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ABSTRACT

Regular expressions define regular languages, so, there exist algorithms that can solve some important
problems concerning regular languages such as finite automata synthesis or analysis by using regular
expressions. In this work, we propose an extension of regular expressions to characterize a larger
language class, linear languages. Linear languages form a class which is properly included in the
context-free language class and which also properly includes the regultar language class From the
definition proposed in this work, an algorithm which obtains linear grammars fiom linear expressions
{and vice versa) is formulated in a way similar to the one for regular expressions. We also review
some problems concerning linear grammars such as the equivalence and the structural equivalence
problem
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1. Introduction

Conventionally, regular languages have been defined through finite automata, right (left) lin-
ear grammars or regular expressions as presented in any basic book on formal language theory
such as {6] When the language class becomes larger than 1egular language class, some of these
concepts have been extended and/or modified in order to define the new classes. Therefore,
pushdown automata and context-free grammars are able to define context-free languages. New
(1egular-like) expiessions have been proposed for diferent (regular and non regular) language
classes, and some works have taken such direction. So, Yokomori [14] proposed an extension of
regular expressions to define context-free languages for inductive inference purposes. Hashiguchi
and Yoo {4, 5, 15] proposed regular-like expressions to characterize bounded star degree lan-
guages. Gruska [3] introduced the operation of symbol iteration and defined the context-free
class in terms of union, product and symbol iteration operations, he proposed context-free
expressions by using the previous operators Yntema [13] proposed the cap operator and in-
troduced cap ezpressions to characterize context-free languages through cap, concatenation and
union operators. Here, we focuse on the structural information of linear grammars in order to
propose regular-like expressions to characterize them.

The definition of a descriptive formal language such as formal expressions, opens up the
possibility of proposing effective algorithms in order to obtain grammars from formal expressions
and vice versa. Furthermore, this definition can help to easily study some problems related to
formal grammars such as descriptional complexity and reversal complexity, in the linear case.

This work is structured as follows. First, some basic concepts concerning regular expres-
sions and some transformations related to obtaining finite automata are presented. Then linear
grammars are defined and we propose an extension of regular expressions to define linear lan-
guages. From the definition of linear expressions, we propose some algorithms which obtain
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linear grammars from expressions and linear expressions from grammars. We relate this work to
other problems 1elated to the equivalence and st uctural equivalence between linear grammars.
Finally, we present the conclusions of this work and some guidelines for future works.

2. Some Basic Concepts About Regular Languages

In this section, we provide some basic concepts about the definition of regular languages and
we present several transformations on these The definitions have mainly been obtained from
classical works on the formal language theory presented in {6]. The concepts that we provide are
basically focused on the 1elationship between regular grammars (finite automata) and regular

expressions.

Definition 1 Let X be an alphabet without the parenthesis symbols. A regular ELPIEssion over
2 is defined in an inductive way as follows:

- 0 is a regular expression which denotes the empty language.

L

- A s a regular ezpression which denotes the language that contains only the empty string,
{Ar

J. Foralla € X, a is a regular ezpression which denotes the language that contains only the

string a, {a}.

s}

4. Let v be a regular expression which denotes the language L, ; then () is a regular eTpression
that denotes the same language.

5. Letr and s be reqular expressions; then r-+s is g reqular expression that denotes the union
of the languages denoted by r and s

6. Letr and s be regi.r.lm‘ ezpresstons; then vs is a reqular ezpression that denotes the concate-
nation of the languages denoted by 1 and s.

7. Let v be o reqular expression; then r* is a reqular expression that denotes the closure of the
language denoted by r.

The only regular ezpressions are those defined according to these rules.

1t has been formally proven that any regular language is defined through a regular expression
and vice versa. Specifically, the synthesis problem is defined as the problem of finding a regular
grammar (finite automata) which is equivalent to a given regular expression, while the analysis
problem is defined as the opposite one, that is, finding a regular expression that denotes the
language defined by a regular grammar (finite automata). ‘

Different solutions have been broposed to solve the synthesis problem, such as the solutions
proposed in [10] and {1] and, more recently, the proposal by Hromkovi# ef gl [7) The method
Proposed here to solve the synthesis problem for linear grammars is highly related to the method
of derivatives of regular expiessions proposed by Brozozowski (1]. Therefore, we are going to
provide a basic definition which is related to this method.

Definition 2 ZLet I be o language defined over the alphabet X and z be @ string over the same
alphabet. The right quotient of L with respect to = is denoted by 2 1L and is defined to be the
set {u € B*: gy € L}. This set is known as the derivative of L with respect to = and can also
be denoted by der,(L).

