A Compositional Semantics for
Conditional Term Rewriting Systems

∗

M. Alpuente
M. J. Ramis
Germán Vidal
Departamento de Sistemas Informáticos y Computación
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Abstract
This paper considers compositions of conditional term rewriting systems as a basis for a
modular approach to the design and analysis of equational logic programs. In this context,
an equational logic program is viewed as consisting of a set of modules, each module defining a part of the program’s functions. We define a compositional semantics for conditional
term rewriting systems which we show to be rich enough to capture computational properties related to the use of logical variables. We also study how such a semantics may be
safely approximated, and how the results of such approximations may be composed to yield
a bottom-up abstract semantics adequate for modular data-flow analysis. A compositional
analysis for equational unsatisfiability illustrates our approach.
General topics: Theory/semantics, functional/logic languages, abstract interpretation.
Keywords:
Operational / fixpoint semantics, compositional semantics, equational logic
languages, abstract interpretation.

1

Introduction

Conditional Term Rewriting Systems (CTRSs for short) are a natural computational paradigm for
the integration of logic and equational programming [14, 16, 19, 31]. In this context, programs
are sets of conditional equations where the equation in the conclusion is implicitly oriented from
left to right, and (some variant of) narrowing is used to solve equational goals, thus supporting
logical variables and unification. For the completeness of implementations based on narrowing
mechanisms, some form of confluence is needed [28]. The standard initial algebra semantics of
a program E, i.e. the quotient of the Herbrand Universe (or word algebra) by the congruence
relation generated by E, is known to be isomorphic to the least Herbrand E-model of the program,
M(E), i.e. the set of all (ground) equations which hold in the underlying theory [19]. This
semantics admits an equivalent fixpoint characterization and, for programs that can be oriented
as a confluent term rewriting system R, it can be further characterized as the set of all pairs of
(ground) terms which can be reduced to a common R-normal form [11, 19, 21].
It is widely acknowledged that one of the fundamental techniques in software engineering to
deal with the complexity of large programs is to structure programs as modules which can then
be composed together [16]. A modular structure of programs helps in designing and maintaining
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software. Moreover, proofs of correctness and data-flow analyses can be easier and more efficient
when performed on small units of the programs. If we regard a program (module) as a set of clauses,
then a natural notion of composition is given by their set union. A typical modular program is a
program constructed according to the idea of module importing called enrichment, as formalized in
algebraic specification theory [17] and later used in the algebraic foundation of modularized logic
programming with equality [16]. As an example, let us consider the modular program knapsack
in Example 1.
Example 1 The function knapsack(L,W,M)=true states that the items in the sublist M of the
list L can be packed into a knapsack such that it weighs exactly W. The program consists of three
modules, the second of which can be thought of as an enrichment of the standard specification of
the natural numbers. The extensional information about the weight of the items is only partially
known in E2 and is further specified in E3 .
E1 = {
E2 = {

E3 = {

X+0 = X
X+s(Y) = s(X+Y)
knapsack(L,W,M) = true
addweight([ ]) = 0
addweight([X|Y]) =
weight(X) + addweight(Y)
sublist(Z,[ ])=true
sublist([X|Z],[X|Y])=true
sublist([X|Z],Y)=true
weight(a) = s(0)
weight(b) = s(0)
weight(c) = s(s(0))

⇐.
⇐. }
⇐ addweight(M) = W, sublist(L,M)=true.
⇐.
⇐.
⇐.
⇐
⇐
⇐.
⇐.
⇐.

sublist(Z,Y)=true.
sublist(Z,Y)=true.
}
}

Although it seems natural to think of programs as clause sets and of program composition as set
union, it is less clear which semantics would be adequate for the program components. We look for
a semantics which is compositional with respect to program union, i.e. for programs E1 and E2 the
meaning of E1 ∪ E2 can be derived by composing the meanings of E1 and E2 . We call this property
of the semantics OR-compositionality. OR-compositionality allows for incremental definition of
structured programs and of their semantics, and provides a semantic basis for a modular approach
to program analysis. Such an approach is significant for large program development since the
alteration of a module does not require to recompute the semantics or to re-analyse the whole
program. Thus, we also seek for a semantics which is able to model the properties of programs
which are relevant for dataflow analyses, such as computed answer substitutions, call patterns,
partial computed answer substitutions, etc.
We note that the least (ground) Herbrand E-model of a program is not rich enough to characterize properties like the set of computed answer substitutions for a query, as it is illustrated in
the following example.
Example 2 Consider the programs
E1 = { f (0) = 0 ⇐ }
E2 = {

f (0) = 0 ⇐
f (x) = 0 ⇐ }
The programs E1 and E2 have the same least Herbrand E-model, namely
M(E1 ) = M(E2 ) = {0 = 0, 0 = f (0), . . . , 0 = f m (0), . . . , f n (0) = 0, f n (0) = f (0), . . . , f n (0) =
f m (0)}.
However, the two programs have a different behaviour in terms of computed answer substitutions.
Consider, e.g., the goal ⇐ f (x) = 0, which computes the answer substitutions {x/0} and the empty
substitution {} when executed in E2 , while it only computes the substitution {x/0} when executed
in E1 .
We also note that the least Herbrand E-model is not adequate for compositionality. Indeed,
the least Herbrand E-model of a program cannot be determined by the least Herbrand E-models
of the clauses which compose the program, as illustrated by the following example.

Example 3 Consider the programs E1 = {a = b ⇐ b = c} and E2 = {b = c ⇐}. Since
M(E1 )
= {a = a, b = b, c = c},
M(E2 )
= {b = b, c = c, b = c, c = b}, and
M(E1 ∪ E2 ) = {a = b, b = a, a = c, c = a, a = a, b = b, c = c, b = c, c = b},
hence M(E1 ∪ E2 ) cannot be derived from the composition of M(E1 ) and M(E2 ).
In this paper, we consider the problem of defining a semantics for CTRSs which correctly
models the operational behaviour of equational logic programs in a compositional way. Our approach shares with the approach in [25, 30] the idea of moving from a data-level semantics to
a function-level semantics in order to capture compositionality. We extend the least Herbrand
E-model semantics for CTRSs by considering interpretations which may contain non-ground equations. This allows us to model the set of computed answers for a given query. We introduce a
semantics which is based on a (non-ground) immediate consequence operator TEca which models
the bottom-up one-step deduction (w.r.t. the equational theory E) of non-ground equations from
non-ground equations, and which we prove to be compositional w.r.t. program union. In other
words, we prove that TEca contains the information necessary to describe the behaviour of a program E compositionally w.r.t. union in terms of computed answers. Then, we show that this
semantics provides a basis for the analyses of equational logic programs by showing a bottom-up
abstract fixpoint operator which allows us to approximate success patterns (i.e. the set of the computed answer substitutions). An example of compositional analysis of unsatisfiability illustrates
our approach.

