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Abstract. The aim of this paper is to define a new family of regu-
lar langunages, the Locally Threshold Testable Languages in Strict Sense
(LTTSS) This family includes the well known family of locally testable
languages in strict sense (LTSS) and is included in the family of lo-
cally threshold testable langnages (LTT). Membership of a word to a
LTT'SS language can be decided by means of local scanning, using a
sliding window of a fixed length %, although in this case, we have to care
that the number of occurrences of certain segments of length < k in the
words is not greater than a level of restriction, less than a threshold r.
As LTTSS languages may be of interest in disciplines such as Pattern
Recognition and specially in Speech Recognition, an inference algorithm
that identifies the family of (k,r)-TTSS languages from positive data
in the limit is proposed. Finally we also report some results aiming to
reflect the evolution of the behavior of this algorithm for different values
of k and r when it is used in a handwritten digits recognition task.

1 Introduction

One of the families of languages that has received more attention in the literature
is the family of Locally Testable Languages (LT). Membership of a word to a
LT language is determined by the set of factors of a fixed length % and by the
prefixes and suffixes of length less than k of the word. The number of occurrences
of the factors in the word or the order in which they appear are not relevant.
Local languages, known either by their ability to generate the family of regular
languages by means of morphisins [12] or by Chomsky-Schiitzemberger’s theorem
for Context Free Languages, are included in the family of LT. In fact they
constitute a particular instance of the so called Locally Testable Languages in
Strict Sense (LT'SS).

The words of a LTSS language I, for a given value of & > 1, are defined by
means of three finite sets: A set A of prefixes of length < %, a set B of suffixes
of length < k and a set C of segments of length % not allowed to appear in
its stzings. Membership of a word to a LTSS language, for a given value of k
(k-T'SS) can be decided exploring the word through a sliding window of length
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k and testing if its prefix belongs to A4, its suffix belongs to B and also that it
does not contain any segment of length % in C.

An extension of the family of LT languages is the family of locally threshold
testable languages (LT'T). LTT languages are defined in a similar way as LT
languages are, with the difference that in this case, frequency of factors of length
< k ate count up to a threshold r > 1 (L7 are a particular instance of LTT, the
case 7 = 1). If a word z belongs to a LTT language L for given values of k and
r, any word y will also belong to L iff it meets the three following conditions:

1. Begins and ends with the same segments of length k& — 1 that z.

2. The frequency of each segment of length < k in y is the same as in «, if this
number is less than 7.

3. If the frequency of a factor of length < k in z is > r, then the frequency of
that factor in y is also > r.

It seems natural, in this context, to define the family of Locally Threshold
Testable Languages in Strict Sense (LTTSS), which, on one hand, is a restriction
the family of LTT and, on the other, is an extension of LTSS languages. We
define LTTSS languages by means of the sets of prefixes and suffixes of length
< k and by a set of restricted segments of length < k. Each segment in the set
of restricted segments is associated with a level of restriction, which is less than
a fixed threshold r. The segments for which this level is zero are forbidden. The
language defined this way contains the words that begin and end with elements
of the indicated sets and such that none of the restricted segments appeats in
them a number of times beyond its level of restriction. For each value of &, if we
set 7 to 1 we obtain the family of &-Testable Languages in Strict Sense (k-TSS).
The family of LTT'SS languages has been algebraically characterized by means
of a property of the idempotents of their syntactic semigroup (see [6] for further
details).

Besides its theoretical interest, another reason to study LTTSS languages
is the possibility of being used in Pattern Recognition (PR) [5], [9]. Stochastic
LTSS languages, also known as N-grams, are frequently used in PR, particularly
in Speech Recognition, both in Acoustic-Phonetics Decoding as in Language
Modeling [14]. We show in this work that, like k-T'SS languages (71, (k,r)-TTSS
languages are learnable from positive data, and we present some results obtained
by using learned (k,r )-T'TSS languages for handwritten digits classification task.
The main goal of the experiments is to show the evolution of the classification
rates when k and r vary.

