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Abstract. Narrowing extends rewriting with logic capabilities by al-
lowing logic variables in terms and replacing matching with unification.
Narrowing has been widely used in different contexts, ranging from theo-
rem proving (e.g., protocol verification) to language design (e.g., it forms
the basis of functional logic languages). Surprisingly, the termination of
narrowing has been mostly overlooked. In this paper, we present a new
approach for analyzing the termination of narrowing in left-linear con-
structor systems—a widely accepted class of systems—that allows us to
reuse existing methods in the literature on termination of rewriting.

1 Introduction

The narrowing principle [52] generalizes term rewriting by allowing logic vari-
ables in terms—as in logic programming [39]—and by replacing pattern matching
with unification in order to (non-deterministically) reduce them. Unrestricted
narrowing (i.e., not following any particular strategy for selecting reducible ex-
pressions) may have a huge—often infinite—search space, mainly because one
can freely select any reducible expression and applicable rewrite rule at each nar-
rowing step. Narrowing, originally introduced as an E-unification mechanism in
equational theories, has been mostly used as the operational semantics of so
called functional logic programming languages [31,49]. Examples of such lan-
guages based on narrowing are, e.g., LPG [12], SLOG [25], ALF [30], Babel [45],
and the most recent Curry [22] and Toy [40]. Currently, narrowing is regaining
popularity in a number of other areas, like protocol verification [15,23,35,42],
model checking [24], partial evaluation [1,48], refining methods for proving the
termination of rewriting [8, 9], type checking in the language 2mega [51], etc.
Termination is a fundamental problem in term rewriting, as witnessed by
the extensive literature on the subject (see, e.g., [19, 53] and references therein).
Surprisingly, the termination of narrowing has been mostly overlooked so far. To
the best of our knowledge, no termination analysis tool has ever been developed
for proving the termination of narrowing. Indeed, only a few approaches to this
subject can be found in the literature (see a detailed account in Sect. 6).

* This work has been partially supported by the EU (FEDER) and the Spanish MEC
under grants TIN2005-09207-C03-02 and Accion Integrada HA2006-0008.



In this work, we introduce a new approach to analyze the termination of
narrowing by reusing existing results and tools for analyzing the termination of
rewriting. The key idea is to consider variables as data generators in the context
of rewriting. This means that one can analyze the termination of narrowing for
the term add(z, z), where add is a defined function, z is a logic variable, and z is
a constructor constant, by analyzing the termination of rewriting for the terms
add(t, z), where ¢ stands for an arbitrary—possibly infinite—ground (i.e., without
variables) term. Intuitively speaking, we want ¢ to take any possible value that
could be computed by narrowing for the logic variable z in any derivation issuing
from add(z,z), even if it goes on infinitely.

This relation between logic variables and (possibly infinite) terms has been
pointed out by Dershowitz [20], who advocated a form of stream programming
based on logic variables. A similar idea has taken up recently in order to eliminate
logic variables from functional logic computations [6,17]. The closest approach,
though, is the termination analysis for logic programs by Schneider-Kamp et al
[50], where logic programs are transformed to rewrite systems and logic variables
are replaced with infinite terms (cf. Sect. 6).

Since data generators are, by definition, nonterminating, we introduce the
use of argument filterings in Sect. 4 in order to get rid of data generators in
rewrite derivations. Essentially, we consider two alternative approaches:

— The first technique is based on the well-known dependency pair framework
[8,29] for proving the termination of rewriting. We will show that only some
slight modifications are required in order to be applicable in our setting.

— The second technique is based on the argument filtering transformation of
Kusakari et al [38] and, given a TRS R, produces a new rewrite system R', so
that the termination of rewriting in R’ implies the termination of narrowing
in R. Therefore, any method or termination tool for rewrite systems can
directly be applied to prove the termination of narrowing.