1.1

Related work

[4] shows that computations and analysis of equational logic programs can be performed incrementally, by using the notion of AND-compositionality, that is, compositionality w.r.t. the conjunction
of equations in a goal or in the condition of a clause. We do not consider AND-compositionality
in this paper, and the results here are orthogonal to those in [4].
Starting with Dershowitz [10], several authors have studied modular aspects of term rewriting systems regarding the question of whether or not certain properties (such as confluence or
termination) are preserved under composition of modules. Most of the results deal with unconditional term rewriting systems while research about the modular properties of CTRSs is recent.
Several results have been obtained under the “disjointness” condition which requires that systems
share no function symbols (see e.g. [18, 26]), or share only constructors [29]. Disjoint union is a
rather restrictive combination mechanism for term rewriting systems in view of the disjointness
requirement. In [27], a constructor discipline is imposed to obtain the modularity of completeness
(canonicity) for systems which possibly share function symbols and rewrite rules. Some other works
give further results on combinations of rewrite systems with common function symbols [10, 15]. All
these works focus mainly on syntactic conditions to guarantee that the properties of confluence and
termination are ensured in the composition, but they do not seek for a compositional semantics,
which is the main concern of our work.
In the context of (pure) logic programming, [25, 30] showed that, if the meaning of a logic
program P is denoted by the standard immediate consequence operator TP itself (rather than
by its least fixpoint), then such a semantics is compositional for several interesting operators on
programs including set union. However, this semantics does not characterize the computed answer
observational equivalence on programs. [12, 13] introduced models over Herbrand domains with
variables and gave the first (non-compositional) semantics for positive logic programs modeling
computed answer substitutions (ca). Our approach is similar in that we also introduce variables
in our domain of interpretation, but is different because of the technical problems related with
semantic unification which are not present in the logic programming paradigm. We extend the
principles underlying the basic strategy for narrowing [19, 20, 28], in which inferences are forbidden
at terms introduced by substitutions in earlier inferences, to the case of equations in a fixpoint
setting and we introduce also a transformation from equations to “flat” equations to deal with
these complications.

1.2

Plan of the paper

The rest of the paper is organized as follows. Section 2 briefly presents some preliminary definitions and notations. Section 3.1 defines a non-compositional operational semantics O(E) modeling
computed answers. Then, we characterize this semantics as the least fixpoint of the new immediate
consequence operator TEca . In Section 3.2 we prove that TEca is compositional w.r.t. program union.
Section 4 introduces an abstract fixpoint semantics that approximates the observables and shows
how it can be used for compositional analysis of modular programs. Section 5 concludes. More
details and missing proofs can be found in [2].

2

Preliminaries

Let us first summarize some known results about equations, conditional rewrite systems and equational unification. For full definitions refer to [11, 22]. Throughout this paper, V will denote a
countably infinite set of variables and Σ denotes a set of function symbols, or signature, each with
a fixed associated arity. τ (Σ ∪ V ) and τ (Σ) denote the non-ground word (or term) algebra and
the word algebra built on Σ ∪ V and Σ, respectively. τ (Σ) is usually called the Herbrand universe
(HΣ ) over Σ and it will be denoted by H. B denotes the Herbrand base, namely the set of all
ground equations which can be built with the elements of H. A Σ-equation s = t is a pair of terms
s, t ∈ τ (Σ ∪ V ). A program is a Horn equational Σ-theory E, which consists of a finite set of equational Horn clauses of the form e ⇐ e1 , . . . , en , n ≥ 0, where e, ei , i = 1, . . . , n, are Σ-equations.
Σ-equations and Σ-theories will often be called equations and theories, respectively. An equational
goal is an equational Horn clause with no head. We let Goal denote the set of equational goals. A
goal of the form ⇐ x = y, x, y ∈ V is called a trivial goal. A flat equation is an equation of the
form f (x1 , . . . , xn ) = xn+1 or xn = xn+1 , where xn+1 and xi are distinct variables, i = 1, . . . , n.
A flat equation set is a set of flat equations. Any set of equations S can be transformed into an
equivalent one, f lat(S), which is flat [7, 23]. For a given program E, C << E denotes that C is a
new variant of a clause in E such that C contains no variable previously met (standardised apart).
Terms are viewed as labelled trees in the usual way. Occurrences are represented by sequences,
possibly empty, of natural numbers denoting an access path in a term. Ō(t) denotes the set of
nonvariable occurrences of a term t. t|u is the subterm at the occurrence u of t. t[r]u is the term
t with the subterm at the occurrence u replaced with r. These notions extend to equations in a
natural way. By V ar(s) we denote the set of variables occurring in the syntactic object s, while [s]
denotes the set of ground instances of s. A fresh variable is a variable that appears nowhere else.
The symbol e denotes a finite sequence of symbols. Identity of syntactic objects is denoted by ≡.
We describe the lattice of syntactic equation sets following [8]. We let Eqn denote the set
of possibly existentially quantified finite sets of equations over terms. We let f ail denote the
unsatisfiable equation set, which (logically) implies all other equation sets. Likewise, the empty
equation set, denoted true, is implied by all elements of Eqn. We write S ≤ S ′ if S ′ logically implies
S. Elements of Eqn are regarded as (quantified) conjunctions of equations and treated modulo
logical equivalence. Thus Eqn is a lattice ordered by ≤ with bottom element true and top element
f ail. An equation set is solved if it is either f ail or it has the form ∃y1 . . . ∃ym . {x1 = t1 , . . . , xn =
tn }, where each xi is a distinct variable not occurring in any of the terms ti and each yi occurs
in some tj . Any set of equations S can be transformed into an equivalent one, solve(S), which
is solved. We restrict our interest to the set of idempotent substitutions over τ (Σ ∪ V ), which is
denoted by Sub. There is a natural isomorphism between substitutions and unquantified equation
sets. The empty substitution is denoted by ǫ. A substitution θ = {x1 /t1 , . . . , xn /tn } is a unifier of
an equation set S iff θb = {x1 = t1 , . . . , xn = tn } ⇒ S. We denote the set of unifiers of S by unif (S)
and mgu(S) denotes the most general unifier of the unquantified equation set S. While every
unquantified equation set has a most general unifier, this is not true in general for equation sets with
existentially quantified variables [24]. We write mgu({s1 = t1 , . . . , sn = tn }, {s′1 = t′1 , . . . , s′n = t′n })
to denote the most general unifier of the set of equations {s1 = s′1 , t1 = t′1 , . . . , sn = s′n , tn = t′n }.
Observe that mgu(Ø, Ø) = ǫ. The notions of application, composition and relative generality are

