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Abstract

Mixture modelling is a hot area in pattern recognition.
Although most research in this area has focused on mix-
tures for continuous data, there are many pattern recogni-
tion tasks for which binary or discrete mixtures are better
suited. This paper focuses on the use of Bernoulli mixtures
for binary data and, in particular, for binary images. Re-
sults are reported on a task of handwritten Indian digits.
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1. Introduction

Mixture modelling is a popular approach for density es-
timation in both supervised and unsupervised pattern classi-
fication [8]. On the one hand, mixtures are flexible enough
for finding an appropriate tradeoff between model com-
plexity and the amount of training data available. Usually,
model complexity is controlled by varying the number of
mixture components while keeping the same (often sim-
ple) parametric form for all components. On the other hand,
maximum likelihood estimation of mixture parameters can
be reliably accomplished by the well-known Expectation-
Maximisation (EM) algorithm.

Although most research in mixture modelling has fo-
cused on mixtures for continuous data, there are many pat-
tern recognition tasks for which binary or discrete mixture
models are better suited. This paper focuses on the use of
(multivariate) Bernoulli mixtures for binary data and, in par-
ticular, for binary images. EM-based maximum likelihood
estimation of Bernoulli mixtures is known even before the
general statement of the EM algorithm in 1977 [3]. In fact,
the basic formulae appear in a proposed problem of the clas-
sic 1973 book by Duda and Hart [4, pp. 256 and 257], who
attribute to Wolfe their derivation in 1970 [4, p. 249]. In
spite of being known for more than three decades, Bernoulli
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mixtures as such have seldom been assessed in practice.
In [7], for instance, a more complex yet closely-related
model is successfully tested on a conventional OCR task,
but no comparative results are provided for the simpler,
pure Bernoulli mixture model. It seems that, at most, this
pure model has been only applied to non-conventional ap-
plications such as unsupervised modelling of electropalato-
graphic data [2].

During the past few years, we have found that Bernoulli
mixtures are really effective in certain supervised text clas-
sification tasks [6, 9]. These tasks, however, can be also
considered somewhat non-conventional. Here, our aim is to
show that the pure model is very promising also for con-
ventional pattern recognition applications involving binary
data and, in particular, binary images. We first briefly re-
view the model and the basic theory on its EM-based max-
imum likelihood estimation. Then, experimental results are
reported on a task of handwritten Indian digits recognition.

2. Bernoulli mixtures

A finite mixture model is a probability (density) function

of the form:
I

plae) = p(i)p(x|i) (1
i=1

where [ is the number of mixture components and, for each
component i, p(4) is its prior or coefficient and p(x | ) is its
component-conditional probability (density) function. It can
be seen as a generative model that first selects the ith com-
ponent with probability p(7) and then generates « in accor-
dance with p(x | 7).

A Bernoulli mixture model is a particular case of (1)
in which each component ¢ has a D-dimensional Bernoulli
probability function governed by its own vector of parame-
ters or prototype p; = (pi1,---,pip)t € [0,1]7,

D
p(@|i) = T ] pii (1= pia)' ™ )
d=1

Note that this equation is just the product of independent,
unidimensional Bernoulli probability functions. Therefore,
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for a fixed i, it can not capture any kind of dependencies or
correlations between individual bits.

Since we aim at representing pixels of a binary image as
bits governed by Bernoulli distributions, it becomes clear
that a single multivariate Bernoulli component will usually
be inadequate to cope with the kind of complex pixel depen-
dencies that often underly in binary images of interest. This
drawback is overcome when several Bernoulli components
are adequately mixed. Consider, for instance, the classical
XOR problem. The goal is to have high probability for vec-
tors (0,0)" or (1,1)* and low probability for the other two
bit combinations, (0,1)" and (1,0)". Although this can not
be done using a single-component model, it can be easily
done with a two-component mixture model (see Table 1).

T p(z|1) p(x|2) p(x)
(0,00 0°1'0°1' =1 1°0'1°0' =0 05
(0,1 0°110'1°=0 1°0'1'0°=0 0
(1,0) 0'1°0°1t =0 1'0°1°0'=0 0
(1,1)t 0*1°0'1°=0 1'0°1'0°=1 0.5

Table 1. Probability distribution for the XOR problem
given by a Bernoulli mixture of two equiprobable com-
ponents with prototypes p, = (0,0)" and p, = (1,1)".