Then, Sect. 5 presents a technique for inferring appropriate argument filterings
and reports on a prototype implementation of a termination tool, TNT, that fol-
lows the second approach above. Roughly speaking, the user introduces a rewrite
system and an abstract call indicating the entry function to the program and
its modes.! The tool first computes an argument filtering from the abstract call
and, then, transforms the input system using this argument filtering according
to the second approach above. The termination of the transformed system is
currently checked by using the AProVE tool [27].

The main contributions of this work can be summarized as follows: i) we
introduce a sufficient and necessary condition for the termination of narrow-
ing over left-linear constructor systems, a widely accepted class of systems in
functional logic programming; ii) we introduce two alternative approaches for
analyzing the termination of narrowing w.r.t. a given argument filtering; and iii)
we present an automatic tool for proving the termination of narrowing.

Finally, Sect. 6 includes a comparison to related work and Sect. 7 concludes.

1 'We follow the terminology from logic programming, where modes are used to specify
the degree of instantiation of the arguments of a predicate.



2 Preliminaries

We assume familiarity with basic concepts of term rewriting and narrowing. We
refer the reader to, e.g., [10] and [31] for further details.

Terms and Substitutions. A signature F is a set of function symbols. We
often write f/n € F to denote that the arity of function f is n. Given a set of
variables V with F NV = @, we denote the domain of terms by T (F,V). We
assume that F always contains at least one constant f/0. We often use f,g, ...
to denote functions and x,y, ... to denote variables. A position p in a term ¢ is
represented by a finite sequence of natural numbers, where ¢ denotes the root
position. Positions are used to address the nodes of a term viewed as a tree. The
root symbol of a term ¢ is denoted by root(t). We let t|,, denote the subterm of ¢
at position p and ¢[s], the result of replacing the subterm t|, by the term s. Var(¢)
denotes the set of variables appearing in t. A term ¢ is ground if Var(t) = &. We
write 7 (F) as a shorthand for the set of ground terms 7 (F, @).

A substitution o : V — T(F,V) is a mapping from variables to terms such
that Dom(o) = {x € V | x # o(x)} is its domain. The set of variables introduced
by a substitution o is denoted by Ran(c) = Uyepom(s) Var(zo). Substitutions are
extended to morphisms from 7 (F,V) to T (F,V) in the natural way. We denote
the application of a substitution o to a term ¢ by to (rather than o(t)). The
identity substitution is denoted by id. A wvariable renaming is a substitution
that is a bijection on V. A substitution o is more general than a substitution
0, denoted by o < 6, if there is a substitution § such that § o 0 = 6, where “o”
denotes the composition of substitutions (i.e., o 0 8(x) = xfc). The restriction
1], of a substitution # to a set of variables V' is defined as follows: z0 ||, = z6 if
x €V and 26, = x otherwise. We say that § = o [V]if 0, = o] .

A term ty is an instance of a term t; (or, equivalently, ¢ is more general
than ¢2), in symbols ¢; < tq, if there is a substitution o with ¢t = t;0. Two
terms ¢; and to are wvariants (or equal up to variable renaming) if ¢; = top for
some variable renaming p. A unifier of two terms t; and ts is a substitution o
with t10 = to0; furthermore, o is the most general unifier of t; and to, denoted
by mgu(ty,ts) if, for every other unifier 6 of ¢; and t2, we have that o < 6.

TRSs and Rewriting. A set of rewrite rules [ — r such that [ is a nonvariable
term and 7 is a term whose variables appear in [ is called a term rewriting system
(TRS for short); terms ! and r are called the left-hand side and the right-hand
side of the rule, respectively. We restrict ourselves to finite signatures and TRSs.
Given a TRS R over a signature F, the defined symbols D are the root symbols
of the left-hand sides of the rules and the constructors are C = F \ D.

We use the notation F = DWC to point out that D are the defined function
symbols and C are the constructors of a signature F, with DN C = @. The
domains 7(C,V) and T(C) denote the sets of constructor terms and ground
constructor terms, respectively. A substitution o is (ground) constructor, if zo
is a (ground) constructor term for all z € Dom(o).