It has been shown through Nerode’s Theorem that, given a regular expression over the al-
phabet 3, the different derivatives of the regular expression with respect to every string forms
a finite set In the same way, from the set of different derivatives obtained friom the regular
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expression, a deterministic finite automata (DFA) can be constructed which is equivalent to the
regular expression as shown in [1] The method for obtaining a DFA from a regular expression
is known as the derivative method.

The analysis problem has received different solutions as well, Some of them can be found in
[2]. Specifically, there exists a method which is based on systems of linear equations where the
coefficients and variables of the system are denoted by regular expressions Thus, the resolution
of the system obtained from a regular grammar {finite automata) gives the desired regular
expression as shown in the same book [2]. This method can be adapted in much the same way
as the derivative method in order to work with the extension over regular expressions

3. Extensions of Regular Expressions: Linear Expressions

In this section, we propose an extension of tegular expressions in order to define the languages
generated by linear grammars. This extension can be used to define regular languages as a
particular case. Throughout this section, we will provide definitions and results which wiil
make the subsequent methods for solving the analysis and synthesis problems related to linear
languages easier.

Definition 3 Let A = {a;,ay, - n} and B = {by, by, - - yOm} be two alphabets. We define
the alphabet A indexed by 5, denoted by As,, as the set {ay, a1, ey, s 8ny, 3" Opy b

Definition 4 Let G = (N,X,P,8) be a grammar. G is linear if éver‘y production in P is in one
of the following forms

1 A— aBf, where A\ B€ N ond o, 8 € T*
2. A— o, where A€ N anda € 5*

For every linear language, we can obtain the following normal form for a grammar that
generates it

1. A aB|Bawhere AABe Nandge X
2. A— Awhete Ae N

From now on, we will deal with linear grammars in the previously defined normal form

Definition 5 Let A = Yir,py be an indezed alphabet Given a string @ over A, we define the
image of z in X, denoted by img(z), through the following rules:

1. If £ = A, then img(X) = X

2 Ifz=ar w, withw € A*, then imz(ar - w) =a- img(w).

3 Ifr= ar - w, with w € A, then imz(ag - w) = img(w) -

As an estension of these rules, if I C A* then ims(L) = {imz(z) : z € L}

Now, we can give a definition for the extended regular expressions that we call linear ezpres-
sions.

Definition 6 Let A = Yir.ry be an indezed alphabet. A linear ezpression over A is defined in
an inductive way by the following rules:

1. B is a linear expression that denotes the empt_@j__ language, that i, the language imys (@) = 0.
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A is a linear ezpression that denotes the language which only contains the empty string,
that is, imz(A) = {A}.

For alla € ¥ ar, and ag are linear ezpressions that denote the language with the uniqu.
string a, that is, img(ar) = img(ar) = {a}.

Let 1 be a linear expression that denotes the language imx (1), then (r) is a linear ezpression
for the same language. :

Ifr and s are linear expressions, then r+ s is o linear expression that denotes the language
ims(r) U img(s).

If 1 and s are linear expressions, then rs is a linear expression that denotes the language
imu(rs).

Ifr is a linear expression, then r* is a linear expression that denotes the language img(r*)

%

We can also define a linear expression r as a regular expression over the alphabet X {L.R}

denoting the language imy(r).

'Exax_nple 1 The linear expression (arbrbg)* denotes the linear language defined by the set
{a'b* : i € N} which is not regular

Theorem 1 Ifr is a linear ezpression over the indezed alphabet Eir.ry, thenims(r) is a linear
language.

Proof. We will perform the proof as an induction process over the number of operations (unions,
concatenations and closures) that appear in the linear expiession in a way similar to Kleene's
Theorem for regular expressions [10]. In this case, we will provide an effective method for
obtaining linear grammars in the normal form for every linear expression.

Induction Basis

If 7 =@, then the linear grammar ({5}, X,, §) generates ims(0) = 0.

If r = ), then the linear grammar ({S}, %, {S — A}, S) generates the language imyg()\) = A
Va € &, if r = ar, the corresponding linear grammar is ag follows

({S, A} {a}, {S = ad; A2} 8)

Va € I, if r = ap, the linear grammar that we propose is as follows

({S, A}, {a},{S -+ Aa; A — A}, S).

Induction hypothesis

Let r be a linear expression that contains a maximum number of n operations of unions,
concatenations or closures with n > 0. Then, there exists a linear grammar G, that generates
the language imgz{r).

