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Abstract

The “interpretation” framework in Pattern Recognition (PR) arises in the many cases in
which the more classical paradigm of “classification” is not properly applicable, generally
because the number of classesisrather large, or simply because the concept of “class’ does
not hold. A very general way of representing the results of Interpretations of given objects
or data isin terms of sentences of a “Semantic Language” in which the actions to be
performed for each different object or datum are described. Interpretation can therefore be
conveniently formalized through the concept of Formal Transduction, giving rise to the
central PR problem of how to automatically learn atransducer from atraining set of examples
of the desired input-output behavior. This paper presents a formalization of the stated
transducer learning problem, as well as an effective and efficient method for the inductive
learning of an important class of transducers, namely, the class of Subsequential Tranducers.
The capabilities of subsequentia transductions are illustrated through a series of experiments
which also show the high effectiveness of the proposed learning method to obtain very
accurate and compact transducers for the corresponding tasks.
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|. INTRODUCTION

Syntactic Pattern Recognition (SPR) is currently seen as a very appealing approach to
many Pattern Recognition (PR) problems for which the most traditiona Decision-Theoretic or
Statistical approaches fail to be effective [1-3]. One of the most interesting features of SPR
consists of the ability to deal with highly structured (representations of) objects and to
uncover the underlying structure by means of parsing. In fact, it is often claimed that such a
distinctive feature is indeed what would enable SPR to go beyond the capabilities of other
traditional approaches to PR. However, though parsing is perhaps the most fundamental and
widely used tool of SPR, it is often used just to determine the (likelihood of) membership of
the test objects to a set of classes, each of which being modeled by a different syntactic
model. Any possible structural byproduct of the parsing process is therefore discarded, thus
considerably wasting the high potentia of SPR.

Nevertheless, membership determination is in fact all that is needed if the problem
which is considered is just one of classification. But SPR can be seen as particularly useful
for many other interesting PR problems for which the classification paradigm is not properly
applicable — simply because the concept of "class" does not hold and/or because the number
of underlying classesis very large or infinite. In order to properly deal with these problems,
one should move from the traditional, rather comfortable Classification point of view to the
most general paradigm of Interpretation (see e.g.,[4-5]).

Within this framework, a PR system is assumed to accept (convenient representations
of) acertain class of objects asinput and must produce, as output, adequate interpretations of
these objects which are consistent with the a-priori knowledge (model) with which the
system's Universe is embodied. Without loss of generality, interpretation results can be seen
as* Semantic Messages’ (SM) out of a (possibly infinite) set, which constitutes the “ Semantic
Universe" (SU) of the problem considered [4]. The complexity of the interpretation task is
therefore determined by the complexity (size) of this universe. If the SU is"small" (i.e.,, a
small number of different SM’sis expected), interpretation can be viewed as the traditional
process of classification, by letting the output consist of just alabel specifying the obtained
SM (class). On the other hand, if the SU is "large", a simple label can be inadequate to
completely specify an SM and the output should now consist of some type of structured
information. In this case, rather than speaking of (Pattern) "Recognition”, the term
"Understanding” is usually adopted instead. [4].

One convenient and general way of representing SM’ sis by means of sentences from a
"Semantic Language" which specifies the actions to be carried out as a response to the
interpretation of a given object. For instance, the sequence of operations to be performed by a



robotized machine tool in order to correctly position and mechanize a hypothesized
(interpreted) input piece, can be properly specified by a sentence of the command language of
the machine.

Clearly, this calls for applying Formal Language techniques and then quite naturally
puts Interpretation within the SPR framework. However, one should realize that the
Interpretation paradigm no longer supports the traditional assumption of one (syntactical)
model per class; rather, all the system's a-priori knowledge should now be represented, as a
whole, into asingle global model. In the theory of Formal Languages, such a representation
can be properly accomplished through the concept of Transduction. A transducer is aformal
device which inputs structural representations of objects (strings) from a given input set
(language) and outputs strings from another (usually different) output language. Many
interesting results on properties of rational or finite-state transducers are well known from the
classical theory of Formal Languages (see e.g., [6]), and some examples of their application
to SPR are often given in the textbooks of SPR [1-2]. However, for the transduction
framework to be really fruitful, it is absolutely necessary to first solve the important problem
of how to learn or "train” these models from known instances of input-output strings.

This problem, which is central from a PR point of view, has very rarely been dealt with
in the literature. Apart from the particular treatment involved in Gold's study of the
complexity of automataidentification [7], only very limited and/or heuristic work seems to
have been carried out so far. Perhaps one of the earliest worksisthat of Velenturf (1978) [8],
in which a (non incremental) algorithm is proposed to obtain a (reduced) Mealy machine
which is compatible with the given training data. If the source transducer is a (canonical) n-
state Mealy machine and the training data contains all the input-output pairs of lengths smaller
than 2n-1, then the algorithm is shown to identify a machine that is exactly equivaent to the
source transducer. Another related work is that of Luneau et al. (1984) [9], in which a
heuristic incremental procedure is proposed to infer Moore machines. Apart from the
“heuristic” nature of this method, an important drawback is that the obtained transducers are
not guaranteed to be compatible with the training data. One still more recent reference to the
transducer inference problem is given in [10] in relation with a context-free grammar
inference technique. The main drawback of al these works, however, is that they are strictly
restricted to the inference of sequential transductions which, as will be discused below,
introduce strong limitations that are inadmissible in many cases of interest. Finally, Vidal et
al. (1990) [11] proposed a (heuristic) methodology for the inference of transducers, which
was reminiscent from the “Morphic Generator Grammatical Inference Methodology” (MGGI)
[20] for the inference of general regular languages. Although this work was based on rather
sound theoretical arguments and interesting empirical results were reported, no properties of



identificability were given and the (heuristic) application of the methodology to each particular
task required considerable skills on the part of the designer.