2 Preliminaries and Notation

2.1 Formal Languages

We assume that the reader is familiar with the rudiments of formal language
theory. Any concept not mentioned here can be found in [10].
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Let X' be a finite alphabet and X* the free monoid generated by X with

concatenation as the binary operation and A as neutral element. A language L
- over X1 a subset of X*, its elements will be referred as words. The set of all
words of length & will be represented as Z*, also ZF = Ji_, % Given z € I*,
if z = uwvw with u,v,w € 5* , then u (resp. w) is called prefiz (resp. suffiz) of
z, while v (also v and w) is said to be a factor or segment of z. Pr(L) (resp.
Suf(L)) denotes the set of prefixes (resp. suffixes) of L. The length of a word z
is represented by |z|. The frequency of appearance of a word w as a segment
of x (its number of occurrences in z) is written as ||, Given v € X* and
LC X u'L={ve L :uwe L} Also, if RC I*is a finite set, |R| denotes
its cardinal.

A Deterministic Finite-state Automaton (DFA) is a 5-tuple 4 = (Q, X,
d, o, F) where @ is a finite set of states, X is a finite alphabet, ¢o € @ is
the initial state, F' C @ is the set of final states and ¢ is a partial function,
mapping ¢ X X to @ that can be extended to words defining 4(¢g,A) = q and
6(q,za) = 8(6(g,2),0a), Vg € Q, Yz € I*,Va € £. A word z is accepted by A if
d(qo, ) € F. The set of words accepted by an automaton A is denoted by L{A).

Given R C X*, PTA(R) denotes the prefix tree acceptor for R, that is
PTA(R) = (@,%,5,q0,F), being Q = Pr(R), o = A\, F = R and VYu,ua €
Pr(R), 8(u,a) = ua. Given Ay = PTA(R), if ~ is an equivalence relation defined
in @, Ao/ ~ denotes the quotient automaton (obtained by merging equivalent
states}. '

2.2 Language inference from positive presentation

A positive sample of alanguage L is any finite subset of L. A positive presentation
of L is any enumeration of L. Let £ a family of languages over X, a class of
representations H for the languages in £ must accomplish that for any L € £
there exists at least A € # such that L(h) = L. For example, if £ is a family
of regular languages, H can be taken as the set of DF A over X. An inference
algorithm for £ from positive samples and representations in # is an algorithm
A that, with input of a finite set R C X*, outputs a hypothesis h € H. If L €
L and < z1,%3,... > is a positive presentation of L, we denote as #; the finite
sequence < Ii,Zz,..0 >. A identifies the family £ with respect to H from
positive samples in the limit if for any L € £ and any positive presentation
< #1,%2,... > of L there exists a natural number ng such that for n > ng,
hn = hny and L(h,) = L, where h, = A(t,). A family £ is identifiable with
respect to H in the limit if there exists an algorithm A that identifies £ [8], [2].

Let R a positive sample of L and A a DF A such that L(A) = L. We say that
R is structurally complete for A iff every transition of A is used in the acceptance
by A of some of the words of R.

A well known technique in regular language inference is the one known as
state clustering [4], [2]. It is basically carried out, given a finite set B C X*,
obtaining Ag = PTA(R), defining an equivalence relation ~ in Pr(R), and out-
putting Ag/ ~.
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A class £ is learnable in the limit from positive data with conjectures updated
in polynomial time if there exists an algorithm A for £ such that A(t;) = M,
and there exists a polynomial P such that VI, € L, the time used by .4 between
receiving the sample z; and outputting the hypothesis M; is P(n,m; + ... +
m;), where m; = |x;| and n is the number of states of the minimal automaton
accepting L.

3 Locally Threshold Testable Languages in Strict Sense

Given positive integers k and r. The equivalence relation ~s ,. over £* is defined
as follows:

—Hjz] <k, thenwmy, yif z =y
— Otherwise z ~ , y iff:
L. Pr(z) N %1 = Pr(y) n T*-1,
2. Suf(z) N XF1 = Syuf(y)n k-1,
3. VYw € Zf(|z]w = [ylw <7V (Jz|w > A [Ylw > 71)).

The relation ~ ,is a congruence of finite index. A language is (k, r)-T'T iff it
is saturated by =~ .. A language L is Locally Threshold Testable (LTT) if there
exist integers k,7 > 1 such that L is (k, r)-TT . If r = 1 this family coincides
with the well known family of Locally Testable Languages (LT).