defined in the usual way [5]. We write θ|`s to denote the restriction of the substitution θ to the
set of variables in the syntactic object s. The application of substitutions induces a preorder on
terms. By ≈ we denote the associated equivalence relation (variance).
The set E of equality axioms for a given program E are:
x=x⇐
(reflexivity)
x=y⇐y=x
(symmetry)
x = z ⇐ x = y, y = z
(transitivity)
f (x1 , . . . , xn ) = f (y1 , . . . , yn ) ⇐ x1 = y1 , . . . , xn = yn (f -substitutivity)
for each n-ary function symbol f occurring in Σ.
Each equational Horn theory E generates a smallest congruence relation =E called E-equality
on the set of terms τ (Σ ∪ V ) (the least equational theory which contains all logic consequences
of E under the entailment relation |= obeying the axioms of equality for E). E is a presentation
or axiomatization of =E . In abuse of notation, we sometimes speak of the equational theory E to
denote the theory axiomatized by E. We will denote by H/E the finest partition τ (Σ)/ =E induced
by =E over the set of ground terms τ (Σ). H/E is usually called the initial algebra of E [11].
Satisfiability in H/E is called E-unif iability, that is, given a set of equations S, S is E-unifiable iff
there exists a substitution σ such that E |= Sσ [11]. The substitution σ is called an E-unifier of S.
A Herbrand interpretation I for a program E is a set of ground equations, with the understanding that s = t is true w.r.t. I iff s = t ∈ I. A Herbrand interpretation satisfies a program clause
iff, for each ground instance λ = ρ ⇐ ee of the clause, we have that λ = ρ ∈ I whenever ee ⊆ I. A
Herbrand E-interpretation for E is a Herbrand interpretation for E obeying the equality axioms for
E. A Herbrand model for E is a Herbrand interpretation for E which satisfies each program clause
in E. A Herbrand E-model for E is a Herbrand model for E which satisfies the equality axioms for
E. The intersection of all Herbrand E-models for E is also a Herbrand E-model for E (the least
Herbrand E-model), and it was proposed as the declarative semantics for positive programs [19].
This semantics is known to be isomorphic to the initial algebra H/E of the program, and in the
following will be denoted by M(E).
A Conditional Term Rewriting System is a pair (Σ, R) where R is a finite set of reduction (or
rewrite) rule schemes of the form (λ → ρ ⇐ ee), λ, ρ ∈ τ (Σ ∪ V ), λ 6∈ V and V ar(ρ) ⊆ V ar(λ).
We will often write just R instead of (Σ, R). A Horn equational theory E which satisfies the above
assumptions can be viewed as a conditional term rewriting system R where the rules are the heads
(implicitly oriented from left to right) and the conditions are the respective bodies. We assume
that these assumptions hold for all the theories considered in this paper. The equational theory
E is said to be canonical if the binary one-step rewriting relation →R defined by R is noetherian
and confluent [22]. For canonical programs, M(E) is equivalent to the operational semantics given
by the ground success set, i.e. the set of all ground equations s = t such that s and t have a
common R-normal form, and to the fixpoint semantics given by the least fixpoint TE ↑ω of the
following transformation TE (immediate consequence operator), continuous on the complete lattice
of Herbrand interpretations ordered by set inclusion [19].
TE (I) = { t = t ∈ B } ∪

{ e∈B |

(λ = ρ ⇐ ee) ∈ [E],
{e[ρ]u } ∪ ee ⊆ I,
u ∈ Occ(e),
e|u = λ }.

Informally, TE (I) contains the set of all ground instances of the reflexivity axiom and the set
of all ground equations that can be ‘constructed’ from elements of the Herbrand interpretation I
by replacing one occurrence of the right-hand side of the head of a rule in E by the corresponding
left-hand side.

2.1

Basic Conditional Narrowing

The narrowing mechanism is a powerful tool for constructing complete E-unification algorithms for
useful classes of equational theories. In this context, completeness means that, for every solution

to a given set of equations, a more general solution can be found by narrowing. Since unrestricted
narrowing has quite a large search space, several strategies to improve the efficiency of narrowing
have been devised. Basic conditional narrowing is a complete method for solving equations in
the equational theory defined by a level-canonical CTRS [28]. All programs considered in this
paper are assumed to be level-canonical, as well as their combinations. Level-canonicity implies
canonicity. We formalize basic conditional narrowing as a transition system (Goal ×Sub, ;) whose
transition relation ; ⊆ (Goal × Sub) × (Goal × Sub) is defined as the smallest relation satisfying:
unification rule:
σ = mgu(Gθ)
h⇐ G, θi ; h⇐ true, θσi
narrowing rule:
e ∈ G ∧ u ∈ Ō(e) ∧ (λ = ρ ⇐ ee) << E ∧ σ = mgu({(e|u )θ = λ})
h⇐ G, θi ; h⇐ (G ∼ {e}) ∪ {e[ρ]u } ∪ ee, θσi

where the symbol ∼ stands for set difference. A basic conditional narrowing derivation is a sequence
h⇐ G0 , ǫi ; h⇐ G1 , θ1 i ; . . . ; h⇐ Gn , θn i.
A successful derivation for ⇐ G is a derivation
h⇐ G, ǫi ;∗ h⇐ true, θi and θ is called a computed answer substitution (for ⇐ G in E). Each
computed answer substitution in a successful derivation for ⇐ G is an E-unifier of G. By abuse of
notation, it is often called solution.