As with other types of mixtures, Bernoulli mixtures can
be used as class-conditional models in supervised classifi-
cation tasks. Let C' denote the number of supervised classes.
Assume that, for each supervised class ¢, we know its prior
p(c) and its class-conditional probability function p(x | c¢),
which is a mixture of /. Bernoulli components,

p(x|c) = p(x|c,i) 3)

Then, the optimal Bayes decision rule is to assign each pat-
tern vector  to a class ¢*(x) giving maximum a posteriori
probability or, equivalently,

c(x) = arg max log p(c) + logp(ac| c) 4)
+ logZp

Figure 1 (left) shows a simple example of binary im-
age classification task. Two classes of boats are considered
which only differ in the relative position of their two masts
of different lengths. While boats of class 1 have the tall mast
in the stern area, those of class 2 have it towards the bow.

Since boats can appear in both ahead or astern directions,
when the boat silhouette images are seen as raw collections
of binary pixels, only subtle pixel correlations can help dis-
tinguish both classes. For class 1, if black pixels are found
in the image zone A (Figure 1, right), zone B should also

= argmaxlogp Yp(x|c,i) (5)

be black and zones C and D should be white, while if black
pixels are found in zone D, then zone C should be black
and both zones A and B should be white. Similar, but oppo-
site, pixel correlations hold for images of class 2.

Clearly, these subtle dependencies can by no means be
captured by a single multivariate Bernoulli model for each
class: as shown in Figure 2, both classes become completely
confused. Nevertheless, as with the XOR example previ-
ously discussed, the required dependencies can be properly
modelled by a two-component mixture per class which, in
this simple case, is enough for perfect classification.

Class 1 Class 2

Figure 1. Left: Samples of boats from two classes.
Right: Image zones of interest.

Class 1 Class 2

Figure 2. Prototypes of the single-component
Bernoulli models for the two boat classes. The prob-
ability of each pixel to be 1 is represented as a grey
value with “white=0" and “black=1".

3. Maximum likelihood estimation

Let X = {x1,...,xn} be a set of samples available
to learn a Bernoulli mixture model. This is a statistical pa-
rameter estimation problem since the mixture is a probabil-
ity function of known functional form, and all that is un-
known is a parameter vector including the priors and com-
ponent prototypes:

© = (p(1),.-..p(I), Py, Ps)"- ©)

Here we are excluding the number of components from the
estimation problem, as it is a crucial parameter for control-
ling model complexity and receives special attention in sec-
tion 4.

Following the maximum likelihood principle, the best
parameter values maximise the log-likelihood function

L(O]X) = Zlog(Zp wn|) 7)
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In order to find these optimal values, it is useful to think
of each sample x,, as an incomplete component-labelled
sample, which can be completed by an indicator vector
zn = (2n1, ..., 2nr)t with 1 in the position corresponding
to the component generating x,, and zeros elsewhere. In do-
ing so, a complete version of the log-likelihood function (7)
can be stated as

N I

Lo(O|X,2) =D 2 (logp(i) + log p(mnli)) , (8)

n=11:=1

where Z = {z1,...,zn} is the so-called missing data.

The form of the log-likelihood function given in (8)
is generally preferred because it makes available the
well-known EM optimisation algorithm (for finite mix-
tures) [3]. This algorithm proceeds iteratively in two steps.
The E(xpectation) step computes the expected value of the
missing data given the incomplete data and the current pa-
rameters. The M(aximisation) step finds the parameter
values which maximise (8), on the basis of the miss-
ing data estimated in the E step. In our case, the E step
replaces each z,; by the posterior probability of x,, be-
ing actually generated by the ¢th component,

) p(xn D) (n—l,...,N> 0
. fozlp(i’)p(wnu’) i=1,....,1 ) )

while the M step finds the maximum likelihood estimates
for the priors,

N
1
p(i)zNsz; (i=1,...,1), (10)
n=1

and the component prototypes,

N
1 .
Zn:l Zni p=1

To start the EM algorithm, initial values for the param-
eters are required. To do this, it is recommended to avoid
“pathological” points in the parameter space such as those
touching parameter boundaries and those in which the same
prototype is used for all components [2]. From our experi-
ence, we recommend using an equiprobable mixture with
each prototype computed as a linear combination of a pro-
totype drawn uniformly (from the open unit hypercube) and
a randomly chosen training bit vector (for instance, 75%
of the former and 25% of the latter). Provided that a non-
pathological starting point is used, each iteration is guar-
anteed not to decrease the log-likelihood function and the
algorithm is guaranteed to converge to a proper stationary
point (local maximum). Also, for the sake of robustness, it
is important to introduce some sort of model smoothing.