Induction step

Let ¢ be a linear expression that contains n+1 operations of unions, concatenations or closures.
Let us analyse the different cases that can appear in t:

1.

t = 1+ s, with r and s being linear expressions that contain a maximum number of
n operations. In this case, by induction hypothesis, there exist linear grammars &, =
(N;,3,P,8,) and G, = (N5, X, Py, Ss) that generate the languages imyz(r) and ims(s),
respectively We can assume, without loss of gener alization in our result, that N, NN, = §.

- Thus, it is easy to prove that the linear grammar G = ({Si}UN, UN,, 5, P, S;) generates

the language imx(r) Uims(s) = ims(¢). Here, the set P is defined as

Pz{S;—)cr:S,‘—>a€PT.}U{St—>ﬁ:SS—>6€PS}UPTUPS,

TR e
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2.t = rs, with r and s being linear expressions that contain a maximum number of

n operations. As in the previous case, by induction hypothesis, the linear graminars
G, = (N, 5, B, 8} and Gy = (N,, %, F;, S;) generate the languages img(r) and imz(s),
respectively. Again, we can assume that N, NN, =0 We propose the following grammar
that generates ims(t) = img(rs)

Gt = (Nr UNME;P; UPsaSr)
where F) is defined by the rules

¢+ fA—+aBech, then A—aBc P
*fA— Bae P, then A— Bae F!
e lf A+ A€ P, thenVa: S, 5P, A= acPl.

¢ = 1%, with r being a linear expression that contains a maximum number of n operations.
Again, by induction hypothesis, the linear grammar @, = (N, %, P, ;) generates the
language ¢mx(r). We propose the following linear grammar to generate imx (L) = imyg(r*)

G:= (N, 5, B U{S, = A}UP,S,)
where P/ is defined by the set

{Asa: (A= AeB)A (S, +acB))} O

Example 2 From the proof of Theorem 1, we are gaing to construct a grammar that generates
the language defined by the image of the linear expression (arbrbr)*. The grammar will be
defined step by step according to the application of every operation in the expression.

1

ar
S—=aad A= )

br
S A A )

. arbg

S-3ad A— A

A= X

S — A'b

‘The last production can be deleted as it is useless

arbrbp

S—aA A— A'b

A= A" A" = A

SH - A”b

As in the previous case, the last production is useless and can be deleted.

. (aLbRbR)*

S-—saA|X A-s A
A" A" A" — X |aA

We can easily prove that the last grammar generates the language {a'b® : i € N}, which is
the image of the linear expression (a Lbrbr)*.
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Now we are going to propose a solution for the analysis problem. Given a linear grammart,
the problem is to find a linear expression whose image denotes the language generated by the
grammar. The algorithm to apply in the resolution of this problem is based on a reduction of
the linear grammar to a regular one and the subsequent resolution of the regular grammar using
well known methods. Finally, the regular expression gives the desired linear expression We
provide the following definition which will help us to carry out this task

Definition 7 Let G = (X, N, P,S) be a linear grammar in the normal form. We define the
extended regular grammar of G and we denote it by Ge, as the tuple (E{L’R},N, P’ SY), where
P! is defined by the following rules:

1. IfA—- Ae P, thenA—3 ) e P!
2. IfA—>oB€P, then A-»qrBe P
3 IfA—> Ba€P, then A— agB e P

Lemma 1 Let G be a linear grammar in the normal form and G., be its extended reqular
grammar. Then z € L(G.,), if and only if ims(x) € L(G).

Proof. First, we will see that z € L(G,,) implies that imx(z) € L{@). The derivation sequence
of = in G, will have the following form:

(87 [+ Xn_—1 @
S = 1A 22 mxady . S gz Tn-1An-1 = 1120 TH =1
GeT GET' G G

er er

where every production ¢; takes the form A;_; — z;4;. Therefore, by choosing the produc-
tions in G that define every o;, which we denote by of, we can obtain the following derivation

sequence in G

22

o, ! n— !
5 ? YA %g Y2 dacde - - :G'>1 Yn—-1An-_1¢n-1 a:GB Yndn

where v, ¢; € X¥ for ¢ = 1, - n, and it easy to prove that v;¢; = imy(zy - 2;) for ¢ =
1, ,n. Therefore, we can conclude that ~y,¢, = img(z) and § :2? imz(z). Then, img(z) €

L(G) as was previously stated.
The other implication to be proven, imxz(z) € L(G) = z € L(G,,), can be performed as

before ]

Example 3 Given the linear grammar defined by the following rules

5 —>aA|bB
A — Aa | bB
B —aC | Bb
C—= X
its extended regular grammar is defined by the following productions
S—aLAlbB
A—arA|bLB
B = arC | brB
C—A

Theorem 2 For every linear grammar G, there exists a linear ezpression r such that L{G) =
imy(r).
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b L4,Ry

Linear grammar !' Extended regular grammar,

G Regular ‘ Ger
transformation

Systems of

Egquivalence . .
lineqr equations

Linear language Linear expression

imZ (r)=L(G) image [L -

b Zi,Ry

Figure 1: A scheme to obtain the language generated by a linear grammar

Proof. By applying the scheme of Figure 1, we can obtain a linear expression for the given
linear grammar.