In this paper, we present afirst step towards aformalization of the Transducer Learning
(TL) problem from the point of view of its applicability within the Interpretation paradigm.
We have adopted a framework somewhat similar to that of Grammatical Inference (Gl) [12-
15], though one should realize that many important differences between Gl and TL exist. In
particular, we have tried to develop our work in the same direction as that of the so-called
"characterizable" methods of GI [14], [16-17]; that is, we have identified a (characterized)
class of transductions and have developed a TL method that, under suitable conditions, and
using only positive presentations of input-output pairs, can be proved to correctly identify
such aclass.

This classis the class of Subsequential Transductions which is a subclass of the most
genera Rational or Finite-State Transductions and properly contains the class of Sequential
Transductions [6]. A Sequential Transduction is one that preserves the increasing length
prefixes of input-output strings. While this can be considered as arather "natural property” of
transductions, there are many real-world situations in which such a strict sequentiality is
clearly inadmissible. The class of Subsequential Transductions comes to make this restriction
milder, therefore alowing applicability in quite afew interesting practical situations.

While adetailed theoretical study of the Subsequentia Transduction Learning problem
has been carried out [18], only those key formal issues needed for a convenient description
of the proposed approach will be dealt with here. Greater attention, instead, will be devoted
to present the results in such a way that their possible application to Pattern Recognition
problems can be easily understood. For this purpose examples are used throughout the paper
to clarify concepts and results. Also a number of experimentswill be presented that illustrate
both the usefulness of Subsequential Transduction and the ability of our learning methods to
actually obtaining the corresponding transducers from positive training data.

It should be emphasized that both the methods and the experiments which are presented
in the forthcoming sections are mainly aimed at illustrating the great potential of the proposed
approach to the Interpretation problem in Pattern Recognition. Obviously, rather direct
devel opments, such as stochastic and/or error correcting extensions, are required before these
methods can be properly applied to the kind of noisy and distorted data usually encountered
in real Pattern Recognition tasks. Nevertheless, we consider that the contents of this paper
constitute in fact arequired first step toward a new framework that would eventually launch
Syntactic Pattern Recognition beyond the boundaries of the Classification paradigm.



II. MATHEMATICAL BACKGROUND AND NOTATION

Let X be afinite set or alphabet, and X* the free-monoid over X. For any string xOX"
, |X| denotes the length of x and A is the symbol for the string of length zero. For every
x,yDX*, Xy is the concatenation of x and y, with |xy| = x| +| y|. If visastring in X*: then
X*v denotes the set of all strings of X* that end with v; i.e., X*v={x0OX": uv= x, u OX*}.
Similarly, uX*= {x O X*: uv=x, vOX"}. On the other hand, Ox O X", Pr(x) denotes the
set of prefixes or left factors of x; that isPr(x) = {u0 X" :uv=x,vO X'}. Given uv O
X*, withu O Pr(v), the right quotient u-lv is the suffix of v that results after eliminating its
prefix u; that is, ulv=w = v=uw. Givena set L [ X*, the longest common prefix of L is
denoted asIcp(L), where

lcp(L) = w iff wON ygLPr(x) O w WON xgLPr(x) 0 wW|<|w] )

In general, a transduction from X* to Y* isarelation t 0 (X* x Y*). In what follows,
only those transductions which are (partial) functions from X* to Y* will be considered.

Also, in order to simplify the forthcoming presentation and without loss of generality, al the
functions will be assumed with t(A)=A. For apartial functiont: X* - Y*, Dom(t) denotes the

subset of X* where f is defined. A function t isfinite, if soit is Dom(t).

A finite state or rational transducer T is defined as a6-tuple T = (Q,X,Y,00,Qr E) ,
where Q isafinite set of states, qollQ istheinitial state, Q U Q isaset of Final Sates and

E is afinite subset of (Q x X*x Y*x Q) whose elements are called edges. Associated to an
edge (o ,x,y,0) isatransition (g ,x,q) J(Q x X*x Q) which corresponds to the conventional
concept in automata.

A Sequential Transducer isarational transducer in which E 0 (Q x X x Y*x Q), Qe=Q
and (g,a,u,r),(g,a,v,s) E O (u=v Or=s) (determinism condition) [6]. Correspondingly, Qr
can be omitted and a Sequential Transducer is completely specified as a 5-tuple
T =(Q,X,Y,do,E). Sequential Transducers are also called “Generalized Sequential
Machines’ (GSM), from which Mealy and Moore Machines are restricted instances.