A subclass of the LT languages is the class of Locally Testable Languages in
Strict Sense (LT'SS). A language L over X is LT'SS iff there exists an integer
k> 1andsets A, B C ¥*"1 and C C Z* such that

RIS NL = AS* N D*B — SrO 5+

We are going to define a new family of languages, called Locally Threshold
Testable Languages in Strict Sense (LTTSS) that are related to LTT languages
in the same way as LTSS are related to LT. The case + = 1 constitutes the

family of LTSS languages. _
Given an alphabet X' and integers k, r > 1 we define the 4-tuple Ir, Fre, T s, 9)

where

- I, Fy, C X%1 which are respectively the sets of prefixes and suffixes of

length k — 1.
— Tk, C Z¥F, the set of restricted factors of length %.
= 9 Tk = {0,1,..r — 1}, a function that defines the level of restriction of

each of the restricted factors.

We say that L is a k-Testable Language in Strict Sense with Threshold r (in
the sequel this family will be referred as (k,r J-TTSS) iff

SIS NL =L, X" NS F, — ( U {zeX: |z}, > g('w)})

L is obviously regular. Language L, except for a finite number of words of
length less than k, is the set of all words that:
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— begin with a prefix of length &£ — 1 in I,

— end with a suffix of length £ — 1 in F} and,

— if they contain segments of length k belonging to T%,r, the number of occur-
rences of these segments is less than or equal to the level of restriction given

by the function g.

Ezample 1. The language aTbatbUa™b is (2,3)-TTSS, as it fulfils the definition
with I = {a}, F> = {b}, T}, = (b, ad, ba, bb) with g(b) = 2, glab) = 2, g(ba) =
1, g(bb) = 0.

A language L is threshold locally testable in strict sense (LTTSS)if there
exist two positive integers k and r such that L is (k, »)-TTSS.

Vk,r > 1, the family of (k, r)-TTSS languages is included in the family
of (k, 7)-TT. From the definition of (k, r)-TTSS languages, it follows that any
language belonging to that family is saturated by the relation gy, 50 LTTSS C
LTT. It is easily seen that this inclusion is strict from the fact that (k, r)-TTSS
languages are not closed under boolean operations.

4 Smallest (k, r)-TTSS Language That Contains a Positive
Sample S

Given z € X* we define the initial and final segments of z of length < k as
follows:

.. I E: if lz| <k
() = {u eXt iz =uv,ve T*if lz| > &

(= if lz| <k
fk(w) = {fv c Xk .. =uv,u € X" if lml >k

Let .S be a positive sample of L, that is, S ¢ L finite. Y € 5* we define
ns k(W) = Maxzes |Z|w, and let

— It (S) = {ix—1(z) 1z € S}

= Fi(S) = {fr-1(z) : z € S}.

= Trs (S) = {w € LF : ng 1 (w) < r} and the function

= 9: Tk (S) = {0,1,..7 — 1} such that g(w) = ngs(w).

It is evident that the language (k, r )-TTSS defined by (I (S), Fj (S), Tr »(S),
g) is the smallest (k, r)-T'T'SS language that contains S. It will be denoted as
Ly +(9).

4.1 Properties of L .(S).
The following properties follow directly from the definition of Ly ,.(S):

1. §C S = Ly, (S) C Lo (S").
2 E<kEVr<¢ = Ly 4(S) C Ly . (S).

3. r> mMaXzes ]9:] -k+1= Lk,-,(S) = PI(S) M Z*Fk(S)
4. k>maxzeg|e|—~r+1=L;,(S)=S.
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4.2 Automaton accepting the smallest (k,r)-TTSS language that
contains a positive sample S

The following automaton recognizes Ly, (S), the smallest (k,7)-TSS language
that contains a positive sample S.

Given the sample S we obtain the 4-tuple (Ix(S), Fr(S), T%,(S), g). In the
sequel 0 will represent the [T} , (S)|-dimensional null vector. Vectors v have also
dimensién |7} . (S)|.