It is enough to obtain the extended regulaz grammar (7, from & and we can calculate a regular
expression 7 to denote L(Ge,). This expression is a linear expression that denotes ims(L(G))
as established in Lemma 1. |

Given a linear grammar, it is obvious that we can always construct its extended 1egular
grammar. If we apply the method based on systems of linear equations as shown in [2] to
the regular grammar then we can obtain a linear expression whose image corresponds to the
language of the initial linear grammar The scheme to apply the different transformations is
shown in Figure 1.

Example 4 Given the extended regular grammar of example 3, its linear expiession can be
obtained by solving the following equation system:

S=aA+5b.B
A:GRA+bLB
B=aLC+bRB
C=2A

The linear expression associated to this equation systemn is obtained from the solutions of the
system which are the following:

C=X  B=bh, A=aybibias
8= a.La*RbLb”&aL -+ bLbTQGL

4. Another Synthesis Algorithm

Once we have established the equivalence between linear expressions and linear languages, we
introduce a different method to solve the synthesis problem which is based on the derivative
method proposed by Brozozowski [1]. First, we are going to provide the basic derivative rules of
any linear expression with respect to any symbol. We then extend the rules to obtain derivatives
of linear expressions with respect to strings and, finally, we propose a method for obtaining linear
grammais from the previously calculated derivatives.
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Definition 8 Let t be a linear ezpression over Xyp gy and a € 3. We define the derivative of t
with respect to ap,, and we denote it by dery, (t), through the following rules:
1 dery (0} =0
2 dery, (A\) =10
Aifa=5h

4. Ya,b€ X derg, (br) =10
5 derg, (v + s) = derg, (r) + derg; (s)
. )\if}\E’é-mZ(T)
6. dery, (rs) = derg, (r)s + d(r)der here 6(r) = '
erq, (1s) = derq, (r)s + d(r)der,, (s) where 8(r) {@ i A ¢ ime(r)
7 derg, (1*} = derg, (r)r*
In the same way, we can define the derivetive of t with respect to ag, denoted by der,, (%),
through the following Tules:
1 derg, () =10
2 dergn, (M) =10
3 VYa,b €Y dery,(br) =19
Aifa=1b
. derg,(br) = '
4 er R( R) {@zfa.gﬁb
5. dergp(r+5) = dergy (1) + derag (s)
N T ‘
6 dergy(1s) = deray (r)s + 6(r)der oy (s) where 6(r) = Z,f < z'mg(r)
0 if A& imz(r)
7 dergy(r*) = deray (r)r*

From this definition, we can extend the derivatives of any linear expression with respect to
any string in the alphabet %y ry. We provide the following definition to perform this

Definition 9 Let ¢ be a linear expression over By, gy and z € (X, r})* We define the deriva-
tive of t with respect to x, denoted by dery(t), through the following rules:

1 dery(t) =1
2. derga, (t) = derq, (derz(t))
3. dergan(t) = der,, (der (1))

From these derivative rules, we can provide a method for obtaining a linear grammar which is
equivalent to a given linear expression. Therefore, if'{ is a lineaxr expression over Xy, g}, then we
denote the set of all the different derivatives of the linear expression with 1espect to the strings
of the alphabet by D(t). This set is finite, given that ¢ is a regular expression over the indexed
alphabet. Tle construction of a linear grammar which is equivalent to the linear expression is
carried out as follows:

G = (N,2,P,5)
N = D(¥)
S = der(t)

P is defined through the following rules with z € E?L R}
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1. dery(t) — a - dery,, (£)

2 dery(t) = dergoy () a

3. If A € imyp(dery(t)) then derg(¢) — A
Example 5 Given the linear expression (arbrbr)*, the set of all the different derivatives with
respect to {a, b}y, R} is calculated as follows

* dery((arbrbr)*) = (arbrbg)*
derq, ((azbrbr)*) = brbr(arbrbr)*
dery, ((arbrbr)*) =0
dera, ((arbrbr)*) =0
dery, ((arbrbr)*) = {f

de?af‘a[ ((GLbRbR)*)
derg, by ((O}LbRbR)*)
)

dera[ aR((aLbRbR)*

Y
)
@

= brlarbrbr)*

*
E

der g6, ((apbrbr)*

dera;,b}gal‘ ((GL bRbR) = @
={
@

)
® dery;babp((aLbrbr)*) = (arbrbp)*

deval bRbL((aLbRbR *

)
)
)

