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Abstract

The combination of classifiers is an establishedhnejue to improve the classification
performance. The possible combination rules prapage to now generally try to decrease the
classification error rate, which is a performanceasure not suitable in many real situations and
particularly when dealing with two class problenmsthis case, a good alternative is given by the
Area under the Receiver Operating Characteristieec(AUC), whose effectiveness in measuring
the classification quality has been proved in maatgnt papers.

In this paper, we propose a method to achieve tbemal linear combination of two
dichotomizers based on the maximization of the AbfGhe resulting classification system. The

effectiveness of the approach has been confirmetidtests performed on standard datasets.

1. Introduction

Dichotomizers (i.e. two-class classifiers) are usethany critical applications (e.g., automated
diagnosis, fraud detection, currency verificatiamich require highly discriminating classifiers. In
order to improve the classification performanceya established technique is to combine more
classifiers so as to take advantage of the strengththe single classifiers and avoid their
weaknesses. To this aim, a huge number of possaioidination rules has been proposed up to now
which generally try to decrease the classificagoor. However, there are many real situations in
which the overall error rate, usually employed asfarence performance measure in classification
problems, is not a suitable metric for evaluating guality of the classifier (Provost et al., 1998)
Many applications, for example, involve highly dissmetrical costs since the consequences
coming from distinct kinds of errors are very diffat and for this reason it is mandatory to
consider separately the errors on the single dagssother case is given by applications such as

document retrieval (Cortes and Mohri, 2003) whdre dlichotomizer is a search engine which
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selects a prefixed number of documents from a liagabase on the basis of some search criteria
and prompts them to the user according to an etdr@der of relevance. In this case, the actually
significant performance measure is the rankinghefdocuments rather than the proportion of the
correct classifications.

A more effective performance measure for corre@ialuating the dichotomizer in such
situations is the Area under the Receiver Operdlingracteristic curve (AUC). The advantages of
the AUC over the accuracy for evaluating the guadit dichotomizers were described for the first
time in the seminal paper by Bradley (Bradley, )9%ho pointed out the increased sensitivity in
the Analysis of Variance (ANOVA) tests, the indegence from the decision threshold and the
invariance to prior class probabilities. More rabgnHuang and Ling, 2005) have established that
AUC is an evaluation criterion for the predictiverfprmance of dichotomizers more discriminating
than accuracy while (Cortes and Mohri, 2003) haeenahstrated that algorithms designed to
minimize the error rate may not lead to the bessjme AUC values, thus motivating the use of
algorithms directly optimizing the AUC. Finally, ¢Bset, 2004) has shown that the AUC may be
better than empirical error for discriminating beam models, even when the ultimate goal is to
maximize the accuracy. On these bases severaliigaaigorithms have been proposed; for
example (Rakotomamonjy, 2004) presents an algorithrirain Support Vector Machines which
directly optimizes the AUC while (Freund et al.,03) introduces an efficient boosting algorithm
for combining multiple rankings based on the maxation of a particular function that (Cortes and
Mohri, 2003) show to be coincident with the AUC.

In this paper we propose a method based on AUC mzaiion to achieve an optimal
combination between already trained dichotomizdrs. particular, we consider the linear
combination since it is the most frequently adoptdd; therefore, the problem faced in this paper
is to find the optimal weight which maximizes th&@& of the resulting classification system. To
this aim, an analysis of the dependence of the Adhe weight has been performed and a method
to find the optimal weight has been carried outpé&iknents made on standard datasets have
confirmed the effectiveness of the approach.

The rest of the paper is organized as followsheriext section we present a short description of
the ROC curve and of the AUC measure. Section 8aocma description of the proposed method,
while section 4 shows the obtained experimentalltesSome conclusions and possible future

developments are drawn in the last section.
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2. The ROC curve and the Area under the ROC Curve

In binary classification problems, a sample canabsigned to one of two mutually exclusive
classes that can be generically calfwkitive (P) class andNegative(N) class. Without loss of
generality, let us assume that the dichotomizeovides, for each sample g, a real vd(agg which
is a confidence degree that the sample belongs¢oob the two classes, e.g. the cl&sThe
sample should be consequently assigned to the Mldsi§q) — -co and to the clasB if f(q) — +c.