Let A = (Q,X,6,q0, F) with

— @ ={[u,0]: u € Pr(I(S))}u
{lv,vl:v € Z*1, vy, < g(w), Vw € Ty, (9)}.
— g =[1,0]
- F={y,v]eQ:ve F(S)}.
— The transition function § defined as follows:
L. Vu,ua € Pr(l(5)), |Ju) < k — 1,8([u, 0],a) = [ua,0].
2. Vaub € Ty, ,(S), where a,b € Z
o §(lau,v},b) =0 if vaup = glaub)
o 3(fau,v],b) = [ub, v'] if vau < g(aub) where v! , = vaup + 1 and
vy, = Vo Vw € Ty, (S) — {aub}.
3. Yaub € Z* — T}, (S), 0([au, v],b) = [ub,v].

Lemma 1. The transition function & defined above can be extended to the words
of S, that is, Vz € Pr(Ly, (S)), 8([A, 0], 2) = [fr—1(x), V], with vy = |Z ], Y €
Tr 0 (S).

Proof. We proceed by induction in |z|.

For z = A it evidently holds.

Let us suppose that the proposition is tiue Vz € Pr(Ly,(S)) with |z|] = m
and let x = ya with |y| = m,

1L Im<k-1,
O([A, 0}, ya) = 6(3([*, 0], 9),a) = 8([y, 0], a) = [ya, 0] = [fe_1(ya), 0]

2. It m >k ~1, 6([A, 0], ya) = 6(6([A,0],),a) = 6([fe—1(1), V], a), with v, =
9w, Yw € Ty, (S)

(&) I fr—1{ya) € % — T} ,.(S), it follows that [ fr-1(¥),v],0) =
[fe—2(y)a, v] = [fr_1(ya),v] and the proposition holds, as these words
don’t modify the associated vector of any of the segments of length £,
that is, Yw € T, (9), |yalw = |¥|w.

(b) If fr.1(ya) € T}, (S) it follows that [¥] 1 ()e < 9(fr—1(y)a), otherwise
ya & Pr(Ly,,(S))- Then 6([fu-1(y), v],a) = [fr_1(ya), v'], with
{V’f"—l(y)“ = 'ylfk_l(”y)a +1= Iya|fk__1(y)a.

Ve = Yalw = [ylw  Yw € Tx,(S) t w # fr_1(y)a
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Proposition 1. L . (S) = L(A).

Proof — If z € Li+(S), then z € Pr(Ly,(S)) N Z*Fy(S), that is, fr_1(z) €
Fy(S) and by lemma 1 §([A, 0], z) = [fr_1(x),v] € F, therefore € L{A).

— Let z € L(A4). It can be shown by induction in |z| that Vz € Pr(L(4)),

3{([X,0],z) = [fr—1(z),v(=z)]. Tt follows that [fe—1(z),v(z)] € F, and by

the definition of A, this implies that fx_;(z) € F.(S). By the definition

of @, vi(z) < vyu(S). Moreover 6([A,0),i5—1(x)) = [ix_1(x), 0], therefore

ir-1{x) € Ix(S) and then z € Ly . (S).
4

5 Inference of (k, r)-TTSS Languages from Positive Data

The class of regular languages is not identifiable from positive data in the limit
[8]. Even though, interesting subclasses of the family of regular languages that
can be inferred this way [3], {7], {13]. Conditions for language identifiability can
be found in [2], [11].

Given k,r > 1, the family of (k, r)-TTSS languages is identifiable from
positive data in the limit. That comes from the fact that, given an alphabet X,
the family of (k, r)-TTSS languages is finite.

Let L an unknown (%, r)-TTSS language and S a positive sample for L. An
algorithm that, on input of k, r and S outputs a finite automaton accepting
the smallest (k, r)-TTSS language that contains S, converge in el limit to an
automaton accepting L. In this sense, section 4 provides an algorithm that iden-
tifies in the limit the family of (k, r)-T'T'SS languages. The main disadvantage
of that algorithm is its high computational cost.

In this section we propose a new algorithm, less expensive in time, and though
it needs more data to converge, it identifies the family of (k, »)-TTSS languages
also. It is a states-merging algorithm and is shown in Figure 1. We will refer it
as (k,r)-TTSST algorithm.

