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Abstract. We propose greedy selections strategies to identify a small
subset of data samples that are most suited for transfer learning. On
these samples the transfer learning is done on a subspace in a kernel
defined feature space. The sampling strategies make the kernel methods
applicable even in large scale scenarios. We validate our proposed method
on a benchmark data set and compare to state of the art transfer learning
methods.

1 Introduction

The usual assumption for most of the Data Mining and Machine Learning tasks
is that the training data used to learn a model has the same distribution as the
test data on which the model is applied. On the other hand, there are many
situation where this is not true. For instance, in a case when new data gets
available but no additional information is present to learn a new model.

We assume to have two data sets with (possible large) difference in distribu-
tion. On the one hand, we have data from a source domain S that is distributed
via ps together with label information y distributed via ps(y|x). On the other
hand, we also have data from a target domain T that is distributed via pt with
no label information. The transfer learning task now is to use the source do-
main together with its label information to find a classifier that labels the target
domain best.

From bounds on the expected error on a target domain T using only training
data from a given source domain S, we learn that for transfer learning to be
successful, we need at least two things. First, the probability distributions of the
two domains must be similar. Hence, D(ps, pt) is small, for D any measure of
discrepancy of distributions. And second, the difference of the hypothesis from
both domain must be small. This can be directly read from the following bound
by Ben-David et al. [BDBC+10] from Theorem 1 page 155:

εt(h) ≤ εs(h) +D(ps, pt) (1)

+ min (

∫
|hs(x)− ht(x)|ps(x)dx,

∫
|hs(x)− ht(x)|pt(x)dx) (2)

The bound tells, that the expected error εt of any hypothesis h on the target
domain can be bounded by the expected error εs on the same hypothesis trained



on the source domain, the difference in distribution of target and source domain,
and the expected difference of any two hypothesis hs and ht from the source and
target domain. Our goal for transfer learning now will be to minimize this bound
by finding a suitable data representation.

Based on several observations many approaches have been proposed to find
a proper representation of the data from both domains to account for a good
domain adaptation or transfer of knowledge.

One line of research tries to find such feature representations of different data
sets that are invariant for both data set distributions. Low dimensional feature
representations are used to capture this invariances. These representations are
for instance extracted via dimension reduction methods like (kernel) PCA.

To sum up, we want to find a low dimensional representation of the data
from source and target domain. This representation shall keep enough structure
from the data that a classifier trained on the source domain still perform well on
the source and target domain. By this, we want to account for that part of the
bound above that integrates the generalization error on the source domain. On
the other hand, a low dimensional representation shall make the two data sets
more similar and possible hypothesis from the source and target domain closer.
This accounts for that part of the bound above that integrates the distance of
the distributions of the two data sets and the expected distance in hypothesis
from the domains..

Formally, we have the following generic loss for transfer learning:

L(ps(x), pt(x)) = D(ps, pt) + λ · d(hs, ht)

Where D(ps, pt) is a discrepancy measure between distributions and d(hs, ht)
estimates the distance between any two hypothesis trained in the source respec-
tively in the target domain. The parameter λ trades off the influence of the
discrepancy and the generalization error on the source domain. The task now is
to find a low dimensional subspace such that when projection onto this subspace
the loss above gets minimized.

We concentrate on kernel methods, since they provide us with high-dimensional
and non-linear data representations. Further, via kernel methods we can also in-
tegrate structural information and even information from probabilistic models.

A critical issue with kernel methods is that - in the simplest implementation
- they scale quadratically or cubically in the number of training samples. To
account for the issue different approximation strategies have been proposed.
For instance, Nystrom sampling [WS01], Incomplete Cholesky decomposition
[STC04] or Kernel Matching pursuit [VB02].

In order to reduce memory and computational effort, we propose a greedy
selection strategy that finds the most useful data samples in the source domain
for transfer learning. By this, we reduce the data size and concentrate on those
samples that are potentially best suited for transfer knowledge. This idea is based
on the assumption that not all source samples might by equally important for
adaptability. This has been investigated for instance by Gong et al. in [GGS13].



In the next sections we shortly describe kernel methods. Then, we tell how we
can measure discrepancies of distributions and how we can use projections onto
subspaces to reduce such a discrepancy. Finally, we propose to greedily select
samples that spann the subspace for transfer learning to account for large scale
transfer learning tasks.