3

Compositional Semantics

In the next section we consider a (non-compositional) operational semantics for CTRSs modeling
computed answer substitutions. When defining a semantics for a programming language it is essential to specify which properties of computations one is interested to ‘observe’. In the case of
equational logic programs, one may be interested to ‘observe’ the values computed by successful
derivations (e.g. computed answer substitutions), by partial derivations or by finitely failed derivations. For each possible choice of an observable, a semantics which correctly models the observable
would yield a different notion of program equivalence. So, for instance, two programs like those
in Example 2 cannot be distinguished from the point of view of the ground success set, but have
different computed answer substitutions. Throughout this paper we consider as observable the set
of computed answer substitutions. In Section 3.2 we introduce a semantics which is compositional
w.r.t. program union and for computed answer substitutions.

3.1

A Semantics Modeling Computed Answers

The operational semantics of a program is a mapping from the set of programs to a set of program
denotations which, given a program E, returns a set of ‘results’ of the computations in E. For
equational logic programs the operational semantics should be defined in terms of the set of all
‘values’ a functional expression can compute. In order to formulate a semantics modeling computed
answers, the usual Herbrand base has to be extended to the set of all (possibly) non-ground
equations modulo variance [12, 13]. HV denotes the V -Herbrand universe which allows variables
in its elements, and is defined as τ (Σ ∪ V )/≈ . For the sake of simplicity, the elements of HV
have the same representation as the elements of τ (Σ ∪ V ) and are also called terms. BV denotes
the V -Herbrand base, namely, the set of all equations s = t, where s, t ∈ HV . Note that the
standard Herbrand base B is equal to [BV ]. The preorder ≤ on τ (Σ ∪ V ) induces an order relation
on τ (Σ ∪ V )/≈ (and therefore on HV ). The ordering on HV induces an ordering on BV , namely
s′ = t′ ≤ s = t if s′ ≤ s and t′ ≤ t. The power set of BV is a complete lattice under set inclusion.

3.1.1

Operational Semantics

The operational semantics O(E) of an equational logic program E with computed answers as
observable can be defined as follows.
Definition 3.1 Let E be a program. Then,
O(E) = {(f (e
x) = y)θ | f (e
x) = y is a flat equation,
h⇐ (f (e
x) = y), ǫi ;∗ h⇐ true, θi }.
Example 4 Consider the programs E1 and E2 from Example 2. According to Definition 3.1,
O(E1 ) = {0 = 0, f (x) = f (x), f (0) = 0}, whereas
O(E2 ) = {0 = 0, f (x) = f (x), f (0) = 0, f (x) = 0}.
The flattening procedure for equation sets is introduced in the following definition. Note that
this definition essentially coincides with the one reported in [7, 23], with unimportant modifications
aimed at facilitating the subsequent definitions and proofs.
Definition 3.2 (flattening)
The function f lat(s) for an expression s is defined inductively as follows:

f lat(e1 ), . . . , f lat(en )
if s ≡ e1 , . . . , en




f lat(f (t1 , . . . , tn ) = z),
if s ≡ f (t1 , . . . , tn ) = g(t′1 , . . . , t′n ),



where z is a fresh variable
f lat(g(t′1 , . . . , t′n ) = z)



if s ≡ z = f (t1 , . . . , tn )
 f lat(f (t1 , . . . , tn ) = z)



 f lat(ti1 = z1 ), . . . , f lat(tik = zk ), if s ≡ f (t1 , . . . , tn ) = z and ti1 , . . . , tik are


f lat(f (x1 , . . . , xn ) = z)
the non-variable arguments of f (t1 , . . . , tn ),
f lat(s) =
z1 , . . . , zk are fresh variables,


x
i = zk if ti = tik and xi = ti if ti ∈ V



f (x1 , . . . , xn ) = z, xn+1 = z
if s ≡ f (x1 , . . . , xn ) = xn+1 and




∃i. xn+1 = xi , where z is a fresh variable



xn = z, xn+1 = z
if s ≡ xn = xn+1 and xn ≡ xn+1 ,



where z is a fresh variable


s
otherwise
Modifying a set of equations by flattening results in a flat equation set which cannot be flattened
any further. The conversion to flat form subsumes the axioms of transitivity and f -substitutivity
(i.e. they become ‘built-in’) [23].
The following theorem asserts that the computed answer substitutions of any (possibly conjunctive) goal ⇐ G can be derived from O(E) (i.e. from the observable behaviour of single equations),
by unification of the equations in the goal with the equations in the denotation. We note that
this property is a kind of AND-compositionality which does not hold for ordinary (unrestricted)
narrowing [4]. We assume that the equations in the denotation are renamed apart. Equations in
the goal have to be flattened first, i.e. subterms have to be unnested so that the term structure is
directly accessible to unification.
Definition 3.3 Let E = E1 ∪ E2 be a set of equations where all equations in E2 are trivial
equations and no equation in E1 is trivial. We define the function split : Eqn → Eqn × Eqn by
split(E) = (E1 , E2 ).
Theorem 3.4 (strong soundness and strong completeness)
Let E be a program and ⇐ G ≡ ⇐ e1 , . . . , en be a goal. Let split(f lat(G)) = (G1 , G2 ). Then θ
is a computed answer substitution for ⇐ G in E iff there exist G′ ≡ e′1 , . . . , e′m << O(E) such that
θ′ = mgu(G1 , G′ ) and θ|`G = (θ′ ⇑ mgu(G2 ))|`G .
Theorem 3.4 shows that O(E) is the fully abstract semantics w.r.t. computed answer substitutions.