A thresholdt is usually chosen, so as to attribute the samptethe clasN if f(q) <t and to the
classP if f(qg) >t. For a given threshold valuetwo appropriate performance figures are given by
the True Positive Rate TR, i.e. the fraction of actually-positive casesreotly classified and by
the False Positive Rate FRB, given by the fraction of actually-negative casesorrectly
classified as “positive”. It is important to tak#o account both quantities for a particular chate

t since the consequences of false-negative andalséve errors are often very different and hard
to quantify. The ROC curve plofBPRt) vs. FPR(t) by sweeping the threshotdinto the whole
range off, thus providing a description of the performantée dichotomizer at different operating
points; more important, such description is indejeen of the prioprobabilities of the two classes.
A perfectly discriminating dichotomizer has an R@@ve that passes through the upper left corner
(where TPR= 1.0 andFPR= 0.0), while a non discriminating classifier spresented by a 45°
diagonal line from the lower left to the upper tigiorner. Qualitatively, the closer the curve te th
upper left corner, the better the dichotomizer.

As well described in many papers devoted to the RiD@lysis (Provost and Fawcett, 2001,
Fawcett, 2003; Flach, 2003; Tortorella, 2005) tkergetrical properties of the ROC curve can be
profitably used for optimizing the performance ofiahotomizer with reference to various metrics
and classification requirements. However it is offeeferable to employ a single value measure
which summarizes the performance of the dichotomeg. because there are some dichotomizers
to be compared and there is no any clear predomenainisome ROC curve above the others.

The most widely used single measure is the AreaeUtite ROC Curve (AUC), the value of
which intuitively provides an estimate of the qtalof the dichotomizer (AUC = 0.5 for a non
discriminating dichotomizer, AUC = 1 for a perfgctdiscriminating dichotomizer). The AUC has
been recently proposed as an alternative singlessumeasure for evaluating the predictive ability
of learning algorithms. (Huang and Ling, 2005) haeen shown theoretically and empirically that
AUC is a better measure than accuracy and shopldae it in comparing learning algorithms.
Moreover, the AUC has an important statistical prtya the AUC of a dichotomizer measures the
probability of correct pair-wise ranking (HanleydaMcNeil, 1982; Hand and Till, 2001), i.e. the

probability that, given two samples n and p randoaxtracted fromN andP, the former will be
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given a confidence degree lower than the lattechSuobability can be also estimated by means of
the Wilcoxon-Mann-Whitney statistic (Mann and Wiegn 1947) which is defined as follows.

Let S be a set of samples containmgamples belonging to claBsandn. samples belonging to
classN and letf be a dichotomizer applied on S. Moreover, let ba positive sample and a

negative sample, both coming from S, and et f @ y, = f(n;) be the outputs of the

dichotomizer on such samples. The Wilcoxon-Mann{néy (WMW) statistic is defined as:

>3y

i=1

|_\

n
] =

n . (1)

wherel(x,y) is an indicator function defined as:

1 if x>y
[(X,y)=405 if x=y
0 if x<y

In this way, it is possible to evaluate the AUCE directly through (1) without explicitly plotting
the ROC curve and estimating the area with a nuwalentegration.

3. Linear Combination of Dichotomizers via AUC

Let S be a set of samples defined as above. Lebnsider two dichotomizerfg andf; whose

outputs on positive and negative samples are:

X' = fo(p)) X =f.(p)
_ _ (2)
yj_fo(nj) y]j._fl(nj)
The AUC'’s for the two dichotomizers evaluated adoay to the WMW statistic are:
ZZI(x y)) ZZI(&l,y})
AUC, —i=tj=x AUC, = —i=tij=1 (3)

n, Oh n, th_
Let us now consider a linear combination fefand f,.. Without any loss of generalitythe
resulting classifier can be represented by:
fo = f,+a (4)
where a is the relative weight of; with respect tof,. The outputs offic to p and n will be

consequently:

' In general, a linear combination of two classifegiven by a, [f, + a, LI, . However, any decision rule based

on the comparison with a threshalds equivalent to the decision rule which compahesoutput of the classifidy.
with the threshold/a,,.
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Ei = flc(pi):XiO-'-aDgl

)
0= f. () =y +aly;
According to the WMW statistic the AUC &f is given by:
2.2 (&m)
AUC, =2 (6)
n, Ch_

and depends on the valueafTherefore the optimal choice for the weight is #alue maximizing
AUC:
Qo = argmaxAUC,. (a) (7)

To this aim, let us analyze the tedr¢;,7; and study how it depends on the values ©f, y?)

and 1(x, y}); for the following analysis we consider a tie asearor and thus we group together the

cased(x,y) = 0.5 and(x,y) = 0. With this assumption, we can distinguisteéhcases:

« 1(x,y])=1and I(x,y;) =1: in this case both the dichotomizers rank coryeitte two
samples and ($;,77;) = Whatever the value af.

« 1(x,y})=0 and I(x,y;)=0: in this case neither dichotomizer ranks correttig
samples and thuk($;,77;) = @hatever the value af.

« 1(x,y;) xor I(x,y;) =1: only one dichotomizer ranks correctly the samplile the
other one is wrong. In this case the valud @f,/7; depends on the weight

According to this result, the set of all the pairswhich AU is evaluated can be split in four
subsetsSoo, Si1, So1, S0, WhereS,, is defined as:

Sw={ G IR,y =uandi(x,y) =v} ®)

As a consequence, the expression for Ald&n be written as:

AUC, =——| S1@En)+ S1En)+ T1(En)|=—[0+card(s) +v(@)] (©

N, U G 5)0sy, (i, oSy, (i, DOS1oUSy, n, tn.

In other words, while the pairs on which both dimizers are wrong do not contribute to AYJC
and the pairs correctly ranked by both the dichaters give a contribution independent of the
value ofa, the dependence of AUYn a is limited to the set of paien which the dichotomizers
disagree Therefore, the larger the s®b1S; (i.e., the higher the disagreement betwkendf,),
the higher the value of AUCwhich, in principle, can be obtained. Taking irocount eq. (9),
eg. (7) can be restated as:

A, = argmaxv(a) (20)
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In order to find the value ofp let us make explicit the dependencel ¢f,/7;) on a. To this
aim, recall that the indicator function is not notily if & >7,, i.e. if:

N +a s >0 (11)

where Al =x’-y] and A, =x -y;. The condition (11) leads to different constraom o

depending on which of the two s&s, S,0 we consider; in particular we obtain:
N0 N°
a< _A_f. if (i,)) O Sio a> _A_f. if (i,)) 0 Soz (12)
ij 1
If such conditions were verified for each paif)(C] So[0S1, we would obtain the max value

allowable for v(a), i.e.card(Siol1Sy). In this case, there would exist ag: such that

N° N
max| —-— |[€a.. < min | —-—~ 13
(i, 1)5301{ Alij ] oL, i)éSm( Alij ] (13)
and the resulting AUC would be:
AUCIC - Card(%l) +Ca[;:.dl(]]slo) +Card(801) = AUCO +AUC1 - Canrdl(]]Sll) (14)

where AUC, = card(Sl;]) ;ard(sl‘)) and AUC, = card(Sl;]) +D;:ard(Sm) :

0 0

iy i : b | .