2 Kernel Methods and RKHS

Kernel methods accomplish to apply linear methods on non-linear representa-
tions of data. Any kernel methods uses a map X → φ(X) from a compact input
space X, for instance <n, into a so called Reproducing Kernel Hilbert Space
(RKHS). In this space, linear methods are applied to the mapped elements like
Linear Regressions or Support Vector Machines. The RKHS is a space of func-
tions f(y) = φ(x)(y) ∀x ∈ X that allows point evaluations by an inner product,
hence f(y) = φ(x)(y) =< φ(x), φ(y) >. φ(x) is a function and φ(x)(y) mean the
function value at y.

For the mapping φ from above, Kφ is the integral operator as defined in
Equation 3 for a probability distribution P on the input space X.

Kφ(f)(t) =

∫
f(x)· < φ(x), φ(t) > ·dP (x) (3)

For this integral operator, we denote < φ(x), φ(y) >= k(x, y) with kernel k.
By Mercer Theorem [Mer09] there is a one to one correspondence of the above
defined RKHS and the integral operator via the kernel k. This correspondence
is given by the expansion k(x, y) =

∑∞
i=1 φi(x) · φj(y) for {φi} an orthonormal

basis in the RKHS.
The covariance operator C on a Hilbert space H is is defined as E[Z × Z∗]

the outer product of a random elements Z ∈ H with its adjoint Z∗. This is
analogue to the covariance of centred random elements in <n where we have
C = E[X ·XT ]. The empirical covariance is estimated via Ĉ = 1

m

∑
φ(xi) · φ(xj)

for a centred sample {φ(x1), · · · , φ(xm)} with xi drawn from P .
Schoelkopf et al. [SSM99] proposed to perform Principal Component Anal-

ysis (PCA) [Hot33] in a kernel defined RKHS based on the eigenfunctions and
eigenvalues of the covariance operator C. In Chapter 3.1, we explain how this
can be used to extract subspaces that approximate the subspace where the data
is mapped to in the RKHS. We will the distance to this subspace in a selection
strategy for samplings data such that they match best a different distribution.

As stated by Steinwart in [Ste05], a classifier is universal consistent if it can
asymptotically learn every classification task. A classification task is defined as
learning a function f that maps inputs x that are distributed via p(x) to outputs
y that are distributed via p(y|x). Given samples (x, y) drawn from p(x, y), f is
learned. Concentrating on output spaces Y = {−1, 1}, the decision function is
defined as sign(f(x)) the signum of the function f . The Bayes risk for a sample
(x, y) is defined as the infimum of the probability that the decision function
agrees with y over all functions f . If for samples {(x1, y1), · · · , (xn, yn)} and



n → ∞ the decision function reaches the Bayes risk, then the corresponding
f is said to be universally consistent. Universal kernels induce functions spaces
that contain universally consistent functions. In [MXZ06] Micchelli et al. discuss
conditions for a kernel to be universal. For instance translation invariant kernels
with compact support are universal. One of the most important universal kernel
is the Gaussian kernel k(x, y) = exp (−σ2 · ‖x− y‖22) which is used in this work.
As introduced by Smola et al. in [SGSS07], universal kernels can be used to
map whole distributions into a Hilbert space. The embedding is defined via the
mean map µ[p] = E[k(x, .)] for all probability distributions p with bounded
expectation E, respectively its empirical version µ[X] = 1

m

∑m
i=1 k(xi, .) for a

sample X = {x1, · · · , xm} with xi drawn from p. For universal kernels k, these
mappings are injective and can be used to estimate differences in distributions.
Later, we will use this fact in a selection strategy for samplings data such that
they match best a different distribution.

3 Subspace Methods

A subspace in an RKHS H is a closed subset H ′ ⊂ H. We identify this subspace
by a projection P that maps all elements of H to H ′. In this work, we concentrate
only on subspaces that are spanned by the given data points in the RKHS. This
means each element in the subspace can be written as linear combination of all
data points in the RKHS, hence v =

∑
x∈H αi · φ(xi) for all v ∈ H ′. In the

next section, we explain how kernel PCA can be used to find an appropriated
projection matrix onto such a subspace.