A path in a sequential transducer, T, is a sequence of edges
0= (00,X1,Y1,01)(d1,X2,Y2,02) - (An-1,Xn,Yn,Gn), AiDQ, xiOX,yiOY",1<i <n. Whenever
the states which are involved in a path are not of particular concern, a path will be written as
T = (o, X1X2.. Xn, Y1Y2..¥Yn, On). Let I be the set of all possible paths over T. The
transduction realized by a sequential transducer T isthe partial functiont : X" - Y* defined

ast(x) =y iff ((qo,x,y,q)N ¢.



Sequential Transduction has the property of preserving left factors; that is, t(A) = A
and, if t(uv) exists, then t(uv) O t(U)Y". Such a seemingly "natural” property (arestriction, in
fact), however, can be quite inadmissible in many cases of interest. For instance, there are
finite functions that are not sequential. In order to make this restriction milder the following
extension isintroduced [6].

A subsequential transducer is defined as a 6-tuple T=(Q,X,Y,qo,E,0), where
T'=(Q,X,Y,00,E) isasequential transducer and 0: Q — Y" isa(partial) function that assigns
output strings to the states of T ‘. The partial function t: X* — Y* that is realized by T is
defined as t(x) = yo(q) iff o(q) is defined and (qo,x,y,q) O M. The class of subsequential
functions properly contains the class of sequential functions. In the same way as for
conventional finite transducers, a Subsequential Transducer can be represented as a graph
with the only difference that nodes are labelled as pairs (9,0(q) ) where qUQ.

By using an additional input symbol "#", not in X, to mark the end of the input strings,
any subsequential transduction t: X" — Y* can be obtained as a restriction to X*# of a
sequential transduction t': (X #})* - Y*, so that, OxOX* t(x) = t' (x#) [6]: If
T=(Q,X,Y,qo,E,0) is asubsequential transducer that realizest, thent’ can be realized by the
sequential transducer T = (QH{ qr}, X{ #}, Y, qo, E'), where qeJQ and
E' =E U {(9,#0(0),g9r): g0 Q}. Note that, any given Subsequential Transducer admits
several different Sequential Representations. For instance, an alternative to the above
sequential representation of T can be obtained by eliminating gr and replacing every
(9.#,0(0),gr) for (0.#,0(9),q0)- In what follows the term “ Subsequential Transducer” will be
used, at convenience, either to denote a Subsequential Transducer as defined by
(Q,X,Y,qo,E,0), or a sequential representation thereof. Fig. 1 shows an example of
subsequential transducer and a sequentia representation.

Example 1: Thefunctiont: {a}* - {b,c}" defined by

f A n=0
t@@") = \ b™1  nodd
b"c neven

is subsequential, but not sequential, since it does not preserve left factors. The function tis
realized by the subsequential transducer T = (Q,X,Y,do,E, 0) in which Q ={0do,q1,02}, X
={a}, Y={b,c}, E = {(qo,ab?a1), (d1,24,00), (d2,a,b2,01)}, and a(do) = A, (1) = A,
o(a) =c.

The graph of T and that of a sequential representation of it are shown in Fig.1.



Fig. 1. Subsequential transducer of Example 1 and a Sequential representation.

Following, e.g. [12] and [14], an appropriate framework for the Transducer Learning
Problem can be established as follows: Let f: X" - Y* be a partial recursive function, a
Transducer Learning Algorithm A is said to identify f in the limit if, for any (positive)
presentation of the input-output pairs (graph) of f, A converges to atransducer T that
realizes a function g: X" - Y* such that OxCODom(f), g(x) = f(X).

I11. ONWARD SUBSEQUENTIAL TRANSDUCERS

The transducer learning algorithm to be presented in the next section requires some
additional new concepts to be introduced. An Onward Subsequential Transducer (OST) is
one in which the output strings are assigned to the edges in such a way that they are as
"close" to the initial state as they can be. Formally, a subsequential transducer
T'=(Q,X,Y,qo,E,0) isan OST if

OpOQ-{do} Iep {yDY" | (pay.q)DE}O{a(p)}) = A.

Much in the same way as it happens in Regular Languages, any Subsequential
Transduction admits a characterization in terms of a Canonical Transducer in Onward form; in
other words, for any Subsequential Transduction there exist an OST which has a minimum
number of states and which is unique up to isomorphism. This transducer is obtained through
the following construction:

Let t: X" - Y beapartia function and let xOOPr(Dom(t)). The set of tails of xint,
Ti(X), is defined as:

Ti¥) = {(yv) | t(xy) =uv, u= lcp (((xX"))}
with Ty(X) = O if x(JPr(Dom(t))
It can be seen [18] that, if t is subsequential, the number of different sets of tailsintis

finite. Therefore, these sets can be used to build a subsequential transducer
7(t) = (Q,X,Y,qo,E,0) as follows:



Q = {Tt() | xCPr(Dom(t))}; do= Te(A);
E ={(Ti(x), & Iep(t(xX"))-Hep(t(xaX")), Te(x@) | T(¥), Ti(xa) OQ}

lep(t(xX* ) t(x) if x O Dom(t)

Otherwise

o(Ti(¥) = {

It can be easily seen [18] that such atransducer is Onward and that any other OST for t
either has a greater number of states or isisomorphic with T(t).