However the condition max|-—-|< min|-—-| is verified only when the two
(D0Sm| AL | (0S| A

0
dichotomizers exhibit a high degree of complemaétytain particular, the term(_rr_;érsll (—A—l”J
Iy 0 o
i

becomes high when, for each paiy)d S0, the dichotomizef, correctly ranks the corresponding
pair (p,n) producing a high differenc%»g0 - y?‘ between the outputs, whilg, even though
incorrectly ranking (pn;), provides a low differencbgl— yﬂ This means that the errors madefpy

can be recovered thanks to the good performanégarf the same pairs. Conversely, a low value

(i )0Sos| A

N°
for the term max(——”] is obtained when, for each paij)] S, the dichotomizef; correctly
i

ranks the corresponding pair;,(p with a high difference{xl—yﬂ between the outputs, whife

incorrectly ranks (pn;) but with a low difference*xi0 - y?‘ In this casd; helps in recovering the

erroneous rankings produced fgyWhen eq. (13) is verified, the value @ allows eliminating

all the errors made by both the dichotomizers, pixt those on whicly andf; agree.
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Unfortunately, such condition is only rarely veeii since the distributions of the ratio—-
i

evaluated on the two seBgp andSy; are usually not separated (see fig. 1).

7 . ' ' ' 7
6t _ sl
5t _ 5|
4_
3_
i 5l
[0 ) N
A I2 |4 O 2 0 |2 |4
10 10 a 10 10 10 10 a 10 10
() (b)
N°
Fig. 1. Example of the distributions of the ratioT'J evaluated o154 (a) and 3: (b).
N

1

As a consequenceyp: has to be found by maximizing the number of théspaatisfying

N°
__1'1 <a
Aij

ed. (12). To this aim, if we consider the cumulatiunctions

0

—% > a] Fo(a) = card(@ Sy

ij

Fo(a) = Card(@ )OS,

the function to be maximized can be defined as:
v(a) = F(a) + Fy(a)
and the optimal value is given by:
Qo = Argmax Flo(a) + FOl(a) (15)

that can be easily found by means of a linear searc

N
An example of real distributions of the ratio- evaluated on the two seg andS: is shown
i

in fig. 1, while fig. 2 shows the relative functiofa) = F,(a) + F,(a) .
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Fig. 2. The trend of{a)=F 1((a)+Fy.(a) obtained by the two distributions shown in fig.The points in which the combination
reduces to one of the dichotomizers (see textslaoan.

If we consider what happens at the bounds of thgeafa, it is possible to observe that, if

a - 0, v(a) - card(S,) and the combination reduces to the only dichotemig while when

a - o, v(a) - card(S,;) and the combination reduces to the only dichotenfiz These extreme
points are shown in fig. 2: in this case, sincertreximum ofv(a) is higher than both the bound
values, we haveAUC,(a,,) >AUC, and AUC,(a,,)>AUC,, i.e. the linear combination

performs better than each of the two dichotomizers.

As a concluding remark, it is worth noting that thethod cannot be applied wheard(S,o) = 0
or card(S1) = 0. However, in this case the combination i$ mfitable since it does not give
better results than the single dichotomizer. Intfak e.g. card(S:) =0, there are no pairs
incorrectly ranked by which are correctly ranked fyand thus the combination is useless since it

cannot recover any error madefly

4. Experimental Results

In order to evaluate the performance of the progpasethod, it has been tested on five datasets
publicly available at the UCI Machine Learning Rspary (Blake et al., 1998). All of them have
two classes and a variable number of numericaltifpatures. The features were previously
rescaled so as to have zero mean and unit staddaration. To avoid any bias in the comparison,
10 runs of a multiple hold out procedure have beeriormed on all data sets. In each run, the
dataset has been parted into three sets: a trasghdo train the classifier, a validation set to
estimate the optimal weight and a test set to asges reliability of the obtained weight. More

details are given in table 1.
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Table 1. Datasets used in the experiments

# # % % Training | Validation Test

DRSS Features | Samples | Positive | Negative Set Set Set

Pima Indian Diabetes 8 768 34.9 65.1 538 115 115
Cleveland Heart Disease 13 297 54.8 45.2 208 44 45
German Credit 24 1000 30.0 70.0 700 150 150
Contraceptive Method Choice 9 1473 57.3 42.7 1031 221 221
Breast Cancer Wisconsin 9 698 34.3 66.7 489 104 105

The employed dichotomizers are Support Vector Maehi(SVM) and Multi Layer Perceptrons
(MLP). The SV-based classifiers have been implestety means of SVM™ tool (Joachims,
1999) while for the MLPs we have used the NODEHlibary (Flake and Pearlmuter, 2000). Three
different kernels have been used for the SVMs wholethe MLPs we have considered three
classifiers with different numbers of units in thidden layer, all trained for 10000 epochs usirg th
back propagation algorithm with a learning rateOdd1. The characteristics of the six different
dichotomizers are reported in table 2.