3.1 Kernel PCA

Kernel Principal Component Analysis [SSM99] extracts an orthogonal basis, also
called principal components, in a kernel induced RKHS. Projecting the data onto
the subspace spanned by the first k components captures most of the variance
among the data compared to all other possible subspaces where the data lies in.

The k components are exactly the eigenfunctions corresponding to the largest
k eigenvalues of the covariance operator of the kernel.

The covariance operator is approximated by the empirical covariance matrix
C = 1

b

∑
i φ(xi) · φ(xi)

T . An eigenvalue decomposition on C results in a set of
eigenvalues {λi} and eigenvectors {vi} such that λi · vi = C · vi.

A projection of a sample x in the RKHS onto U = {vi} is done by PU (φ(x)) =
(< vi, φ(x) >, · · · , < vk, φ(x) >) ∈ U . Since, the vi lie in the span of the {φ(xi)},
each component is given by vi =

∑
j αj,i · φ(xj). This results in the projection

PU (φ(x)) = (
∑
j αj,1 < φ(xi), φ(x) >, · · · ,

∑
j αj,k < φ(xi), φ(x) >) ∈ U . From

the eigenvalue decomposition we have αi,j = ( 1√
λi
· vi)j .

The steps of kernel PCA can be summarized as [STC04]:

– Center kernel Matrix K
– Perform Eigenvalue decomposition: [V,Λ] = eig(K)



– Calculate kernel matrix KP of the mapped data samples into the subspace:
KP

4 Distance Measures

The distance between data sets can be estimated in different ways. We can for
instance measure the distance between the elements from the source data set to
all samples from the target data set. This can be done in the Euclidean space
or a Hilbert space as in our proposed methods. These are metric spaces with
norms ||.|| and we can calculate the distance between two elements x ∈ S and
y ∈ T by ||x − y||. In this case, the elements on both data sets must lie in the
same metric space. An other approach to estimate the distance between data
sets is based on the distance between the data distributions of the data sets. We
assume that the elements of set S are drawn from distribution ps and for T from
pt. In this case, we can estimate the distance by ||ps− pt||∞ with the supremum
norm in C(X) the space of continues functions. Using a universal kernels this
distance can be estimated in an RKHS for the empirical distributions. In the
next section, we shortly explain two such methods and how how to use them to
compare distributions in an RKHS.

4.1 Distance between Elements in Hilbert Spaces

First, we use subspace methods to estimate the difference between the source
and the target domain. As explained above, kernel PCA extracts a basis in the
RKHS such that most of the variance of the data is concentrated in the subspace
spanned by a small number of elements from this basis.

The expected distance for a sample from the source domain can be used to
estimated whether that sample belongs to the distribution of the target domain
for which we extract the principal components or not. From [STC04] for instance,
we can use the bound in Equation 4 to estimate this for a data point.

E[‖PU (φ(x))|2] ≤ mini=1,···,k
1

l

∑
λi + 8 ·

√
i+ 1

n
+ 3 ·

√
ln(2 · n · δ−1)

2 · n
(4)

The method of estimating the distance of the source domain to the target
domain consists of the following steps. For the target domain T , we perform
kernel PCA to approximately represent the target distribution. Using a sample
T = {x1, · · · , xn} from the target domain and the corresponding kernel k(xi, xj),
kernel PCA extract a low dimensional representation of the target data Ut. By
the distance of a sample from the source domain to this subspace, we are able
to estimate how useful it might be for transfer knowledge.

Further, among a large amount source samples we are able to identify the
most similar samples to our target domain. These samples are potentially most
appropriated for transfer knowledge.



For the next method, we directly estimate the difference of the source and the
target domain by comparing distributions mapped into an RKHS. As proposed
by Gretton et al. [GBR+08] the maximum mean discrepancy (MMD) can be used
to estimate the difference of two distributions ps and pt. For the unit ball F in
an RKHS induced by a universal kernel, the MMD and its empirical estimate
are defined as:

MMD(F, ps, pt) = supf∈F (

∫
f(x) · pt(x) · dx−

∫
f(x) · ps(x) · dx) (5)

MMD(F, S, T ) = supf∈F (
1

|S|
∑
x∈S

f(x)− 1

|T |
∑
x∈T

f(x)) (6)

The MMD can be effectively calculated as norm in the RKHS of the difference
of the expectation functionals µ[ps] = Ex∼ps [φ(x)] and µ[pt] = Ex∼pt [φ(x)],
respectively their empirical versions.