)
deraLbRaR ((aLbRbR)

From these detivatives, a linear grammar which is equivalent to the linear expression is
obtained using the auxiliary symbols § = dera((arbrbr)*), A = dery, ((arbrbr)*) and
B =derg;5,{(arbrbr)*) The productions of the grammar are the following:

S-—saA|X A—=Bb B-»Sh

5. Equivalence and Structural Equivalence for Linear Grammars

From linear expressions, we can offer a different point of view to the resolution of some problems
which are related to linear languages such as the equivalence problem between linear grammars
[12] or the structural equivalence problem for linear grammars (8, 9, 11] The first problem
was proven to be unsolvable by Rozenberg [12], so we cannot make any progress related to this
However, we can provide a different method for solving the second problem which, unfortunately,
maintains its level of complexity

First, let us see a result which relates the equivalence problem for linear grammars to the
results presented in this work. This relation is established in the following theorem.

Theorem 3 The eguivalence problem for linear ezpressions is unsolvable That i, given two
different linear ezpressions, 1 and s, there does not exist an effective procedure to establish
whether ims(r}) = ims(s).

Froaf. The equivalence problem for linear grammars was proven to be unsolvable by Rozenberg
[12]. It is easy to reduce the equivalence problem for linear grammars to the equivalence problem
for linear expressions. Consequently, the problem stated in the theorem is also unselvable O
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"The structural equivalence problem for linear grammars is stated as follows: Given two linear
grammais () and (g, the solution consists of determining whether the set of derivation skeletons
of G1 is equal to the set of derivation skeletons of 5. This problem was proven to be PSP ACE-
complete [8, 9, 11]. We can reduce the structural equivalence problem for linear grammars to
the equivalence problem for regular ones. The equivalence problem for regular grammars was
also proven to be PSPACE-complete [8]. :

Given two linear grammars ' and G7, the structural equivalence problem can be established
from the equivalence problem between G,, and Gl,.

Theorem 4 Let G and G’ be linear grammars in the normal form and G and G, be their
corresponding extended regular grammars Then, G is structurally equivalent to G, if and only
if Ger is equivalent to G, .

Proof Trivial from the proof of Lemma 1. O

We can extend the last result to linear grammars as follows

Theorem 5 Let Gy and Gy be linear grammars. Then, there ezist linear grammars in the
normal form G and GY% which are respectively equivalent to G1 and G, such that

(a) If Gy is structurally equivalent to G then G is structurally equivalent to G,
b) If G is structurally equivalent to (¥, then G'1 is equivalent to G
1 2

Proof. Let us obtain G and G} from G and G as follows: For every production in G; (or
(2) in the form A — a1+ 4, Bby - - by, substitute it by the set of productions 4 — arA,, -,
An—1 = anB) and By — Boby,, -, By, — Bby. For every production in the form A4 —s a1y
substitute it by the set of productions 4 -3 a1d1, - ,An-1 = anAd, and A, -3 A. The
productions A -+ a; - a,B and 4 — Bby - by, are transformed in a similar way.

(a) Suppose that G is structurally equivalent to G, then trivially so are G} and G,.

(b) By the other hand, if G| is structurally equivalent to Gy then Gy is (not necessarily
structurally) equivalent to Gy. The factorization of the production rules to obtain G and G,
does not preserve the original correspondence between the structures of the rules in G4 and G5

0

6. Conclusions and Future Work

Thioughout the present work, we have presented linear expressions as a new formalism for

defining linear languages. This proposal has allowed us to establish new methods for solving

the analysis and synthesis problems which are related to linear grammars. Finally, we have

proposed a new method for solving the structural equivalence problem for linear grammars.
Future work related to this paper can be summarized as follows

1. We can apply indexed alphabets to define other language classes such as context-free ones.
In this case, it would not be enough to use an indexed alphabet such as Xir,R), given
that the structural realtionships between the auxiliary symbols in the grammar are more
complex than in the linear case. Therefore, we should use a different indexed alphabet to
take into account some relations such as precedence between symbols and the number of
symbols in every production.

2 If we turn our attention to studying only the structural aspects of the grammar, then we
can use the same indexed alphabet 2¢r,R), but we need to define an image over {L,R}.
We could also study some aspects of linear grammars such as the number of linear changes
from left to right (right to left) that are carried out during the derivation of any string
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in the grammar From this study, we might be able to impose new normal forms on the
structure of the grammar.
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