Table 2. Acronyms of classifiers used in the experiments

Type of Type of Kernel or
Clggsifier Numggr of Hidden Nodes L
SVM Linear SL
SVM Polynomial of degree 2 SP2
SVM RBF with 0=1 SR1
MLP 2 M2
MLP 4 I
MLP 6 M6

In the performed experiments we have consideredthal 15 combinations which can be
accomplished with the classifiers described ingdhlfor each combination, we have evaluated the
weight aop: by means of the proposed method on the validat@nand then the achieved AUC
through the WMW statistic on the validation and tibst set.

For the sake of comparison, we have also considamether method which trivially chooses the
weight maximizing the AUC through an exhaustiverslealn particular, this method considers the
set of values forr varying in the range [0,50] with a step of 0.0dr, €éach of them, the outputs of
the two classifiers on the validation set are comabiaccording to eq.(4) and the relative AUC is
computed through the WMW statistic. Finally théueaof a corresponding to the maximum AUC
is picked out. The aim here is not to provide aepthlgorithm to construct the optimal
combination, but to obtain a reliable estimatehaf weight maximizing the AUC on the validation

set, which can be compared with #ng; provided by the proposed metfiod

2|t is worth noting that the involved computatiogaimplexity is very highO(N, -n, -n) whereN, is the number of

points considered far.
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In this way, for each data set, the hold out pracegrovides 10 AUC values for each method.
This allows us to employ the Wilcoxon rank-sum t@%tlpole et al., 1998), so as to verify if the
differences in the means of the two populations saadistically significant. All the results were
provided with a significance level equal to 0.05.

Let us firstly analyze the results obtained on \hidation set which are reported in table 3-7.
Each entry of the tables contains the mean andtémelard deviation of the AUC values obtained in
the 10 runs of the hold out procedure. An undedia@d bold value means that such value is
significantly better than the other one. If the gamed methods have undistinguishable means the
values are in normal style.

Table 3.Results on the validation set for Pima dataset Table 4.Results on the validation set for German dataset