Example 2: Let t:{a}" - {b,c}” beafunction defined asin example 1. The different
setsof tallsare:

Tt(A) ={(A\A)} O {(82"1,b27*2) | n=0} O {(a2n,b2"c) | n=1}

Ti@ ={(A\A)} O{(@"*1,b2"c) | n=0} O {(a2",b2") | n>1}

Ti(@) ={(\,0)} O {(a2"*1,b2*2) | n=0} O {(a2",b2"c) | =1}

Ty(ad) = Ty(a)

and the Canonical Onward Subsequential Transducer that realitzest, shown in Fig.2,
isisomorphic with the corresponding transducer shown in Fig.1.

2 al\

Fig. 2. Canonical Transducer for the subsequential function of Example 2.

The transduction learning algorithm to be presented in the next section requires afinite
sample of input-output pairs T O (X" x Y*), which is assumed to be non-ambiguous or
single-valued; i.e., (x,y), (x,y') O T O y=y'. Such a sample can be properly represented
by a"Tree Subsequential Transducer” (TST) T = (Q,X,Y,qo,E,0), with

Q = UwotPr(u), go= A,

E = {(w,a,A,wa) |w,wa [0 Q},

o(u) = vif (u,v)[JT with o(u) being undefined otherwise.

A possible sequential representation, T, of this TST can be obtained by eliminating o
of T and extending its set of states and edges as follows:

Q =Q0{u# (uv)JT}; E =EO {(u#v,u# | (uv)T}



Whenever such a sequential representation is used, the training pairs (u,v) will be
written as (U#,v).

Given T, an Onward Tree Subsequential Transducer (OTST) representing T, OTST(T),
can be obtained by building an OST equivaent to the TST of T. This can be accomplished

through the following construction (directly given for a sequentially represented TST
T =(Q . X{f#} Y, qo.E")).

Og0 Q', ifw=Ilcp{vOY" |(q,av,r)0OE'} O w# A then
1: substitute every outgoing edge of q: (g,a,wzr) for (g,a,zr)
2: substitute every ingoing edge of q: (p,b,y,q) for (p,b,yw,q)

Example 3: Let T= {(#,A), (a#,bb), (aa#,bbc), (aaa#,bbbb), (aaaa#,bbbbc)}.
Sequential representations of the TST of T and OTST(T) are as shown in Fig.3.

B @ @ @

HI\ / #/by #/ti #/bbbb / #/bbbbc

>®—am>@ﬂ>@ a“» 3“» (a)
®

HIA #IN #c #\ #,A/(

Fig. 3. Tree Subsequential Transducer (TST) (&), and Onward Tree Subsequentia Transducer OTST(T) (b)
representing the sample T= { (#,A), (a#,bb), (aa#,bbc), (aaa#,bbbb), (aaaa#,bbbbc)}

IV. THE TRANSDUCER LEARNING ALGORITHM

Let TO (X" #X Y") be a finite single-valued training set. The proposed algorithm
consists of a non incremental procedure that starts building the OTST(T),
T=(Q,X{ #},Y,00,E), and then proceeds by orderly trying the merge of states of 7. This
state merging may result in transducers which are not subsequential as defined in Section 11.
In particular they may often violate the condition of determinism: (g,a,u,r), (q.a,v,s)[E [
(u=v O r=s). In these cases, we may still insist to preserve the sequential nature of the
resulting transducers. For this to be possible, some output (sub)strings associated to the
edges of T often need to be "pushed back" towards the leaves of T in a process which, to a
limited extent, reverses the forward (sub)string displacements carried out to transform the



initial TST associated to T into T. The test as to whether a transducer T is subsequential, as
defined in Sect. 11, is assumed to be supplied by a (hypothetical) procedure "subseq" that
takes a transducer and outputs true if such a property holds, or false otherwise. One should
realize, however, that when embedded in the algorithm to be described below, such atest can
be carried out at no cost as a byproduct of the remaining operations of the core of the
algorithm.

The merging process mentioned above requires the states of T to be successively taken
into account in a lexicographic order of the names given to these states through the TST
construction (Sect.l11) [18]. Let "<" be such an order on Q, with first (7) and last (T) being
thefirst and last stateswith respect to "<", and CgUQ - {last (7)} let next (7,q) denote the
state which immediately follows g in the order "<". The merging of any two states q',q [ Q,
with g'<q, results in a new transducer T’ = (Q',X{{l #},Y,00,E’) in which the state g no
longer exists in Q' and all the outgoing edges of q in E are assigned to ' in E'. Let
T =merge (T,9',q9) represent this merging operation which is quite similar to the merging of
states in finite-state automata [16].

The process of "pushing back" output substrings in a transducer T =
(Q,XH #},Y,90,E) requires some more explanation. Let g0 Q bea stateof T and
(g',a,w,q) O E (one of) itsingoing edge(s). If ulY" is a prefix of w, then the suffix v=u-lw
can be "pushed back" to behind g and distributed throughout all the outgoing edges of g to
produce another transducer T' = (Q,X[{ #},Y,qo,E’) as follows (see an illustration in
Fig.4):

E'=(E-{(@.auwq})U{(@ auaq} U{(bvzr):(qbzr)UE}

Let T = push_back (7,v,(q",a,uv,q)) denote this operation, for which the following
equivalence property can be easily established [18]:

If v=A orif (q',a,w,q) isthe only edge that enters q, then transductions are
preserved and the transducer T’ isequivalent to T.