Example 5 Let us consider the program E = {g(0) = 0 ⇐, f (0) = 0 ⇐, f (g(x)) = f (x) ⇐}.
According to Definition 3.1,
O(E) = {0 = 0, g(x) = g(x), f (x) = f (x), g(0) = 0, f (0) = 0, f (g(x)) = f (x), . . . , f (g n (x)) =
f (x),
f (g(0)) = 0, . . . , f (g n (0)) = 0}.
The goal ⇐ G ≡ ⇐ y = f (z) computes the answers {{y/f (z)}, {y/0, z/0}, {y/f (x), z/g(x)},
{y/0, z/g(0)}, . . . , {y/f (x), z/g n (x)}, {y/0, z/g n (0)}} in E, which exactly coincides with the set
of substitutions computed by unifying the flat equation f (z) = y with the ‘facts’ in O(E).
According to Theorem 3.4, O(E) can be used to simulate the execution for any goal G, that
is, O(E) can be viewed as a (possibly infinite) set of ‘unit’ clauses, and the computed answer
substitutions for ⇐ G in E can be determined by ‘executing’ f lat(G) in the program O(E) by standard unification, as if the equality symbol were an ordinary predicate. In the following subsection
we associate a continuous operator with an equational logic program, describe the corresponding
fixpoint semantics, and show the relation with the operational semantics.
3.1.2

Fixpoint Semantics

We now introduce a new immediate consequence operator TEca on a novel kind of ‘interpretations’
whose least fixpoint is shown to be equivalent to the computed answer substitutions semantics
O(E). The main idea behind T -interpretations is to keep apart equations and substitutions in
order to avoid applying the TEca operator on subterms which were introduced by instantiation, in
a similar way as in the basic narrowing strategy, where the substitution part of prior narrowings is
not subsequently narrowed. The definition of T -interpretations is introduced mainly for technical
reasons and the elements of a T -interpretation will be often called ‘equations’.
Definition 3.5 A T -interpretation is a set of tuples he, θi, where e ∈ BV and θ ∈ Sub. For any
T -interpretation I ∈ 2BV ×Sub we let İ denote the V -interpretation I = {eθ | he, θi ∈ I}. For any
V -interpretation I ∈ 2BV , we let .I denote the T -interpretation I = {he, ǫi | e ∈ I}.
˙ be defined as follows: I1 ⊆I
˙ 2 iff I˙1 ⊆ I˙2 .
Theorem 3.6 Let I1 and I2 be T -interpretations. Let ⊆
BV ×Sub
˙
The set 2
of T -interpretations is a complete lattice w.r.t. ⊆.
For any program E, we denote by ΦE the set of identical equations f (x1 , . . . , xn ) = f (x1 , . . . , xn ),
for each function symbol f occurring in E, of any rank n ≥ 0. As we will see, these functional
reflexivity axioms play an important role in defining the fixpoint semantics of E.
Definition 3.7 Let E be a program and I be a T -interpretation. Then,
TEca (I) =

Φ
.E ∪

{ s ∈ BV × Sub |

(λ = ρ ⇐ ee) << E,
{hl = r, ϑi} ∪ se′ ⊆ I,
mgu(f lat(e
e), sė′ ) = σ,
mgu({λ = (r|u )ϑ}σ) = θ,
u ∈ Ō(r),
s = hl = r[ρ]u , ϑσθi }.

The following proposition allows us to define a fixpoint semantics for equational logic programs.
Proposition 3.8 The TEca operator is continuous on the complete lattice of T -interpretations.
Definition 3.9 Let T (E) = lf p(TEca ) = TEca ↑ ω. The least fixpoint semantics of a program E is
defined as F(E) = Ṫ (E).
The equivalence between the operational and the least fixpoint semantics is established by the
following theorem.

Theorem 3.10 Let E be a program. Then F(E) = O(E).
The following theorem relates the non-ground semantics F(E) to the standard least Herbrand
E-model semantics M(E).
Theorem 3.11 Let E be a program and r∓ be the transitive-symmetric closure of relation r under
replacement (the f -substitutivity property). Then, M(E) = [O(E)]∓ .
According to Theorem 3.11, the new semantics O(E) can be thought of as a non-ground representation of the standard least Herbrand E-model semantics M(E) just containing the necessary
information which allows one to determine the computed answers, as it was established by Theorem
3.4.

3.2

A Compositional Semantics

A semantics S is compositional, or homomorphic, w.r.t. a program composition operator ⋆ if the
meaning (semantics) S(C1 ⋆ C2 ) of a compound construct can be determined by composing the
meanings of the constituents S(C1 ) and S(C2 ), i.e. for a suitable homomorphism f ⋆ , S(C1 ⋆ C2 ) =
f ⋆ (S(C1 ), S(C2 )). The semantics that we have considered so far is not compositional w.r.t. union
of programs as shown by the following example.
Example 6 Let us consider the programs E1 = {f (x) = 0 ⇐ f (0) = 0} and E2 = {f (0) = 0 ⇐}.
According to Definition 3.1,
O(E1 ) = {0 = 0, f (x) = f (x)}, and
O(E2 ) = {0 = 0, f (x) = f (x), f (0) = 0}.
Since O(E1 ∪ E2 ) = {0 = 0, f (x) = f (x), f (0) = 0, f (x) = 0}, the semantics of the union of the
programs cannot be obtained from the semantics of the programs.
Example 6 shows that the denotation of programs in terms of sets of (possibly) non-ground
equations is not adequate to model OR-compositionality. According to the idea in [25, 30], we
suggest to denote each program by the corresponding immediate operator TEca . Note that the
semantics of E is no longer viewed just as a set of equations, but as a function which takes a set of
‘equations’ and deduces new ‘equations’ from it.
Definition 3.12 (compositional semantics)
The compositional semantics for a program E is defined as S(E) = TEca .
The meaning of a program E is therefore denoted by the mapping which, given a T -interpretation
I, yields the set of immediate consequences of I in E, that is ∀I ∈ 2BV ×Sub . S(E)(I) = TEca (I).
The following result shows that S(E) models computed answer substitutions in a compositional
way.
Theorem 3.13 (compositionality)
Let E1 , E2 be programs. Let TEca
and TEca
be their associated denotations. Then,
1
2
∀I ∈ 2BV ×Sub . TEca
(I) = TEca
(I) ∪ TEca
(I).
1 ∪E2
1
2
(I) ⇔ s ∈
Proof. We have to prove that, for all s ∈ BV × Sub and I ∈ 2BV ×Sub . s ∈ TEca
1 ∪E2
ca
(I)).
(I)
∪
T
(TEca
E2
1
⇒) If s ∈ TEca
(I) then, by Definition 3.7,
1 ∪E2
1) s ∈ Φ.E1 ∪E2 , or
2) (C ≡ λ = ρ ⇐ ee) << E1 ∪ E2 , {hl = r, ϑi} ∪ se′ ⊆ I, mgu(f lat(e
e), sė′ ) = σ, mgu({λ =
(r|u )ϑ}σ) = θ, u ∈ Ō(r) and s = hl = r[ρ]u , ϑσθi.