A TRS R is a constructor system if the left-hand sides of its rules have
the form f(sq,...,s,) where s; are constructor terms, i.e., s; € 7(C,V), for all
1=1,...,n. A term t is linear if every variable of ¥V occurs at most once in ¢. A
TRS R is left-linear if [ is linear for every rule | — r € R.

For a TRS R, we define the associated rewrite relation —5 as follows: given
terms s,t € T(F,V), we have s —x t iff there exists a position p in s, a rewrite
rule I — r € R and a substitution ¢ with s|, = lo and t = s[ro],; the rewrite
step is often denoted by s —, ;. t to make explicit the position and rule used
in this step. The instantiated left-hand side lo is called a redex.

A term t is called irreducible or in normal form in a TRS R if there is no term
s with t —x s. A substitution ¢ is normalized in a TRS R iff the terms zo are
irreducible in R for all © € Dom(o). A derivation is a (possibly empty) sequence
of rewrite steps. Given a binary relation —, we denote by —™ the transitive
closure of — and by —* its reflexive and transitive closure. Thus ¢t —% s means
that ¢ can be reduced to s in R in zero or more steps; we also use t —% s to
denote that ¢ can be reduced to s in exactly n rewrite steps.

Narrowing. The narrowing principle [52] mainly extends term rewriting by
replacing pattern matching with unification, so that terms containing logic vari-
ables can also be reduced by non-deterministically instantiating these variables.
Formally, given a TRS R and two terms s,t € 7(F,V), we have that s ~g t is
a narrowing step iff there exist

— a nonvariable position p of s,
— avariant R = (I — r) of a rule in R,
— a substitution o = mgu(s|,,!) which is the most general unifier of s|, and I,

and t = (s[r]p)o. We often write s ~», g g t (or simply s ~»¢ t) to make explicit
the position, rule, and substitution of the narrowing step, where § = afVar(S)
(i.e., we label the narrowing step only with the bindings for the narrowed term).
A narrowing derivation to ~7 t, denotes a sequence of narrowing steps tg ~,

.~ bty With 0 = 0, 0-+- 007 (if n = 0 then o = id). Given a narrowing
derivation s ~»7 t, we say that o is a computed answer for s.

Ezample 1. Consider the following TRS R defining the addition add/2 on nat-
ural numbers built from z/0 and s/1:

add(z,y) Y (1)
add(s(z),y) s(add(z,y)) (R2)

Given the term add(z,s(z)), we have infinitely many narrowing derivations issu-
ing from add(z,s(z)), e.g.:

—
—

add(gjv S(Z)) Me,Rl,{a: —z} S(Z)
add(z,5(2)) ~c, Ry, {2 os(y1)} $(2dd(Y1,5(2))) ~1, Ry {1 2} S(5(2))

with computed answers {x — z}, {z — s(z)}, etc.



3 Termination of Narrowing via Termination of Rewriting

In this section, we present a sufficient and necessary condition for the termination
of narrowing in terms of the termination of rewriting. First, let us introduce our
notion of termination, which is parameterized by a given binary relation:

Definition 1 (termination). Let T be a set of terms. Given a binary relation
o on terms, we say that T is oc-terminating iff there is no term t1 € T such that
there exists an infinite sequence of the form t1 o<ty o< tg o ...

We say that a term t is x-terminating iff the set {t} is x-terminating.

The usual notion of termination can then be formulated as follows: a TRS is
terminating iff T(F) is —r-terminating. As for narrowing, we say that a TRS
R is terminating w.r.t. narrowing iff 7(F,V) is ~»g-terminating.

In general, however, only rather trivial TRSs are terminating w.r.t. narrow-
ing. Consider, for instance, the following simple TRS R = {f(s(z),y) — f(z,y)}.
Although every term of the form f(¢1,¢2) has a finite rewrite derivation, we can
easily find a term, e.g., f(w, z), such that an infinite narrowing derivation exists:

f(w,2) ~ fuws(zy)y F(21,2) ~ ayms(2)) F(72,2) ~ fapms(@a)) - - -

Therefore, in the remainder of the paper, we focus on the termination of nar-
rowing w.r.t. a given set of terms, which explains our formulation of termination
in Def. 1 above.