Proposed Exhaustive Proposed Exhaustive
Method Search Method Search
SL-M2 0.838+0.029 | 0.838+0.029 SL-M2 0.803+0.040 | 0.803%0.040
SL-M4 0.841+0.028 | 0.841+0.028 SL-M4 0.801+0.038 | 0.802+0.037
SL-M6 0.838+0.027 | 0.838+0.027 SL-M6 0.808+0.043 | 0.808+0.043
SP2-M2 | 0.833+0.029 | 0.832+0.030 SP2-M2 | 0.791+0.038 | 0.791+0.038
SP2-M4 | 0.831+0.034 | 0.832+0.034 SP2-M4 | 0.782+0.034 | 0.782+0.034
SP2-M6 | 0.832+0.032 | 0.832+0.032 SP2-M6 | 0.789+0.048 | 0.789%0.048
SR1-M2 | 0.809+0.031| 0.809+0.031 SR1-M2 | 0.764+0.029 | 0.764+0.029
SR1-M4 | 0.803+0.037 | 0.803+0.037 SR1-M4 | 0.740+0.017| 0.738+0.019
SR1-M6 | 0.795+0.028 | 0.795+0.028 SR1-M6 | 0.742+0.050 | 0.741+0.050
SL-SP2 | 0.842+0.029 | 0.843+0.029 SL-SP2 | 0.809+0.040 | 0.810+0.040
SL-SR1 | 0.846+0.027 | 0.847+0.027 SL-SR1 | 0.803+0.038 | 0.803+0.038
SP2-SR1| 0.833+0.041 | 0.833+0.041 SP2-SR1| 0.771+0.043 | 0.771+0.043
M2-M4 0.815+0.031 | 0.815+0.030 M2-M4 0.762+0.029 | 0.762+0.029
M2-M6 0.807+0.033 | 0.806+0.032 M2-M6 0.776+0.040 | 0.777+0.040
M4-M6 0.798+0.034 | 0.798+0.034 M4-M6 0.764+0.037 | 0.764%0.037
Table 5.Results on the validation set for Cleveland dataset Table 6. Results on the validation set for CMC dataset
Proposed Exhaustive Proposed Exhaustive
Method Search Method Search
SL-M2 0.921+0.022 | 0.922+0.022 SL-M2 0.757+0.037 | 0.757£0.037
SL-M4 0.915+0.025 | 0.916+0.025 SL-M4 0.753+0.030 | 0.753%0.030
SL-M6 0.923+0.023 | 0.924+0.024 SL-M6 0.746+0.038 | 0.746+0.038
SP2-M2 | 0.895+0.037 | 0.896+0.037 SP2-M2 | 0.765+0.035 | 0.765+0.03%
SP2-M4 | 0.887+0.033 | 0.888+0.033 SP2-M4 | 0.763+0.032 | 0.763+0.032
SP2-M6 | 0.893+0.038 | 0.893+0.037 SP2-M6 | 0.764+0.032 | 0.764%0.032
SR1-M2 | 0.886+0.051 | 0.887+0.049 SR1-M2 | 0.756+0.034 | 0.755+0.034
SR1-M4 | 0.871+0.042 | 0.872+0.041 SR1-M4 | 0.746+0.027 | 0.747+0.027
SR1-M6 | 0.869+0.057 | 0.867+0.058 SR1-M6 | 0.742+0.033 | 0.742+0.034
SL-SP2 [ 0.912+0.026 | 0.912+0.026 SL-SP2 | 0.761+0.037 | 0.761+0.037
SL-SR1 | 0.915+0.023 | 0.916+0.023 SL-SR1 | 0.743+0.033 | 0.743+0.033
SP2-SR1| 0.874+0.037 | 0.875+0.037 SP2-SR1| 0.757+0.036 | 0.757+0.036
M2-M4 0.895+0.047 | 0.895+0.047 M2-M4 0.758+0.029 | 0.758+0.029
M2-M6 0.884+0.059 | 0.885+0.059 M2-M6 0.758+0.035 | 0.758+0.03%
M4-M6 0.883+0.045 | 0.884+0.045 M4-M6 0.750+0.028 | 0.750+0.028
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Table 7.Results on the validation set for Breast dataset

Proposed Exhaustive
Method Search
SL-M2 0.995+0.003 [ 0.995+0.003
SL-M4 0.995+0.003 | 0.996+0.003
SL-M6 0.995+0.004 | 0.995+0.004
SP2-M2 | 0.995+0.004 | 0.995+0.004
SP2-M4 | 0.995+0.004 | 0.996+0.003
SP2-M6 | 0.995+0.004 | 0.996+0.004
SR1-M2 [ 0.986+0.009 | 0.986+0.009
SR1-M4 | 0.990+0.005 | 0.990+0.005
SR1-M6 | 0.987+0.009 | 0.987+0.009
SL-SP2 | 0.996+0.003 | 0.996+0.003
SL-SR1 [ 0.995+0.004 | 0.995+0.003
SP2-SR1| 0.996+0.004 | 0.996+0.004
M2-M4 0.980+0.016 | 0.980+0.016
M2-M6 0.980+0.017 | 0.980+0.017
M4-M6 0.973+0.027 | 0.976+0.027

From these results we can see that the proposdubdheerforms well since the AUC values
obtained are quite indistinguishable from thosevjpled by the exhaustive search and thusdde
is actually able to maximize the AUC of the resgtclassifier. It is worth noting that, in the case
of Breast dataset, we have frequently obtained xdrerae value foraop,: which excludes one
dichotomizer from the combination. This is duehle very good performance reached by the best
single dichotomizer which leads to two possibleaibns: one of the se&; or S is empty (i.e.
the samples erroneously classified by a classafiemot correctly classified by the other) or thisre
a very low number of samples in one of the two.dat¢he first case, one of the two dichotomizers

is useless (as said at the end of section 3) bedaesinnot recover any error made by the other