INPUT: SC3,k>lr>1
OUTPUT: AFD Ag, compatible with § (S C L(A,))
METHOD: Obtaia T, (5)
Ao =(Q, X, 6,q0, F) the PTA(S)
h=(Q, X,5,q0, F') with
F'={u€Pr(S): 3¢ €8, fr-1(u) = fi_1(z)}
Compute ~, the equivalence in Q = Pr(9), defined:
Vu,v € Pr(S), u ~ v <=
fre=1(2) = fr1(v) AVw € ¥ (w € Ti(S) = |ufw = [vfw)
Ag, = Ap/ ~ _

End.

Fig. 1. Algorithm (k, r)-TTSST for inference of the family of (k,r)-T'T'SS languages.
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It is easy to see that L(Ag,) C Li,(S) Moreover, the automaton Ag,
is a subautomaton of the one defined in section 4. It is evident that if S is
structurally complete with respect to the automaton of section 4, we have that
L(Agys) = Li,(S). So (k,r)-TTSSI algorithm identifies the family of (%, r)-
TTSS languages in the limit.

As far as its application to Pattern Recognition tasks is concerned, the varia-
tion of parameters k and r permits a double control of the degree of generalization
obtained from the sample, which may be interesting for that purpose. It is easily
seen that for any fixed value of k and 7,

1. L(Ak+1,1-) - L(Ak,f‘)‘-
2. L{Aus+1) C L(Aey).

On the other hand, the algorithm can be implemented so that it works in an
incremental way, that is, if a new input is considered, the new hypothesis can
be obtained only from the current hypothesis and from this new input.

5.1 Example of run

Let £ = 2, r = 2 and § = {aababa,abaaba}. Then, I,(S) = F(S) = {a},
T52(S) = {aa,bb}, with g(aa) = 1 and g(bd) = 0.

Figure 2 shows the automaton A} for the sample S. Observe that A has the
same set of states that PTA(S), the only difference between them is the set of

O*-~-O*-O-0O
Jorlo
O=-O-@*-()-

Fig.2. Automaton Ap obtained from sample S = {aababa, abaaba}

Table 1 summarizes the values of [f—1(Pr(S)),v] for the states of A, and
the values k = 2,7 = 2 in order to obtain A/ ~. The resulting automaton is
shown in Figure 3(A). Figuze 3(B) shows the automaton obtained from the same
input data for the values k=2 andr =1,

5.2 Time complexity.

Let us suppose that (k, r)-TTSSI algorithm has obtained automaton A;_; from
the sample w; ..w;—; and receives w; = w;, wi,..w;,, as input. For each symbol
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Table 1. Values [fr_1(Pr(5)),v] of the states of A}

State 112|3{4(5/6{7(8/9/10|11(12
fe—1(Pr{8))iXela|blalblalblal a | 8| &

[VIew J0J0T|TIT[T[T]O[0f T I L1 1

[v]pp 0j¢|ojojoj0|0jOO{ OO O
{3,5,7,10,12}

{4,6,8,11}

12,9} @ 8 d {2,3,5,7,9,10,12}

A B

Fig. 3. Quotient automaton Ay/ ~ obtained after merging states in 4): (A) for k=2,
r=2 (B) for k= 2, r = 1. Numbers in the states correspond to the states merged in
Ap.

w;, of w; the algorithm has to decide if the state that corresponds to the pre-
fix wy wy,...w;; has already been created and, if this is not the case, it has fo
construct it. Afterwards, it has to update the transitions table. With convenient
data structures this opperation can be attained in klog|X|+ |Z|¥ logr steps for
each symbol in the worst case, so the total cost of obtaining automaton A4; from
Ai1 is (klog|X| + | Z|* log 7)jw;] steps.

6 Experiments with Handwritten Digits

We present the results of an experiment aiming to show the behavior of the algo-
rithm in a classification task for different values of k and r. In the experiment, a
database with 2400 images of handwritten digits has been used. It was composed
of 240 repetitions of each digit written by 12 different writers The images were
processed and an eight-symbol chaincode was achieved following the contour of
the image from the left end superior point. As the original chaincodes were long
and with great amount of information, the resolution was decreased using sepa-
ration grids of 6 and 10 pixels. In the sequel they will 1eferred as G6 and G10.
Examples of this representation for several digits are shown in Figure 4,

As the amount of samples in the database is small, in order to obtain sig-
nificant results, twelve different runs of each experiment for different values of &
and r were carried out using the leaving k-out (with & = 2) scheme. So, in each
run, the database was split into two sets: one (with 200 images of each digit)
for learning and the other (with 40 images of each digit) for testing, Therefore,
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0: 102122222233345656666666770
01102212322233446465666666677