(I). Let us consider the second case. If
(I) or s ∈ TEca
Case 1) is trivial, since it implies s ∈ TEca
2
1
(I), or it is a variant of a
C << E1 ∪ E2 , then C is a variant of a clause in E1 , and then s ∈ TEca
1
ca
ca
clause in E2 , and s ∈ TEca
(I).
Therefore,
s
∈
T
(I)
or
s
∈
T
(I).
E1
E2
2
(I). Hence,
(I). Let us suppose s ∈ TEca
(I) or s ∈ TEca
(I)), then s ∈ TEca
(I) ∪ TEca
⇐) If s ∈ (TEca
1
2
1
2
1
by Definition 3.7,
1) s ∈ Φ.E1 , or
2) (C ≡ λ = ρ ⇐ ee) << E1 , {hl = r, ϑi} ∪ se′ ⊆ I, mgu(f lat(e
e), sė′ ) = σ, mgu({λ =
(r|u )ϑ}σ) = θ, u ∈ Ō(r) and s = hl = r[ρ]u , ϑσθi.
Case 1) is straightforward. Let us consider the second case. If C << E1 , then C << E1 ∪ E2 and
thus s ∈ TEca
(I). The demonstration in the case when s ∈ TEca
(I) is perfectly analogous.
2
1 ∪E2
2
The semantics S(E) can be considered as a semantic basis for modular analysis of equational
logic programs since, by using suitable abstractions of TEca , we can analyze program constituents
w.r.t. several interesting program properties and then compose the results to obtain the analysis
of the whole program [6], as we formalize in the following section.

4

Compositional Abstract Semantics

The theory of abstract interpretation [9] provides a formal framework to develop advanced data-flow
analysis tools. Abstract interpretation formalizes the idea of ‘approximate computation’ in which
computation is performed with descriptions of data rather than with the data itself. The semantics
operators are then replaced by abstract operators which are shown to ‘safely’ approximate the
standard ones. In this section, starting from the fixpoint semantics in Section 3, we develop an
abstract semantics which approximates the observables and is adequate for modular data-flow
analysis, such as the analysis of unsatisfiability of equation sets. We assume the framework of
abstract interpretation for analysis of equational unsatisfiability as defined in [1, 3]. We first recall
the abstract domains and the associated abstract operators. Then we describe a novel abstract
immediate consequence operator TE♯ca able to approximate the operator TEca , and the abstract
fixpoint semantics F ♯ (E). In the following we denote the abstract analog of a concrete object O
by O♯ .

4.1

Abstract Domains and Operators

A description is the association of an abstract domain (D, ≤) (a poset) with a concrete domain
(E, ≤) (a poset). When E = Eqn or E = Sub, the description is called an equation description
or a substitution description, respectively. The correspondence between the abstract and concrete
domain is established through a ‘concretization’ function γ : D → 2E . We say that d approximates
e, written d ∝ e, iff e ∈ γ(d). The approximation relation can be lifted to relations and cross
products as usual [1].
Abstract substitutions are introduced for the purpose of describing the computed answer substitutions for a given goal. Abstract equations and abstract substitutions correspond to abstract
program denotations and abstract observable properties, respectively. The domains for equations
and substitutions are as follows.
Definition 4.1 (abstract Herbrand universe)
By HV = (τ (Σ ∪ V ), ≤), we denote the standard domain of (equivalence classes of ) terms ordered
by the standard partial order ≤ induced by the preorder on terms given by the relation of being
“more general”. Let ⊥ be an irreducible symbol, where ⊥ 6∈ Σ. Let HV♯ = (τ (Σ ∪ V ∪ {⊥}), ) be
the domain of terms over the signature augmented by ⊥, where the partial order  is defined as
follows:
(a) ∀t ∈ HV♯ .⊥  t and t  t and

(b) ∀s1 , . . . , sn , s′1 , . . . , s′n ∈ HV♯ , ∀f /n ∈ Σ. s′1  s1 ∧ . . . ∧ s′n  sn ⇒ f (s′1 , . . . , s′n ) 
f (s1 , . . . , sn )
This order can be extended to equations: s′ = t′  s = t iff s′  s and t′  t and to sets of
equations S, S ′ :
1) S ′  S iff ∀e′ ∈ S ′ .∃e ∈ S such that e′  e. Note that S ′  true ⇒ S ′ ≡ true.
2) S ′ ⊑ S iff (S ′  S) and (S  S ′ implies S ′ ⊆ S).
Intuitively, S ′ ⊑ S means that either S ′ contains less information than S, or if they have the
same information, then S ′ expresses it by less elements.
Roughly speaking, the special symbol ⊥ introduced in the abstract domains represents any
concrete term. The behaviour of the symbol ⊥ from a programming viewpoint resembles that of
an “anonymous” variable in Prolog. From the viewpoint of logic, ⊥ stands for an existentially
quantified variable [1, 24]. Define [[S]] = S ′ , where the n-tuple of occurrences of ⊥ in S is replaced
by an n-tuple of existentially quantified fresh variables in S ′ .
Definition 4.2 An abstract substitution is a set of the form {x1 /t1 , . . . , xn /tn } where, for each
i = 1, . . . , n, xi is a distinct variable in V not occurring in any of the terms t1 , . . . , tn and ti ∈ τ (Σ∪
V ∪ {⊥}). The ordering on abstract substitutions is given by logical implication: let θ, κ ∈ Sub♯ ,
b ⇒ [[b
κ  θ iff [[θ]]
κ]].
The descriptions for terms, substitutions and equations are as follows.