As for the subspace method above, this measure is used to select samples
from the source domain such that their empirical distribution is most similar to
the target distribution.

5 Related Work

We distinguish two main directions in transfer learning and domain adaptation.
On the hand, many of the existing approaches try to find weights for the samples
that account for an mismatch in distribution of a target and a source domain.
This is especially useful under the so call covariate shift assume. Here, we assume
that the distribution of the labels given a sample is the same for both target and
source domain. Via the weights, a sample selection bias shall be corrected. This
means, we assume that the source domain is sampled from the target distribution
applied a certain weighting mechanism.

Many previous approaches learn such weights such that the weighted source
distributions is most similar to the target distribution.

For instance, [HSG+06] Huang et al. do this by matching the distributions
in an RKHS, [KHS09] find the optimal weights by solving least squares problem
and [SNK+07] minimize the Kullback-Leibler divergence of the target distribu-
tions and the weighted source distribution, to name only a few. A theoretical
analysis this adaptation can be found in Cortes et al. [CMRR08] and Cortes et
al. [CMM10].

In contrast to these approaches on the other hand, several other works try to
extract a subspace in the data space that covers invariant parts across the target
and the source distribution. Within such a subspace, transferring knowledge
between the source and target domain is expected to be more effective than in
the whole ambient space.

In [PTKY11], Pan et al. introduce Transfer Component Analysis to find low
dimensional representations in a kernel defined Hilbert space. In this represen-
tation the target and source domain a more similar than before. Si et al., learn



in [STG10] a liner subspace that is suitable for transfer learning by minimizing
Bregman divergence of the target and source distribution in this subspace. Zhang
et al. [ZZW+13] propose to transfer knowledge in a Hilbert space by aligning a
kernel with the target domain. Further, Muandet et al. [MBS13] learn domain
invariant data transformation to minimize differences in source and target do-
main distributions while preserving functional relations of the data with possible
label information.

These are only some of the vast amount of related work on transfer learning
and domain adaptation. For a more general and deeper introducing we refer the
reader to [PY10].

6 Transfer Learning

In our transfer learning task, we try to use information about a data set S for a
classification task on data from set T . For instance, in online reviews about prod-
ucts we might have reviews and information about the sentiment of the reviews
about lots of electronic products. Now, the people also start reviewing books. A
company might for instance broaden their offers. Now, the new reviews of books
shall also be classified by their sentiment. Instead of starting from scratch and la-
belling all book reviews, we want to leverage the information from all the reviews
about electronics that have already been classified by their sentiment. Using this
information, a classifier can be learned on a transformed representation of the
electronic reviews and be applied to transformed book reviews.

6.1 Transfer Learning via Subspaces

We assume that both data sets lie in the same Hilbert space H and that their
distributions have the same support. Further, we have for each element a prob-
ability distribution over a label l that is the same for both data sets. This is the
so called Covariate Shift assumption. This means, given an element from H the
probability of label l depends not on the set the elements is in, but only on the
element.

To transfer knowledge, we project all data onto a low dimensional subspace
that captures most of the structure of the source data. This is important since
otherwise we might not be able to train a good classifier or even project all data
points onto a single point. In this case the distributions are the same but we can
not train a classifier.

Having found a suitable subspace for transfer knowledge we project all data
orthogonally onto this space. Note that an orthogonal projection onto a low
dimensional subspace retracts all data points and hence makes the distributions
of the two data sets already more similar. This is true since ‖P · µt − P · µs‖ ≤
‖P‖ · ‖µt − µs‖ and ‖P‖ = 1 for an orthogonal projection P and the mean
functionals µt of the target distribution and µs of the source distribution.



7 Greedy Selection

We propose strategies to reduce the amount of computation and storage by
greedily selecting data samples from the source. This enables transfer learning
strategies that use kernels to be applied on large data sets.

The proposed strategies are based in the distance of the data points to the
target domain. Above, we explained how the can be calculated.