1: 32222222224666766663376760
222222222224666676642476766

2: 12233333200002444457777767644433470770
10233233320007024444346776777664443770

Fig.. 4. Two randomly chosen digits from some of the 10 classes.

the well classification rates reported below are the average result of the twelve
runs of each experiment. Each string a was labelled as belonging to the class
represented by the automata A where the Levensthein distance Dy, (a, L{A)) is
minimum. In case of ties it is classified in the class that achieves smaller number
of substitutions. If the tie still remains, it is classified as "wrong”.

Calculus of distances were done using an extension of the Viterbi algorithm
that finds a minimum cost path through a general directed cyclic graph [1].

The confusion matrix for the 12 runs of the experiment with a separation
grid of 6 pixels and values k = 3 and r = 3 are described in Table 2. The column
labeled as ”W?” shows the number of ties for each digit. One should observe the
special behavior of the digit ”8”, which has been classified as ”0” 115 times, while
digit ”0” has been classified as ”8” only 10 times. This situation is 4 constant
in most of the experiments (either digit "0” is classified as 8" or digit "8” is
classified as ”0”, but not both in the same experiment),

We have also observed that the number of ties of each experiment decreases
as k or r increase. In case of a tie between two or more classes, one of them is
the correct class in more than 98% of the cases.

Table 2. Confusion matrix of the experiment with grid 6, k =3 and r = 3

0 1 2 3 4 5 6 7 8 9 W%
0459 0 0 0 8 0 0 0 10 2 1 956
110 4656 3 0 2 0 0 3 0 0 7 9.9
202 0474 0 0 0 0 0 4 O 0 988
3)0 0 6 456 2 1 0 3 2 8 20950
40 17 0 0 448 0 0 2 0 6 7 93.3
31 0 0 3 0475 0 0 0 0 1 990
6/1 0 0 0 0 0477 0 2 0 0994
770 26 4 0 8 0 0 421 0 15 6 87.7
8115 2 4 1 3 0 5 8 316 9 17658
992 5 0 15 10 0 0 0 O 446 2 929
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The well classification 1ates for values of k, 2 < k <dandr,1<r <5 are
summarized in Table 3.

Table 3. Correct classification rates of the experiment for different values of k and r

G10 k G6 k
2 3 4 5 2 3 4 5
110.67 |31.00(77.12(87.90 110.31 20.27|63.15{80.83
, 2123.06184.17/88.31{89.06 , 2[15.52161.17/94.56/94.56
3/71.92(87,50/89.23189.94 3(26.44192.44|95.44(95.04
4/82.92188.87/89.2790.00 4/73.00]93.62/96.24(95.73
5(86.18(88.52|89.27/90.44 3/84.06{95.11|96.41458.81

We can observe that:

— As k, r (o1 both) increase, the correct classification rates become greater
too, with only one exception (the case k =3 and r = 5 in grid 10).

— The classification rates increase faster when using grid 10 (shorter chains
containing less information) than with grid 6 for small values of %k and T,
but the later achieves better classification rates than the former for greater
values of £ and .

Some partial experiments have been done using stochastic automata. The
methodology for those experiments was essentially the same except that in each
rumn, the set of 200 images used before to learn the automata was split into two
sets: 120 images to leain the stochastic automata and 80 images to estimate the
probability of the error rules. In this case each string was classified as belonging
to the class that maximizes the a posteriori probability.

The classification rates achieved by stochastic automata are much better for
the values k£ = 2,3, but deciease with respect to non stochastic when k£ = 4,5
and r > 2 (this can be explained from the fact that each stochastic automata was
learned from 120 images, while non stochastic were learned from 200 images).

7 Conclusions

A new family of regular languages, the Locally Threshold Testable Languages
in Strict Sense has been introduced. This family includes the family of locally
testable languages in strict sense (for each value of k, they constitute the case
r = 1) and is included in the family of locally threshold testable languages. An
algorithm for inference of (k,7)-TTSS languages from positive data in the limit
and some experiments that show the evolution of the learning process as k and
7 vary have also been presented,
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