10



T' =push_back( T, 01, (q',1,001,0))

MGA@ - 8 /
e Y

T T

Fig.4. Example of a push-back operation

The algorithm that performs the above outlined procedures is called "Onward
Subsequential Transducer Inference Algorithm (OSTIA)" and isformally presented in Fig. 5
below.

11



Algorithm OSTIA //Onward Subsequential Transducer Inference Algorithm//

INPUT: Single-valued finite set of input-output pairs TO (X*#x Y™)
OUTPUT: Onward Subsequential Transducer T consistent with T
T:=OTSI(T)
g:=first(T)
whileg<last(T ) do
0:= next(T,q);
p:= first(T);
whilep<qgdo
T:=T1
T := merge(T,p,q)

while —subseq(T ) do

let (r,av,s), (r,aw,t) be two edges of T
that violate the subseq condition, with s<t

if ((v2w) and (a=#)) or (s<q and v[IPr(w)) then exit while
u:=lep(v,w)
T := push_back(T, ulv,(r,av,s)
T := push_back(T, ulw,(r,aw,t))
T := merge(T,s;t)
end while //~subseq(T )//
if ~subseq(T ) then T := T’ else exit while
p:= next(T ,p)
end while/lp<qll
If ~subseq(T ) thenT =T
end while// q < last(T)//
end //OSTIA//

Fig. 5. The Transducer Inference Algorithm

The computational cost of this algorithm can easily shown to be polynomial. Let n =
2 ooy Xl m= maxy)r lyl, and k = |X| be parameters measuring the size of the input
training set T. Theinitial OTST(T) has anumber of states that is linear with n and, therefore,
its construction requires computing time that grows linearly with nlm,

The two outer while loops of OSTIA entail, in principle, a total number of iterations
that is quadratic with the number of states of the initial transducer T = OTST(T) — hence with

n. This could be considered exceedingly pessimistic, since many states could rapidly be
eliminated from 1 by successive merge operations. Nevertheless, a worst-case can be

12



identified in which, after having carried out al possible merge operations of the inner while
loop and having exhausted all the remaining states, this loop is exited without success (if
condition). In this case, the inner loop would perform at most O(n) iterations, resulting in an
O(n3) total number of executions of the core of the algorithm. Except for Icp and push_back,
al the other operations involved in the OSTIA can be easily implemented to run with unit
cost; that is, computing time independent of n, mand k. The lcp operation can also be easily
implemented to work in O(m) time, while push_back may require O(k) stepsif string indexes
rather than actual (sub)strings are used to represent the input-output substrings of the edges
of T. Thisamountsto atotal cost in O(m+Kk) for the core operations and a total computing
time which can be bounded as O(n3(m+Kk)). Obviously, in many cases of interest this bound
isinfact pessimistic. Real empirical timing results will be shown in Section VI.

The correctness of this algorithm is also clear. The proof starts by realizing that the
property g<t resultsin being aloop-invariant of the algorithm. Given the tree structure of the
initial OTST, aong with the order in which states are considered for merging, this invariant
implies that only one edge can enter the state t. Correspondingly, from the above equivalence
property, the push-back operation involving t is aways transduction-preserving. On the other
hand, the other push-back operation, which involves the state s, can only be executed in two
very precise situations: 1) s<q, in which case v Pr(w) and thus u-lv = A; or 2) g<s, which
implies that only one edge can enter s. Therefore, the equivalence property guarantees that, in
both cases, the operation also results in being transduction-preserving. Since theinitial OTST
is obviously consistent with T, proceeding by induction we see that every iteration yields a
transducer T that is subsequential and consistent with T.

Similar arguments support the assertion that the resulting transducer is Onward. The
initial OTST is obviously Onward, a property which is clearly preserved by the successive
executions of the operation “merge(7,p,q)” . However, the two push_back operations (which
aim at trying to recover the subseq condition after its possible violation by the merge of two
states) may result in loosing the Onward property. But, in this case the subsequent
“merge(T,s,t)” operation directly restores the property yielding again an Onward transducer.

Following this discussion, it can be seen that the OSTIA produces a subsequential
transducer which is a state-merging-based generalization of the initial Subsequential Tree
Transducer representing the given sample T. This generalization, however, tends to
progressively shrink as T gets larger and includes more training pairs that are “representative’
of the unknown (subsequential) transduction from which T is assumed to have been drawn.
Asit will be discussed in the next section, this leads to the the important result that, using the
OSTIA, the class of subsequential functions can be identified in the limit.