On way to estimate the distance of a sample to the target domain is to
calculate the distance in the RKHS to the target domain. The target domain
can be represented by the subspace U extracted by kernel PCA via the first
k principal components. The distance from a data sample x to this subspace
can be simple calculated by length of the orthogonal projection PU on it, hence
‖PU (φ(x))‖2. The closer a sample is to subspace the more like it is similar the
target domain and potentially helpful for transfer knowledge. This leads to the
selection a samples from the source domain as described in Equation 7. We
iteratively choose the sample from the source domain that has smallest distance
to the subspace from the principal components of the target domain.

xt+1 = argminx∈S−{x1,···,xt}‖PUt
(φ(x))‖2 (7)

The next selection strategy is based on kernel herding to iteratively select
samples from the source domain that are most similar to the target distribution.
For µt the expectation functional for the target domain in the kernel induced
RKHS, the difference ‖µt − 1

n

∑
x∈S′⊂S φ(x)‖2H estimate the difference of the

target distribution and a subset of the source distributions. Chen et al. [CWS12]
showed that the sampling strategy herding [Wel09] can be used to empirical
and true distributions in an RKHS. Although their approach guarantees only
that an optimal subset of points from a distributions can be greedily found
to approximate the true distribution, we use this to approximate the target
distribution by samples from the source domain. Equation 8 shows the selection
strategy based on herding.

xt+1 = argmaxx∈S−{x1,···,xt} < wt, φ(x) > (8)

wt+1 = wt + Ept [φ(x)]− φ(xt+1) (9)

8 Integration of the Greedy Selection

The proposed greed selection strategy minimizes the above loss function ??. We
after the greedy selection phase we have reduced the data size or respectively
matrix size. Now we use this reduced set to define the subspace used for transfer
learning. We project the data from the source domain onto this subspace and
train an SVM to get a classifier f(x). Next, the data from the target domain is
also projected into this subspace and the classifier is applied to them.

The transfer learning process can be summarized by the following steps:



1. Perform greedy selection to get S′ ⊂ S
2. Perform kernel PCA on the K(S′ ∪ T, S′ ∪ T ) to get projection PU
3. Train SVM on {PU (φ(xi))} for all xi ∈ S′ to get classifier f
4. Apply f on {PU (φ(xi))} for all xi ∈ T

This strategy directly tries to minimize the above bound in Equation 1.
The minimization of the distance of the distributions is clear since we select

only samples from the source domain, that are most similar to the target domain.
The second part is also straight forwards. Since, we concentrated on linear clas-
sifiers in an RKHS, we write any two hypothesis as from the source respectively
the target domain as: hs(.) =

∑
αi· < φ(xsi ), . > and ht(.) =

∑
βi· < φ(xti), . >.

Hence, we identify the hypothesis by weight vectors ws =
∑
αi · φ(xsi ) re-

spectively wt =
∑
βi · φ(xti). In the subspace after projecting all elements via

P , the corresponding weight vectors are wPs =
∑
α

′

i · P · φ(xsi ) respectively

wPt =
∑
β

′

i · P · φ(xti) The distance of any of these hypothesis can be bounded
in the following way:

∫
|wPs − wPt |pt(x)dx =

∫
|
∑
αi · P · φ(xsi )−

∑
βi · P · φ(xti)|pt(x)dx (10)

≤ ‖P‖ ·
∫
|
∑
αi · φ(xsi )−

∑
βi · φ(xti)|pt(x)dx (11)

=
∫
|
∑
αi · φ(xti)−

∑
βi · φ(xti)|pt(x)dx (12)

=
∫
|ws(x)− wt(x)|pt(x)dx (13)

Here, we use the fact that the norm of the orthogonal projection is 1, hence
‖P‖ = 1. The bound shows that the expected distance of the linear hypothesis
in the subspace is less than in the whole space. The inequality cannot become
an equality since we project always on lower dimensional subspace.

9 Experiments

We used the Amazon reviews ([BDP07]) about products from the categories
books (B), DVDs (D), electronics (E) and kitchen (K). The classification task is
to predict a given document as being written in a positive or negative context.
The documents from one category will be used as target domain while the docu-
ments of the remaining categories are used as source domain. We use stop word
removal and keep only the words that appear less than 95% and more often than
5% of the time on all documents. This results in 1993 words.

