o,0(e,0)), olo,0(c)), olc,o(c))} (o)

3PSub(t) = {o(0,0(c,0(c))), 7(0(a0,5),0(e (), o(a(e,0),(e,0(c))
o(o(a,a(a,b),b),0(c,a(c))}, a(o{a(a,b),a(a,b)),o{c,o(c) ))
aEa(o(a,b),a(a, b)), o(e,0)), o(a(a(a,b),o),c(c, o))

(

Q

ola,o(o,o(a,b)),b), ..}
As depth(t) =7, the set PSub(t) is the union of the sets kPSub(t), k: 0.7
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Definition 3.5 Given t,s € V7, the equivalence relation =, is:
t=ps <= kPSub(t)=kPSub(s)

The equivalence class of the tree ¢ will be denoted by [{] Clearly, the
above equivalence relation is subtree invariant, and has the following prop-
erties:

1- =pgy1 refines =;.

2- Given t,5 € V7, & € dom{t), if {z  s) € [3], then tz = (t(e &

Ct{x - 8)..))) € [s]

3.- Any equivalence class [f] is either a singleton or has infinite members !

Definition 3.6 A tree language is said to be k-Piecewise Testable {k-PTTL)

if and only if it is the union of some equivalence classes of =. A language
I is said to be Piecewise Testable if there exist a value of k for which L is
k-Piecewise Testable.

Given two tiees t,s € VT, we say that t <; s if and only if jPSub(t) C.
PSub(s), ¥4 < k This relationship establishes a partial order in V¥, and:

it is easy to see that ¢t € PSub(s) implies ¢ < s.
When <, is extended to classes of equivalence, the quotient set (VT =

,<r) is a finite lattice with an absolute maximum (the class of frees { =,

[V7¥]), and an absolute minimum (the class of the empty tree) Considering

the tree t and the order relation defined, each subtree s = o'{s1, 52, ..., $n) -

a postorder traversal of the tree ¢, fulfills that s; <g s, : 1n
From the above properties is easy to prove that:

1. I Lisa k-PTTL, then L is -PTTL Vj < k.

9 - If L is Piecewise Testable, then L is regular.

3. Civen a tree automaton A that accepts a k-PTTL, A has no transitions:
5{c,u1,..,q, -, un) = p where pis at level ¢, ¢ is at level 7, and 7 < j.

4. Qiven V a ranked alphabet, the class of k-PTTL has a finite nurher
A .
of languages, bounded by [P(P(V.T¥))| < 22" where bf is the

maximum branching factor and where P denotes the power set.
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3.1 Inference Algorithm

Considering the equivalence relation defined above, given a set of trees 7 =
{t1,%2,. ., tx}, it is possible to obtain a k-PTTL Li{(7T) as it is shown below:

VteVite L(T) <= IseTt=s
This definition has the following properties:
1- SC LT

2~ Lp(T) is the smallest k-PTTL that contains S

Proof Let suppose that exist a k-PTTL L such that, S C L C Lg(T).
By definition 3.6, L must contain all the equivalence classes in S. Let
t € VT, t € Ly(T) — L, then there exists no s € § such that [s] = [t],
which is a contradiction. O

3- Ly(T") C Ly(T) whenever 7" C T.
4- Ly (T7) C Li(T).
5- I k> Mazier(depth(t)) then Li(T ) =T

We proposose the algorithm depicted in Figuie 2, which for a given
positive sample 7 of the target langnage obtains a k-PTTL consistent with
the sample that recognizes a subset of L (7).

Example 3.7 As an example of run, let k = 2 and consider the following
set of trees T as input:

| ti=0(o{a,a(a(0(a),0(a)),0(a)),b), o(c,o(c, o (c))));
T =4 ta=o(o{o(o(a(a),0(a)),0(a)),0(a)),0(c olc, a{c,a(c))))),
ty = o(o(a,a(o(a),o{a)),b), o{c, o(c, o(c)))))

The first iteration of the algorithm, using t, as inpui, outputs the following
automaton:

§o,a) =q1 8{e,c) =g
§{o,q1,q1) =@ 6(0,¢,q05) = g
8(o,q2,q1) =q3  6(o,c,q8) = g7

6(c,0,q3,6) =q1  6(0,q4,97) =@ EF
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Input : A tree set T = {{1,1a, o trd
A value k.

Qutput A tree automaton A= (Q,V,6,F):
L(A) € Li(T).

Method . Q = kPSub(Sub(T))
F = kPsub(T)
VieT
Vs = o(ug,uz, .., up) € Sub(t)U{t}
§ 2 8(o, kPSub(u1),
kPSub(us),. . ,kPSub(uy)) = kPSub(s)
endV
endV
EndMethod.

Figure 2: k-Piecewise Testable Tree Language Inference algorithm

When to is processed, the following productions are added to the output

automaton:
6(c,q3,q1) = g3
6(‘7: c, Q‘T) =4qr
§(o,a,q3,q7) = g9 € T

Finally, after t3 is processed, the following productions are added:

6(0-= a, g2, b) = 410
8(o,q10,97) =qu € F

Theorem 3.8 The Algorithm of figure 2 identifies the class of k-PTTL in :

the limit.

Proof The algorithm outputs an automaton that recognizes a superset of the -
input whenever a new structure s = o(sy, .., 8n), such that 3i : L.n: s =g

s, is processed.

The finiteness of the lattice (V¥ / =, <), and the ascending path the
algorithm follows through the lattice assure the convergence. (o

Inference of K-Piecewise Testable Tree Languages 349

3.2 Time Complexity

In the process of inferring a k-PTTL the algorithm associates to every state
of the automaton a set of piecewise subtrees. The number of possibly asso-
ciated sets is bounded above by |V.|* ¥/, where bf, the maximum branching
factor of the tiee, is considered as a constant.

If we call £ to the tree in T with the greatest amount of nodes, kPSub(t) <
1£]1%% Since the processing of each ¢ € T implies the creation of |t|| tran-
sitions at most, if we consider k& as a constant, as the number of different
sets of piecewise subtrees is bounded, the time complexity of the algorithm
could be expressed as O{p(||t||) ), where p is a polynomial and n denotes
the number of samples in T

4 Conclusions and Future Work

The availability of powerful structural primitives to 1epiesent the ohjects is
a key factor in pattern recognition Multidimensional (tree) representations
allow to model important features in disciplines like speech recognition and
natural language processing. Tree adjoining grammars [8] have been used
in this field, for instance to capture semantic caracteristics of verbs inside
sentences [14]

In this work, the geveralization of the notion of subword to tree struc-
tures allow us to characterize the class of k-Piecewise Testable Tree Lan-
guages. Together with the characterization, and the extension of several
string languages properties to tree languages, a polynomial time inference
algorithin is proposed which learns the class in the limit. The time com-
plexity of the algorithm is also obtained

This new family of formal languages allows the modelling of relations
between components of the sentences that could be useful, not only in lin-
guistics, but also in other pattern recognition tasks.
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