13



Using the training pairs of Example 3 and the corresponding OTST in Fig.3, Fig.6
illustrates some key steps of the OSTIA. Starting from the OTST(T) of Fig. 3(b), the
algorithm attempts the merging of states A and #. Fig. 6(a) shows the obtained transducer.
Then, OSTIA goes on trying the merging of states a with A (Fig.6b). This transducer has the
two edges (A,a,bb,A) and (A,a,A,aa) which violate the subseq condition. Giventhat A <a
and, bb O Pr(A) theinnermost loop of OSTIA isexited and states A and a# are merged in the
previous transducer (Fig.6a), resulting in the transducer of Fig.6¢c. The next step tries the
merging of the states A and aa. The existence of edges (A, #,A,A) and (A,#,c,aa#) causes the
exit of the innermost loop of OSTIA. After merging the states A with aa# and given the
imposibility of merging A with aaa, Fig.6e shows the result of the merging of the states aaa
with a. The edges (a,a,A,aa) and (a,a,c,aaaa) of the resulting transducer violate the subseq
condition; nevertheless Icp({A,c}) = A, and the operations push_back(T,c,(a,a,A,aa)) and
push_back(T,c,(a,a,c,aaaa)), produce the transducer shownin Fig.6.f. Therest of the work
carried out by the innermost loop of OSTIA finally leads to the subsequential transducer of
Fig. 6(g) that is theinferred result from the training sample of Example 3.
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Fig. 6. Some key steps of the OSTIA as applied to the the OTST in Fig. 3.b

V. IDENTIFICATION OF SUBSEQUENTIAL TRANSDUCTIONSIN THE LIMIT.
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In this section we will shown how the OSTIA identifies the class of the Subsequential
functions from positive data (input-output pairs) in the limit. To this end, we start defining a
finite representative sample T of a total subsequential function t. We will show that the
transducer OTST(T) contains a subset of states, referred to as kernel, which induces a
subtree in OTST(T) that contains representations of all the edges of the canonical OST of t,
T(t), and only these edges. This result will allow us to establish that, if a representative
sample is contained in the input to OSTIA, then the output will be the canonical OST of the
function t. Given that any positive presentation of t will eventually include a representative
sample, the property of the identification in the limit will result. In what follows only the
main arguments of the proofs will be sketched. A full account of the complete results can be
found in [18].

Definition 1. Lett: X"~ Y* be a subsquential function. The string w is a Short
Prefix of t iff wJPr(Dom(t)) and LVOX" (Te(w) = Ty(v) [J v>w). The set of Short
Prefixes of t, SP(t), includes a short prefix for every different tail in {Ty(w) |
wl/Pr(Dom(t))}.

Definition 2. Lett: X"~ Y* be a subsquential function. The kernel of tisthe set:
K(t) = (SP(t)X n Pr(Dom(t))) [J{A}

In other words, K(t) contains the empty string along, whith the extensions of all of the
strings in SP(t) whith all the symbols in X, as long as these extensions are prefixes of the
strings in the domain of t.

Definition 3. Given atotal subsequential function t: X* - Y*, asample T of t issaid
to be representative of t iff:

1) OulK(t) Quv,w)OT | vOX: , wOY*

2) [uOsP((t) CvOK(t)  (Ty(u) # Te(v) 0 (uw,u'w ), (vw,v'wW ) OT |
(W, W) OT(u), (W,w™)Ty(v), W# w'’)

3) [ulJK(t)
Huv,uV'),(uw,u W) T | (v,V),(W,W)TT(u), lcp({v . w}) = A

In the forthcoming theorems, condition 1) will guarantee that all the states and
transitions of the canonical OST T(t) are represented in OTST(T). Condition 2) distinguishes
those states of OTST(T) for which the corresponding states of 7(t) are different. Finally,
condition 3) will make it possible that, for every state of OTST(T) which is reachable by a
string in the kernel of t, the edges will be identical to the corresponding edgesin T(t).

In the forthcoming theorems the following notation will be used:
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T1= (QT.X,Y,AET,07) and T(t) = (Q,X,Y,qo0,Et,0t) will denote the OTST(T) and
the canonical OST of t, respectively; and Tj =(Qj,XL{#},Y,A,Ej) will denote OST obtained
after the i-th iteration of the outermost while loop of the OSTIA with input TO (X*#x Y).

Theorem 1. Let T be a representative sample of t: X" - Y*. A function ¢: Q1 - Q
exists such that [Ju,ualJ/K(t) ((u,a,v,ua)[JET = (¢(u),a,v,¢(ua))JEr) andJulJK(t) or(u)
=oi(p(u)).

Proof: If uK (t) andt’: X* — Y is the finite function realized by TT, the third
condition for a representative sample (def.3 above) allows us to establish that Icp(t” (uX"))=
lcp(t(uX®)). Then, by defining ¢: Q1 — Q as ¢(u) = Ty(u), uJQT and using the first
condition of representative sample (def.3) the theorem follows.

([

Theorem 2. Let qUJQ; be the state of Tj considered in the i+1 iteration, of the
oputermost while of OSTIA let Q' = {pLJQ;j | p<q} and let T'j = (Q;j,X{#},Y,A Ej)be the
subtransducer which is induced by Q' . If T is a representative sample of the total
subsequential function t: X" - Y*, then T'; isisomorphic with a (sequential representation
of @) subtransducer of T(t).

Proof. Let ¢: Q'j — Q;be defined as ¢(u) = Ty(u), uJQ'j. By induction in the number
of iterations, and given that the second condition of the definition of representative sample

guarantees us that OSTIA will perform the merge of two states only if both have the same
image with ¢, we can establish:

a) (u,a,v,ua)JE'; J (¢(u),a,v,¢(ua)) JE;
b) (u#Vv,U#)E; O oy(¢(u)) = v

O

Corolary 1. If the input to OSTIA includes a representative sample of the total
function t, then the output is an Onward Subsequentia Transducer which isisomorphic with

T(t).