Definition 4.3 Let HV = (τ (Σ ∪ V ), ≤) and HV♯ = (τ (Σ ∪ V ∪ {⊥}), ). The term description is
hHV♯ , γ, HV i where γ : HV♯ → 2HV is defined by: γ(t′ ) = {t ∈ HV |t′  t}.
Let Eqn be the set of finite sets of equations over τ (Σ ∪ V ) and Eqn♯ be the set of finite sets
of equations over τ (Σ ∪ V ∪ {⊥}). The equation description is h(Eqn♯ , ⊑), γ, (Eqn, ≤)i, where
γ : Eqn♯ → 2Eqn is defined by: γ(g ′ ) = {g ∈ Eqn|g ′ ⊑ g and g is unquantified }.
Let Sub be the set of substitutions over τ (Σ ∪ V ) and Sub♯ be the set of substitutions over
τ (Σ ∪ V ∪ {⊥}). The substitution description is h(Sub♯ , ), γ, (Sub, ≤)i, where γ : Sub♯ → 2Sub is
defined by: γ(κ) = {θ ∈ Sub|κ  θ}.
In order to perform computations over the abstract domains, we have to define the notion of
abstract unification. The abstract most general unifier for our method is very simple and, roughly
speaking, it boils down to computing a solved form of an equation set with (possibly) existentially
quantified variables. We define the abstract most general unifier for an equation set S ′ ∈ Eqn♯ as
follows. First replace all occurrences of ⊥ in S ′ by existentially quantified fresh variables. Then take
a solved form of the resulting quantified equation set and finally replace the existentially quantified
variables again by ⊥. Formally: let ∃y1 . . . yn .S = solve([[S ′ ]]) and κ = {y1 /⊥, . . . , yn /⊥}. Then
mgu♯ (S ′ ) = Sκ . The fact that ∀θ ∈ unif ([[S]]). mgu♯ (S)  θ justifies our use of ‘most general’.
The safety of the abstract unification algorithm has been proven in [1].
Our analysis is based on a form of simplified (abstract) program which always terminates and
in which the query can be executed efficiently. Our notion of abstract program is parametric with
respect to a loop-check. Two different instances can be found in [1, 3].
Definition 4.4 A loop-check is a graph GE associated with a program E, i.e. a relation consisting
◦
of a set of pairs of terms, such that: (1) the transitive closure GE+ is decidable and (2) Let t = t′
be a function which assigns to a term t some node t′ in GE . If there is an infinite sequence:
h⇐ G0 , θ0 i ; h⇐ G1 , θ1 i ; . . .
then
◦

◦

∃i ≥ 0. hti , ti i ∈ GE+ , where ti = e|u θi , e ∈ Gi and u ∈ Ō(e).
◦

◦

(we refer to hti , ti i as a ‘cycle’ of GE .)
A program is abstracted by simplifying the right-hand side and the body of each clause. This
definition is given inductively on the structure of terms and equations. The main idea is that terms
whose corresponding nodes in GE have a cycle are drastically simplified by replacing them by ⊥.

Definition 4.5 (abstract program)
Let E be a program. Let GE be a loop-check for E. We define the abstraction of E as follows:
E ♯ = {λ = sh(ρ, GE ) ⇐ sh(e
e, GE ) | (λ = ρ ⇐ ee) ∈ E},
where the shell sh(x, G) of an expression x according to a loop-check G is defined inductively

x
if x ∈ V


◦ ◦


 f (sh(t1 , G), . . . , sh(tk , G)) if x ≡ f (t1 , . . . , tk ) and hx, xi 6∈ G +
sh(x, G) =
sh(l, G) = sh(r, G)
if x ≡ (l = r)



sh(e1 , G), . . . , sh(en , G)
if x ≡ e1 , . . . , en


⊥
otherwise
We can now formalize the abstract semantics.

4.2

Bottom-up Abstract Semantics

We define an abstract fixpoint semantics in terms of the least fixpoint of a continuous transformation TE♯ca based on abstract unification and the operation of abstraction of a program. The idea is
to provide a finitely computable approximation of the concrete denotation of the program E. In
the following, we define the abstract transformation TE♯ca .
Definition 4.6 (abstract Herbrand base, abstract Herbrand interpretation)
The abstract Herbrand base of equations BV♯ is defined as the set of equations over the abstract
♯
Herbrand universe HV♯ . An abstract Herbrand interpretation is any element of 2BV . An abstract
♯
♯
˙ ♯ on abstract T -interpretations can
T -interpretation is an element of 2BV ×Sub . A partial order ⊆
˙ on T -interpretations.
be defined in a similar way to the order ⊆
˙ ♯.
We can easily show that the set of abstract T -interpretations is a complete lattice w.r.t. ⊆
Definition 4.7 Let E be a program and GE be a loop-check for E. Let I be an abstract hiinterpretation. Then,
TE♯ca (I) =

Φ
.E ∪

{ s ∈ BV♯ × Sub♯ | (λ = ρ ⇐ ee) << E ♯ ,
{hl = r, ϑi} ∪ se′ ⊆ I,
mgu♯ (f lat(e
e), sė′ ) = σ,
♯
mgu ({λ = (r|u )ϑ}σ) = θ,
u ∈ Ō(r),
s = hl = r[ρ]u , ϑσθi }.

Proposition 4.8 The TE♯ca operator is continuous on the complete lattice of abstract T -interpretations.
Definition 4.9 (abstract least fixpoint semantics)
Let T ♯ (E) = lf p(TE♯ca ). The abstract least fixpoint semantics of a program E is F ♯ (E) = Ṫ ♯ (E).
The following theorem states that F ♯ (E) is always finitely computable.
Theorem 4.10 There exists a finite positive number k such that T ♯ (E) = TE♯ca ↑ k.
From a semantics viewpoint, given a program E, the fixpoint semantics F(E) is approximated
by the corresponding abstract fixpoint semantics F ♯ (E). That is, we can compute an abstract
approximation of the concrete semantics in a finite number of steps. The correctness of the abstract
fixpoint semantics with respect to the concrete semantics is proved by the following:
Theorem 4.11 There exists a finite positive number k such that TE♯ca ↑ k ∝ TEca ↑ ω.