4. Experiments

A Bernoulli (mixture) classifier for binary images re-
quires the images to be represented as binary bit vectors of
fixed dimension. Therefore, some kind of normalisation is
needed in order to establish a fixed geometry for the images
considered. Using such a representation, shapes of arbitrary
complexity and variability can be easily handled by letting
the underlying class-dependent pixel combination features
be “discovered” through appropriate mixtures of multivari-
ate Bernoulli components. Our first experiments under this
framework involved recognition tasks where a number of
stylised binary shapes, such as those illustrated in the ex-
amples of Figure 1, were considered. These experiments
showed the great potential of Bernoulli mixtures to model
complex shapes. Also, preliminary experiments with Latin
(Arabic) digit images from the NIST corpus [5], yielded
satisfactory results and clearly showed the interest of this
approach. Here we consider another OCR task consisting
in the recognition of Indian digits, extracted from courtesy
amounts of real bank drafts. We have used the 10425 digit
samples included in the non-touching part of the Indian dig-
its database recently provided by CENPARMI [1].

Original digit samples are given as binary images of dif-
ferent sizes (minimal bounding boxes). To obtain properly
normalised images, both in size and position, two simple
preprocessing steps were applied. First, each digit image
was pasted onto a square background whose centre was
aligned with the digit centre of mass. This square back-
ground was a white image large enough (64 x 64) to accom-
modate most samples though, in some cases, larger back-
ground images were required. Second, given a size .S, each
digit image was subsampled into S x S pixels, from which
its corresponding binary vector of dimension D = S? was
built. Figure 3 shows one preprocessed example of each In-
dian digit (S = 30).

N LY 2

0 1 2 3 4
|~ | Y| I~ C.\
5 6 7 8 9

Figure 3. 30 x 30 examples of each Indian digit.

The standard experimental procedure for classification
error rate estimation in the CENPARMI Indian digits task
is a simple partition with 7390 samples for training and
3035 for testing (excluding the extra classes delimiter and
comma). Figure 4 shows, for all S € {14,20,30} and
I € {1,2,5,10,15,20,25}, the average error of the I-
component Bernoulli mixture classifier tested on the data
subsampled at S x S pixels. Each average was computed
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from 50 runs of the standard experimental procedure, each
run entailing a randomly initialised EM-based learning of a
Bernoulli mixture per class. For simplicity, we did not try
classifiers with class-conditional mixtures of different num-
ber of components; i.e. an /-component classifier means
that a mixture of /. = I Bernoulli components was trained
for each digit c.

Error rate (%) size = 14 —a—

45 | 20 -m
30 ...... o

Figure 4. Classification error rate as a function of the
number of mixture components in each class (I), for
several image sizes. Error bars show standard error.

From the results shown in Figure 4, first note that the
curve for S = 14 is not as good as those for 20 and 30,
which are very similar. Therefore, a subsampling value of
20 can be considered appropriate for this task. Note also
that, as expected, the error rate behaviour as a function of
I can be described as a smooth concave curve with its min-
imum at an intermediate value (around / = 15). That is,
the optimal model complexity is somewhere in between the
simplest (I = 1) and the most complex (I >>) models.

One of the most salient characteristics of Bernoulli mix-
ture models for binary images is their ease of interpreta-
tion. Taking advantage of this characteristic, Figure 5 shows
a few steps of the EM-based learning of a 10-component

10| QSIS S S |CISC S S
BN e | T[T TS

Figure 5. Bernoulli prototypes of digit 2 after itera-
tions 0 (initialisation), 1, 10 and 28 (convergence) of
the EM algorithm. The probability of each pixel to be
1 is represented as a grey value with “white=0" and
“pblack=1".

Bernoulli mixture from digit 2 samples at 20 x 20 pixels
(400-dimensional bit vectors). After the first iteration, all
prototypes look more or less the same but, after iteration
10, each prototype has clearly become specialised in a par-
ticular writing style.

5. Conclusions

A multivariate Bernoulli mixture model has been pro-
posed for binary image classification. Each image pixel is
assumed to be governed by its own scalar Bernoulli distri-
bution for each mixture component. Pixel correlations or
dependencies which often underlay complex shapes of in-
terest are captured thanks to the contribution of the differ-
ent components of the mixture. All the mixture parame-
ters are trained by the standard EM algorithm, leading to
very effective classifiers. To assess the capabilities of this
model, experiments have been carried out with the recently
provided CENPARMI handwritten Indian digits recognition
database. Results clearly show the effectiveness of the pro-
posed approach.
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