Theorem 3. Using the Onward Subsequential Transducer Inference Algorithm
(OSTIA) the class of subsequential functions can be identified in the limit with positive
presentation.

Proof. If t: X* — Y*isatotal function, then any positive presentation of t will include
a representative sample. Hence, OSTIA will converge to a subsequential transducer that is
isomorphic with T(t). If t is not total, the second condition of the definition of representative
sample in not guaranteed. Correspondingly, OSTIA may merge states which are associated to
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states of T(t) that are different to each-otter. But, in this case, no finite information sequence
can in fact distinguish such states. Thus, OSTIA would converge to a subsequential
transducer T that realizes afunction t’ such that [ix [7Dom(t) t"(X) = t(X), which is precisely

the condition assesing the identification of t in the limit (Sect. 11).

VI. EXPERIMENTS

Theoretical properties assessing the adequate behavior in the limit (convergence) of
subsequential transduction identification using the OSTIA have been discused in the previous
section. However, from a Pattern Recognition viewpoint, results concerning finite data
behavior seem to be of greater interest. In order to obtain such results, and at the same time
illustrate the capabilities of Subsequential Transduction and their OSTIA learning, a number
of experiments have been carried out. Some of these experiments and their results will be
presented in this section.

For the first group of experiments the task of translating Roman Numbers into their
decimal representation has been chosen. It should be taken into account that such atask can
by no means be supported by pure sequential transduction, since many input-output pairs
exist in which identical input prefixes must lead to different output substrings. As will be
seen below, subsequential transduction easily overcomes this difficulty, allowing the task to
be properly accomplished.

For the first experiment, a series of 50 increasing-size random training-sets, each
including the previous ones, were drawn from a uniform distribution in the range of (Roman
and Decimal) numbers from 1 to 104-1. The random procedure was prevented from
generating repeated samples and the test-set consisted of all the Roman-Numbers from 1 to
104-1 that where not included in the training set. Some selected training pairs are shown in
fig 7.

(1%, 3) (LXXIV#,74)

(IV#, 4) (XCV#, 95)

(VI# 6) (CXV#, 115)

(IX#, 9) (CDI1#, 402)

(XI#, 11) (CMLXXXIX#,989)

(XIX#, 19) (MCXI#, 1111)
(XLI11#, 42) (MMMMMMMMDCCCLXXXVII1#, 8888)
Fig.7. A sample of selected training pairs for the Roman to Decimal translation task
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Every training set was submitted, in turn, to the OSTIA and each resulting
Subsequential Transducer was used to trandate al the Roman-Number strings of the test set.
The results of this experiment appear in fig. 8. The items shown are: (a) the test-set error
rates, (b) the sizes of the learnt transducers and (c) the computing time required for each
execution of the OSTIA, on a~25 mips. conventional RISC Computer (HP 9000/35).
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Fig. 8. Behavior of the OSTIA for the Roman to Decimal translation task
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It is worth noting that, with small training-sets, the inferred transducers tend to be
rather large and error-prone, while both sizes and errors reduce dramatically as enough
source structure is made available through the training data.

It should be taken into account that these results were obtained without concern as to
how “relevant” the (random) training data were for the considered learning task. In order to
investigate how small the training set could become if appropriately selected, a further
experiment was carried out involving the following greedy procedure. First, starting with a
transducer learnt from the first training pair, “(I,1)”, the test data was submitted in numerical
order to transduction until one Roman-Number string appeared which was incorrectly
translated. Then this number, along with its correct decimal transduction, was used as a
training pair. The first phase of this procedure stopped when all the strings were correctly
tranglated. In the second phase, the Roman-number (training) pairs that were selected in the
first phase were considered, in turn, to see whether they could be discarded without change
in the inferred transducer. After this second phase, atraining set of 210 relevant Roman-
Decimal pairs wasidentified which led to the correct identification of an exact Subsequential
Transducer that was identical to the one obtained in the previous experiment with a random
training set of 8800 pairs. A part of this transducer is shownin Fig. 9.

A second group of experiments was concerned with the task of translating English
numbers in the 0...106-1 range into their conventional decimal representation. Although this
task is rather better suited to sequential transduction than that of the Roman-Decimal task,
there are also in this case situations which prevent pure sequentiality; e.g.: "ninety" - "90",
"nineteen” - " 19" etc. The experimental framework was similar to that of the previous
experiments, except that in this case, the numbers were randomly drawn from a non-uniform
distribution in which the lengths of the (decimal) strings were (approximately) equiprobable.
In this case, 60 training-sets of sizesincreasing from 200 up to 12000 were used and the test
set consisted of the whole range of 106 different English-number strings. In order to
approach the conditions of phonemic recognition, these strings were written with no
separating blanks between the different words, what considerably increased the difficulty of
the task.

Fig.10 shows some training-pairs that have been selected from the training material.
The results appear in Fig. 11 which shows the same items as Fig. 8 above, with a rather
similar behavior. Also, a greedy procedure similar to the one described above was carried
out, ending with arepresentative set of 260 input-output pairs.
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Fig.9. A part of the Subsequential Transducer that was learnt for the Roman to Decimal translation
task. The part shown correctly translates the Roman numbers from 1 to 99. The dashed lines correspond to
edges to the remaining parts (not shown) of the whole transducer.