Corollary 4.12 F ♯ (E) ∝ F(E).
The semantics F ♯ (E) collects goal-independent information about success patterns of a given
program. The relation between the abstract fixpoint and the concrete operational semantics (computed answer substitutions) is given by the following theorem. Roughly speaking, given a goal
⇐ G, we obtain a description of the set of the computed answers of ⇐ G by abstract unification
of the equations in f lat(G) with equations in the approximated semantics F ♯ (E).
Theorem 4.13 (strong completeness)
Let E be a program and ⇐ G ≡ ⇐ e1 , . . . , en be a goal. If θ is a computed answer substitution
for ⇐ G in E, then there exists G′ ≡ e′1 , . . . , e′m << F ♯ (E) such that θ′ = mgu♯ (f lat(G), G′ ) and
θ′  θ.
Example 7 The analysis of the program E = {g(0) = c(0) ⇐, h(0) = 0 ⇐, h(c(0)) = c(0) ⇐
, h(g(x)) = c(h(x)) ⇐ g(x) = c(x)} using the loop-check GE = {hh(x), h(x)i} returns the set
F ♯ (E) = {0 = 0, g(x) = g(x), h(x) = h(x), c(x) = c(x), g(0) = c(0), h(0) = 0, h(c(0)) =
c(0), h(g(0)) = c(⊥)}, which approximates the program success set. Given a goal ⇐ G ≡ ⇐
h(g(x)) = y, basic conditional narrowing computes the substitutions {{y/h(g(x))}, {x/0, y/h(c(0))},
{x/0, y/c(0)}, {x/0, y/c(h(0))}} and then goes on indefinitely. The abstract substitutions returned
by the abstract unification of the equations in the flattened goal ⇐ h(z) = y, g(x) = z into the
abstract denotation F ♯ (E) are {{y/h(g(x))}, {x/0, y/h(c(0))}, {x/0, y/c(0)}, {x/0, y/c(⊥)}},
which approximate the computed answers of ⇐ G.
The following corollary represents the main result in this section.
Corollary 4.14 If mgu♯ (f lat(G), G′ ) = f ail for all G′ ≡ e′1 , . . . , e′n << F ♯ (E), then G is unsatisfiable in E.
Example 8 The goal ⇐ h(g(x)) = x is unsatisfiable in the program E of Example 7.
We are then left with the problem of defining the compositional abstract semantics.

4.3

Compositional Abstract Semantics

Following the approach to program compositionality in Section 3.2, programs are denoted by
their immediate consequence operators. Hence, it seems reasonable to expect that the abstract
transformation maps could also be composed similarly, i.e. we may expect that TE♯1ca∪E2 =
λI.TE♯1ca (I) ∪ TE♯2ca (I). The following example shows that such a simple property does not hold
for the abstract immediate consequence operator TE♯ca defined in Section 4.2.
Example 9 Consider the programs E1 = {a = b ⇐, c = a ⇐}, E2 = {b = a ⇐}. Since
there is no cycle in the definition of E1 or E2 , then we assume E1♯ = E1 and E2♯ = E2 , while
(E1 ∪ E2 )♯ = {a = ⊥ ⇐, b = ⊥ ⇐, c = ⊥ ⇐}. Let us consider I = {c = c}. Then,
ṪE♯1ca (I.)
= {a = a, b = b, c = c, c = a},
♯ca
= {a = a, b = b}, whereas
ṪE2 (I.)
ṪE♯1ca∪E2 (I.) = {a = a, b = b, c = c, c = ⊥}.
Roughly speaking, what is wrong with Example 9 is the fact that the abstract program (E1 ∪E2 )♯
may not be obtained by the simple union of the abstract clauses of E1♯ and E2♯ . In fact, when
we compose E1♯ and E2♯ , information about possibly new cycles is not kept in this formalization.
Hence, a further abstraction process is needed in order to capture cycles which possibly arise when
combining modules, as formalized in the following theorem.

Theorem 4.15 Let E1 , E2 be programs. Then,
♯

♯

∀I ∈ 2BV ×Sub . TE♯1ca∪E2 (I) = TE♯1ca (I) ∪♯ TE♯2ca (I)
where the abstract union ∪♯ of abstract Herbrand interpretations gives us the ability of considering
the information about cycles present in the loop-check GE1 ∪E2 induced by the combined program
E1 ∪ E2 , in the following way:
TE♯1ca (I) ∪♯ TE♯2ca (I) = sh♯ (TE♯1ca (I) ∪ TE♯2ca (I), GE1 ∪E2 ),
[
where, if Υ(I) =
{hf (x) = f (x), ǫi},
hf (x)=f (x),ǫi∈I

♯

then sh (I, G) = Υ(I) ∪

[

{hl = sh(r, G), θi}.

hl=r,θi∈ I∼Υ(I)

We note that GE1 ∪E2 can be derived in a compositional way from GE1 and GE2 , as formalized in
[2]. However, because of space limitations we leave this out.
The abstract TE♯ca operator can be thought of as a tool specialized in the analysis of equational
unsatisfiability. The algebraic compositionality of TE♯ca allows for the algebraic composition of
analysis for different program modules, as will be shown in our last example.
Example 10 Consider the programs
E1 = {
E1♯ = {
E2 = {
E2♯ = {

x+0=x
x + s(y) = s(x + y)
x+0=x
x + s(y) = s(⊥)
addweight([ ]) = 0
addweight([x|y]) = weight(x) + addweight(y)
addweight([ ]) = 0
addweight([x|y]) = ⊥

⇐
⇐ }
⇐
⇐ }
⇐
⇐ }
⇐
⇐ }

Then we have,
TE♯1ca∪E2 (Ø) =
TE♯1ca (Ø) ∪♯ TE♯2ca (Ø) = {h0 = 0, ǫi, hs(x) = s(x), ǫi, hx + y = x + y, ǫi, h[ ] = [ ], ǫi,
h[x|y] = [x|y], ǫi, haddweight(x) = addweight(x), ǫi,
hweight(x) = weight(x), ǫi}
TE♯1ca∪E2 (TE♯1ca∪E2 (Ø)) =
TE♯1ca (TE♯1ca∪E2 (Ø)) ∪♯ TE♯2ca (TE♯1ca∪E2 (Ø)) = {h0 = 0, ǫi, hs(x) = s(x), ǫi, hx + y = x + y, ǫi,
h[ ] = [ ], ǫi, h[x|y] = [x|y], ǫi,
haddweight(x) = addweight(x), ǫi,
hweight(x) = weight(x), ǫi} ∪ {hx + y = x, {y/0}i,
hx + y = s(⊥), {y/s(y ′ )}i, haddweight(x) = 0, {x/[ ]}i,
haddweight(x) = ⊥, {y/[x′ |y ′′ ]}i}. (f ixpoint)

5

Conclusions

We have presented an approach to the semantics of conditional term rewriting systems able to
capture the natural ability of equational logic programs to compute answers. We have also shown
that it is possible to formulate an equivalent characterization of this semantics as the least fixpoint of a suitable continuous transformation, which we have proven to be compositional w.r.t.
program union. We have finally presented an abstraction of this fixpoint semantics which yields

an approximated finite (goal-independent) description of the success patterns of the program. A
compositional analysis of equational unsatisfiability has been developed to illustrate our approach.
The concrete and the abstract semantics can support modular development and analysis of
large programs. To the best of our knowledge this is the first compositional analysis for equational
Horn programs.
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