It must be clear that, since rewriting is a particular case of narrowing,? the
termination of narrowing implies the termination of rewriting, i.e., if there is no
infinite narrowing derivation issuing from a term ¢ then all rewrite derivations
issuing from ¢ are also finite (clearly, the opposite is not true). The following re-
sult provides a first—sufficient but not necessary—condition for the termination
of narrowing in terms of the termination of rewriting.

Theorem 1. Let R be a TRS and T be a finite set of terms. Let T* = {to |
teT andt~% sinR}y. T is ~g-terminating if T* is finite (modulo variable
renaming) and —x-terminating.

Proof. We prove the claim by contradiction. Assume that 7% is finite (modulo
variable renaming) and —x-terminating but T is not ~»g-terminating. Then,
there exists a term ¢t € T such that there exists an infinite derivation of the
form t ~ 45, t1 ~4, ta ~4, ... Then, we have two possibilities. First, if the term
to109 ... grows infinitely with the application of every o;, then the set T* must
be infinite, which contradicts our initial assumption.

Otherwise, there must be some finite 57 > 0 such that o, = id for all k£ > j;
note that this is possible because every oy is restricted to Var(ty) and because
we can always choose a matching substitution that binds the fresh variables
of the applied rules to the variables of the reduced term. Then, we can write

2 Note that, when the considered term is ground, unification reduces to matching and,
thus, the definitions of rewriting and narrowing become essentially equivalent.



the infinite narrowing derivation as t ~g, {1 ~g, ... ~g; tj ~ia g1 ~ia
tj+2 ~id ... By the soundness of narrowing (see, e.g., [43, Lemma 3.3]), we
have to1...0; =g ... =g t;. Finally, since ty ~q tiy1 iff ty —r tpy1, the
previous rewrite derivation goes on infinitely: ¢; —xr tj41 —=r tj+1 == ...,
which contradicts our initial assumption. a

The following example illustrates why the above condition is not necessary:

Ezample 2. Consider the following TRS: R = {f(a) — b, a — a}. Given the
set of terms T = {f(x)}, we have that T is ~»g-terminating since the only
narrowing derivation is f(x) ~ (5,3 b. However, T* = {f(a)} is finite but not
—g-terminating: f(a) — f(a) — ...

Verifying the finiteness and —g-termination of 7% is generally, not only unde-
cidable, but also rather difficult to approximate since one should approximate all
possible narrowing derivations issuing from the terms in 7". Therefore, we now
introduce an alternative—easier to check—condition.

For this purpose, a key observation is that variables in narrowing can be seen
as generators of possibly infinite terms from the point of view of rewriting. The
basic idea is then to replace in T* = {to | t € T and ¢ ~% s in R} every answer
o computed by narrowing with any possible substitution mapping variables to
possibly infinite terms:

Ezample 3. Consider again the TRS R of Ex. 1 and the term add(x,z). Clearly,
add(x,z)o is —g-terminating for any substitution o mapping « to a finite term.
However, if o maps « to an infinite term of the form s(s(...)), then the deriva-
tion for add(z,z)o is now infinite: add(s(s(...)),z) —x s(add(s(s(...)),z)) ==
s(s(add(s(s(...)),z))) —x - .. Indeed, add(x, z) is not ~»g-terminating.

Unfortunately, proving that the set
T* ={to |t € T and o maps variables to possibly infinite terms }

is —g-terminating is often an unnecessarily strong condition in order to prove
that T is ~>g-terminating:

Ezample 4. Consider the following TRS: R = {a — a, f(z) — z}. While the
term f(z) is clearly ~g-terminating, there exists a substitution o = {z +— a}
such that f(x)o is not —g-terminating. Here, an infinite computation f(a) —x
f(a) =g ... has been introduced by o.