(ninet, 9)

(ninety#,90)

(nineteent, 19)

(ninehundred#, 900)

(nineteenthousandandei ght#, 19008)

(ninehundredthousandandei ghteen#, 900018)
(twohundredandthirteenthousandandtwel ve#, 213012)
(fourhundredandonethousandei ghthundred#, 401800)
(eighthundredandei ghtthousandei ghthundredandsevent, 808807)
(sixhundredandseventeenthousandsi xhundredandsi xteen#, 617616)
(threehundredandni netyfivethousandonehundredandsi xtythree#, 395163)
(sevenhundredande ghteenthousandsevenhundredandseventeent, 718717)

Fig.10. A sample of selected training pairs for the English to Decimal trandation task
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Fig. 11. Behavior of the OSTIA for the English to Decimal translation task

Apart from these experiments, many other similar experiments were carried out,
involving these and many other tasks. For instance, number translation from English to
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Spanish and from Spanish to Decimal have been successfully learnt from English-Spanish
pairs and Spanish-Decimal pairs, respectively. Also, transducers that implement integer
division of a decimal number by an arbitrary divisor and (reversed) multiplication by an
arbitrary factor were easily learnt with the OSTIA from data-result examples [19]. The
behavior of the OSTIA, observed in al these experiments, was rather similar to that shown in
the experiments described above, presentation being omitted here for the sake of brevity.

The last group of experiments was aimed at establishing some wor st-case results on the
computational requirements of the OSTIA. While a worst-case polynomial behavior can be
easily deduced from the properties of the OSTIA (c.f. Section 1V), the exact degree seems
rather difficult to establish theoretically. Nevertheless, it seems clear that worst-case behavior
would be exhibited for training data corresponding to non-subsequential transduction. In
other cases, when enough source transducer structure is represented in the training data, the
state merging process quickly reduces the (large) number of states of the initial OTST,
leading to the quasi-linear, low computing-time growing rates shown in figures 8 and 11 for
large-enough training-sets. Therefore, in order to investigate how fast the OSTIA computing-
time can grow, an experiment involving non-subsequential transduction was carried out.

The chosen task was that of reversing strings (representing decimal numbersin the 104
range), which by no means can properly be accomplished by subsequential transduction.
Using asimilar experimental set-up as in the previous experiments, the OSTIA was presented
with 20 training sets of sizesincreasing from 200 up to 4000. Moreover, in order to as much
as possible approach an absolute worst-case data conditioning for the OSTIA, the training
data were presented in strict number ordering within each training-set. Obvioudly, in this case
no appropriate transducer was ever obtained, leading to a 100% error-rate for those strings
not used for training. The computing times required by the OSTIA in this case are presented
in Fig. 12 along with the corresponding sizes of the inferred transducers. A second-degree
polynomial which was least-squared fitted to the experimental values is also shown. It is
worth noting that, while a first degree fit would clearly be inappropriate, the quadratic
coefficient of the fitted polynomial isrelatively small, and, for the range of sizes considered,
acubic coefficient would have not improved the goodness of the fit.
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Fig. 12. A worst-case behavior of the OSTIA as applied to a non-subsequential transduction learning
task. The computing-times have been least-squared fitted to a second degree polynomial: Time = 1.6010"9n2+
0.00013 n+ 0.2595

V1. DISCUSSION AND CONCLUSION

The results of the experiments described in the last section clearly indicate both the
versatility of subsequential transduction and the effectiveness of the OSTIA to learn
subsequential transducers from training input-output examples. While, for (small) training-
sets not conveying enough structure of the unknown source transduction, the transducers
produced by OSTIA tend to be rather large and inaccurate, very compact and accurate
solutions are always obtained once the training data contain a small number of appropriate
input-output pairs. The existence of such small sets of appropriate training data has been
shown through some of the experiments reported in the last section, and some theoretical
results regarding what an "appropriate” set of input-output training pairsis, are discussed in
Section V. However, the only practical hint these results seem to suggest is that such
training data should contain the "simplest” (usually also the shortest) transduction examples,
and how to actually choose adequate and small sets of training data remains an open issue of
practical concern. In any case, by relying on chance alone, good results (i.e. small error-
rates) tend to be obtained with reasonably small sets of training-pairs.

Apart from the issue of training data selection, other interesting (practical) issues remain
to be investigated. First of all, since the OSTIA is essentially a non-incremental learning

24



algorithm, it should be worth studying the possibility of small incremental adaptation to new
training data of a transducer that was already fairly well established from previous (non-
incremental) OSTIA learning. On the other hand, the possibility to incorporate an appropriate
(also learnt) error-model into the learnt transducers, as well as to make the resulting
transducers stochastic, needs be investigated if dealing with real and natural data such as
speech or imagesisrequired. Finally, there are many real (Pattern Recognition) Interpretation
problems involving the transduction between pseudo-natural and/or task-oriented languages,
that are worth attempting to approach through the methods proposed here.

In any circumstance, the work presented in this paper constitutes in fact arequired step
that would allow these and many other interesting issues to be examined under the light of the
I nter pretation paradigm of (Syntactic) Pattern Recognition.
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