0

/°
classifier. In the second case, the distributionthe ratio ——1" evaluated on the two se$g and

i
S1 can be very imbalanced as shown in fig. 3, whieeedistributions for the linear combination of

an SL and an M4 are reported.
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Fig. 3. The distributions of the ratiaATii evaluated o185,y (a) andS; (b) for the linear combination of an SL with an M4.
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In this case, each value afgreater than zero leads to a lower valueRg(a)+F.o(a) because
the minimum value ofr which allows some errors & to be recovered produces a higher number
of errors off; which can be no longer recovered. This can belgleaen in figure 4 where is shown
that in this cas&oi(a)+Fi9(a) is a monotonically decreasing function whose mmaxn is reached

for a=0, i.e. when the combination reduces to one darhier.
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Fig. 4The trend of{a)=F¢,(a)+Fo(q) for the linear combination of an SL with an M4.

Let us now analyze the results obtained on the get in terms of the AUC calculated
combining the two dichotomizers with the weighttireated on the validation set. The results are
reported in tables 8-12 and are structured in #dmeesway as before. Even in this case the proposed
method provides practically the same results aseiustive search, thus proving tlm}: is a

good estimate of the optimal combination weigho @ the test sets.
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Table 8.Results on the test set for Pima dataset

Proposed Exhaustive

Method Search
SL-M2 0.837+0.036 | 0.836+0.036
SL-M4 0.831+0.026 | 0.831+0.027
SL-M6 0.834+0.036 | 0.835+0.033
SP2-M2 | 0.831+0.032 | 0.831+0.031
SP2-M4 | 0.826+0.031 | 0.827+0.031
SP2-M6 | 0.831+0.031 | 0.831+0.031
SR1-M2 | 0.796+0.032 | 0.797+0.032
SR1-M4 | 0.796+0.021 | 0.793+0.022
SR1-M6 | 0.773+0.033 | 0.773+0.033
SL-SP2 | 0.835+0.031 | 0.835+0.031
SL-SR1 | 0.829+0.024 | 0.829+0.02%
SP2-SR1| 0.825+0.022 | 0.826+0.02%
M2-M4 0.811+0.037 | 0.812+0.03Y
M2-M6 0.798+0.045 [ 0.798+0.04%
M4-M6 0.790+0.045 | 0.790+0.046

Table 10.Results on the test set for Cleveland dataset

Proposed Exhaustive
Method Search
SL-M2 0.899+0.028 [ 0.900+0.027
SL-M4 0.902+0.025 [ 0.901+0.026
SL-M6 0.888+0.051 | 0.891+0.049
SP2-M2 | 0.877+0.033 | 0.876+0.032
SP2-M4 | 0.874+0.045| 0.874+0.047
SP2-M6 | 0.846+0.052 | 0.847+0.053
SR1-M2 | 0.869+0.056 | 0.870+0.05%
SR1-M4 | 0.827+0.070 | 0.835+0.060
SR1-M6 | 0.806+0.075 | 0.808+0.074
SL-SP2 | 0.901+0.027 | 0.902+0.028
SL-SR1 | 0.900+0.030 | 0.901+0.02Y
SP2-SR1| 0.839+0.045| 0.850+0.05%
M2-M4 0.871+0.044 | 0.867+0.050
M2-M6 | 0.856+0.065 | 0.850+0.066
M4-M6 0.835+0.058 [ 0.836+0.060