In the first experiment, we investigate how well kernel PCA can be used to
extract a subspace among all data points, that is suitable for transfer learning.
We simply extract the first 100 principal components from the kernel matrix
K for all samples from source and target domain. This means, for each xi, xj ∈
{T ∪S} we have K = (k(xi, xj)i,j . We project all data samples onto the subspace
spanned by the extracted components and train a classifier for the source domain
in this subspace. Next, we apply this classifier on the target domain in the



Method E→D E→B E→K D→E D→B D→K B→E B→D B→K K→E K→D K→B

kPCA 75.9 73.9 81.3 74 77.7 75 71.9 77.5 72.7 84.4 79.8 76

KMM 68.7 70.7 81.8 70.7 74.3 74.1 68 71.2 69.6 83.9 73.5 74.6

TCA 64.7 65.2 80.3 73.7 69.5 77.2 73 69 73.8 76.7 67.8 63.7
Table 1. This table shows the accuracies on target domains using training data from
different source domains, Source→ Target. Here, we compare covariate shift correction
by Kernel Mean Matching (KMM), transfer learning by Transfer Component Analysis
and projections on the principal components by kernel PCA.

Method E→D E→B E→K D→E D→B D→K B→E B→D B→K K→E K→D K→B

kPCA+ 74,2 72.1 80.6 73.2 76 74.4 71.7 75.1 70.2 82.9 79 76.5

kPCAµ 74.9 68.4 81.2 70.6 76.2 72.5 67.5 76.1 70.6 82.1 78 77.3
Table 2. This table shows the accuracies on target domains using training data from
different source domains. Here, we projections on the principal components by kernel
PCA on samples from the source domains selected by the greedy selection strate-
gies:Distance Based (kPCA+) and Kernel Herding Based (kPCAµ).

subspace. In order to compare this simple approach we state of the art other
approaches, we compare the TCA [PTKY11] and KMM [HSG+06]. For TCA we
use the same number of components, hence 100.

The results of the first experiment are shown in Tables 1. The projections
onto the components from kernel PCA result in the best performances for most
of the categories. The subspace obviously covers the important invariant parts
of the data very well.

Next, we show how our greedy selection strategy performs on the same task
as in the previous experiment. We use only half the amount of data from the
source domains that have been selected from the greedy strategy. In contrast to
the previous experiment, where we used 2000 document for the training, now we
use only the 1000 documents that have been selected by our proposed greedy
selection strategies.

In Table 2 we report the results of the selection strategies. The selection
strategy that uses the distance to the subspace from kPCA (kPCA+) performs
best on 6 of the transfer learning task. One the other hand, the herding base
selection strategy is best on the remaining 6 tasks. Here, we do not see a clear
favourite. The results show that our selection strategy choose good samples such
that already for half the data size we get only about 2% decrease in accuracy.

Finally, we test our greedy selection strategy on the mixture of all categories
as source domains for a certain category as target domain. This means, for target
domain T of documents from one category, we use all samples that are not in
the this category as source domain. For instance, using electronic reviews as
target domain, the reviews about kitchens, dvds and books are all considered as
source domain. We compare our sampling strategies to random samples from the
source domain. This means, we randomly draw samples from the source and use



them instead of the greedily selected ones. For the random sampling strategy,
we report the mean accuracies over 20 runs.

Figure 9 shows the accuracies on the target domains when using a certain
number of selected samples as source domain. The herding based sampling per-
form best and seems to adapt to the target distribution well. The distance based
selection strategy results in slightly lower accuracy values after seeing enough
data. For a small number of samples herding and even random sampling performs
better than the distance based selection.

10 Conclusion and Future Work

We propose selection strategies on samples from a source domain that are best
suited for Transfer Learning to a target domain with a different distribution.
This reduces the number samples and enables kernel methods to be applied even
when we have a large number of source samples. The strategies are selected to
minimize the distance to the target domain. Projecting onto the subspace of the
selected samples results in a subspace that is well suited to transfer knowledge
from the source to the target domain.

In the future we will investigate Transfer Learning across Feature Spaces
and which samples are best suited for Transfer Learning in the a certain Feature
Space. In this context, we want to look at the connections to MLK and Transfer
Learning using multiple sources.
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Fig. 1. Results on the target data domain for the different categories. We compare
random samples with our greedy selection strategy for sampling.