In order to avoid this problem, one could forbid the reduction of redexes intro-
duced by o (as well as their descendants [33]). However, such a restriction on
rewriting derivations would make the previous condition unsound:

Ezample 5. Consider the following TRS: R = {a — a, f(a) — c(b,b)}. Given
the term ¢ = c(y,f(y)), we have that to is —g-terminating if the reduction
of the terms introduced by o (and their descendants) is forbidden. However,
t is not ~»g-terminating since there exists an infinite narrowing derivation:

C(y7 f(y)) ~{y—a} C(av C(b’ b)) ~id C(aa C(b’ b)) ~id - - -



decomposition
(
{g(a,...,ax) =g(b1,...,bs)}UP;S = {a1 =b1,...,ax = b} UP; S

(term binding)
{t=2}UP;S = P{z—t};S{z —t}U{z =1t}
if x ¢ Var(t)
(rule binding)
{r =s}UP;S = P{z s s};S{z > s}
if x & Var(s) and « # s

Fig. 1. Simplified unification rules

Clearly, the problem comes from the fact that narrowing does allow the reduction
of terms introduced by instantiation.

These problems, though, can be overcome by considering a narrowing strat-
egy over a class of TRSs in which the terms introduced by instantiation cannot
be narrowed. Many useful narrowing strategies fulfill this condition, e.g., basic
narrowing [34] and innermost basic narrowing [32] over arbitrary TRSs, lazy nar-
rowing [16,44,49] and needed narrowing [5] over left-linear constructor TRSs,
etc. Actually, any narrowing strategy over left-linear constructor systems fulfills
the following well-known property (see, e.g., [45, Theorem 4.1], where it is stated
without proof):

Proposition 1. Let F = DWC be a signature and t = f(t1,...,t,) be a linear
term with f € D and t1,...,t, € T(C,V). Given a term s = f(s1,...,8,) €
T(F,V) with Var(t) N Var(s) = @, we have that mgu(t, s)l\,(s) 15 @ constructor

ar(
substitution.

Proof. In order to prove this claim, we consider a rule-based unification algo-
rithm [11] (basically, a variant of the Martelli & Montanari unification algorithm
[41]). We let mgu(f(t,...,tn),f(s1,...,8p)) = o iff

{ti=s1,..,tn=suh{}="{h{v1=u1,...,2m = un}

and 0 = {x1 — u1,..., Ty — Uy}, where the unification relation = is defined
by the rules shown in Fig. 1. We note that, in these rules, we ignore the failure
cases and only return the bindings for the variables in f(s1,...,s,) (the term
bindings) since these are the only relevant bindings for our proof.

Now, we prove a slightly more general claim. For any (possibly incomplete)
derivation {t1 = s1,...,t, = s, };{ } =" P; S the following invariants hold:

(I1) for all x = s’ € S, we have that s’ is a constructor term;

(I2) for all ¢/ = s, = s"” € P (not necessarily distinct), we have Var(¢') N
Var(s") = &;

(I3) for all ' = s’ € P, we have that ¢’ is a linear constructor term;

(I4) for all t/ = ', t" =" € P, if t/ # t” then Var(t') N Var(t") = @.



Clearly, invariant I1 implies the desired claim when P = { }. We proceed by
induction on the number k of rules applied in the considered derivation.

Base case (k = 0). Then, the claim follows trivially since S is empty, f(¢1,. .., )
is linear, ti,...,t, are constructor terms, and f(¢1,...,t,) and f(s1,...,s,) do
not share variables.

Inductive case (k > 0). Assume a derivation of the form

{ti=51,...,th =5, {} =F"1P;8 —= P;S

By the inductive hypothesis, we have that the above invariants hold in P’;5’.
Now, we prove that they hold in P;S too. We distinguish the following cases
depending on the selected equation of P’

— Let P’ = {g(as,...,a;) = g(b1,...,b;)} UP"”, where the equation selected
to be reduced in the next step is g(a1,...,a;) = g(b1,...,b;).
Then, we have P = {a1 = b1,...,a; = b;}UP” and S = S’, and all invariants
hold trivially in P;S since they hold in P’;S".