Table 9. Results on the test set for German dataset

Proposed Exhaustive
Method Search
SL-M2 0.7931£0.045 | 0.793+0.046
SL-M4 0.7904£0.041 | 0.790+0.041
SL-M6 0.790+0.042 | 0.789+0.042
SP2-M2 | 0.755+0.049 | 0.755+0.049
SP2-M4 | 0.720+0.038 | 0.71940.042
SP2-M6 | 0.705+0.049 | 0.711+0.043
SR1-M2 | 0.764+0.029 | 0.764+0.029
SR1-M4 | 0.740+0.017 | 0.738+0.019
SR1-M6 | 0.742+0.050 | 0.741+0.050
SL-SP2 | 0.796+0.045| 0.796+0.04%
SL-SR1 | 0.78810.044 | 0.790+0.042
SP2-SR1| 0.744+0.049 | 0.746+0.049
M2-M4 0.750+£0.040 | 0.751+0.038
M2-M6 | 0.753+0.057 | 0.753+0.058
M4-M6 0.731+0.042 | 0.732+0.041

Table 11.Results on the test set for CMC dataset

Proposed Exhaustive
Method Search
SL-M2 0.756+0.029 | 0.755+0.030
SL-M4 0.735+0.033 [ 0.736+0.033
SL-M6 0.745+0.034 | 0.745+0.03%
SP2-M2 | 0.752+0.024 | 0.753+0.025
SP2-M4 | 0.746+0.027 | 0.746%0.027
SP2-M6 | 0.750+0.035| 0.751+0.036
SR1-M2 | 0.757+0.021 | 0.756+0.021
SR1-M4 | 0.732+0.022 | 0.733+0.022
SR1-M6 | 0.740+0.027 | 0.740+0.027
SL-SP2 | 0.758+0.032 | 0.758+0.031
SL-SR1 | 0.737+0.034 | 0.737+0.034
SP2-SR1| 0.753+0.029 | 0.753+0.029
M2-M4 0.746+0.023 | 0.746+0.023
M2-M6 0.756+0.025 [ 0.755+0.02%
M4-M6 0.756+0.025 [ 0.755+0.02%
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Table 12.Results on the test set for Breast dataset

Proposed Exhaustive
Method Search
SL-M2 0.988+0.024 | 0.988+0.024
SL-M4 0.991+0.011 | 0.992+0.009
SL-M6 0.980+0.049 | 0.980+0.049
SP2-M2 | 0.988+0.023 | 0.990+0.023
SP2-M4 | 0.995+0.004 | 0.995+0.004
SP2-M6 | 0.981+0.049 | 0.981+0.049
SR1-M2 [ 0.975+0.025 | 0.977+0.025
SR1-M4 [ 0.982+0.010 | 0.982+0.010
SR1-M6 [ 0.970+0.046 | 0.970+0.04%
SL-SP2 | 0.995+0.004| 0.995+0.005
SL-SR1 | 0.994+0.005 | 0.994+0.00%
SP2-SR1| 0.995+0.004 | 0.993+0.007
M2-M4 0.960+£0.046 | 0.960+0.046
M2-M6 0.9504£0.051 | 0.950+0.051
M4-M6 0.95040.055 [ 0.950+0.05%

Finally, let us make some considerations aboutctiraputational complexity of the proposed

method. The first step estimates the distributiohshe two ratios—A?j /Alij : the complexity is

O(n: -n.)since it depends on the number of p§xgy) to be considered, that ane-n. The second
step is the location of the maximum of the sumheftwo cumulative functionB;p andFog; in the

worst case (i.e., if we don’t use any efficientrsbaand any pair provides a different value for

—A‘?J. /Alij ), this requires,. -n. comparisons and thus also this ste@{a. -n). As a consequence,

the overall computational complexity of the metl®®(n. -n).

Conclusions

In this paper we have proposed a method for opitiin terms of AUC the linear combination
of two dichotomizers. The method is based on arysisaof the dependence of the AUC of the
linear combiner on the weiglst. Such analysis has also pointed out that theeedsect relation
between the performance improvement attainable with combination and a measure of the
disagreement existing between the dichotomizers. eéX{periments made on standard datasets have
demonstrated that the algorithm actually allowsdpemal value of the weight to be found.

The proposed approach has considered the lineadbination between two dichotomizers. The
future researches will consider the extension eflitiear combiner to more than two dichotomizers

as well as other combination rules.
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