— Let P! = {¢t = 2} U P”, where the equation selected to be reduced in the
next step is t = .
Then, we have P = P"{z — t} and S = S'{z — t} U{x = t}. Now, we prove
that the desired invariants hold in P; S:

e Since I3 holds in P’; S’, we have that ¢ is a constructor term; therefore,
since invariant I1 holds in P’; S, it also holds in P; S.

e Since invariants I2 and I4 hold in P’; S’, we have that the variables of ¢
occur only once in P’. Therefore, invariants I2 and I4 also hold in P.

e Since invariant I2 holds in P’;S’, we have that variable x does not
occur in the left-hand side of any equation of P’. Therefore, invariant 13
trivially holds in P since it holds in P’; S".

— Let P’ = {x = s} U P”, where the equation selected to be reduced in the
next step is r = s.
Then, we have P = P"{z — s} and S = §'{z — s}. Since invariants I2 and
14 hold in P’;S’, we have that P = P”. Therefore, invariants 12, I3, and
14 trivially hold in P;S. Finally, since invariant I3 holds in P’;.S’, we have
that s is a linear constructor term and, thus, invariant I1 holds in P;S. O

Intuitively speaking, this lemma ensures that, given a left-linear constructor
system R and an arbitrary term ¢, the substitution labeling every narrowing
step issuing from ¢ (i.e., the restriction of the computed mgu to the variables of
the narrowed term) is a constructor substitution.®> Thus we restrict ourselves to
left-linear constructor systems in the remainder of this paper, a large class of
TRSs which forms the basis of current functional logic programming languages.

Unfortunately, an important drawback of replacing variables with infinite
terms is that existing results relating rewriting and narrowing derivations (e.g.,

3 Although needed narrowing [5] does not compute mgu’s (basically, some bindings are
anticipated to ensure that all narrowing steps are needed), it computes constructor
substitutions (see [3, Lemma 11]) and, thus, our forthcoming results also apply.



the lifting lemma) are no longer applicable. Therefore, we follow a different (and
simpler) approach: we replace logic variables by data generators (as in [6]).

For this purpose, we assume a fixed fresh function symbol “gen” which does
not appear in the signature of any TRS. The following definition is a simplified
version of the original notion of a generator in [6]:

Definition 2 (data generator, gen). Let R be a TRS over a signature F =
DwC. We denote by Rgen a TRS over F W {gen} resulting from augmenting R

with the following set of rewrite rules:
n times

{gen — c|c/0 € C}U{gen — c(gen,...,gen) |c/neC, n>0}

Ezample 6. For instance, for the TRS R of Ex. 1 with C = {z/0,s/1}, we have
Rgen = R U {gen — z, gen — s(gen)}.

Trivially, the function gen can be (non-deterministically) reduced to any ground
constructor term by using the constructor symbols of C.
Variables are replaced by generators in the obvious way:

Definition 3 (variable elimination, t, T). Given a term t € T(F,V) over a
signature F, we let t = to, with o = {x > gen | x € Var(t)}. Analogously, given
a set of terms T C T(F,V), we let T = {t |t € T} C T(F W {gen}).

Note that # is ground for any term ¢ since all variables occurring in t are replaced
by function gen.

Now, we state the correctness of the variable elimination. Although it is an
easy consequence of the results in [6], we provide detailed proofs for completeness.
Our first result shows that every narrowing computation can be mimicked by a
rewrite derivation if logic variables are replaced with gen in the initial term:

Lemma 1 (completeness). Let R be a left-linear constructor TRS over a
signature F = DWC and s € T(F,V) be a term. If s ~, ro t in R, then
§—*50 —p Rt in Rgen.

In order to prove this lemma, we first need an auxiliary result:

Lemma 2. Let R be a left-linear constructor TRS over a signature F = DWC,
x €V be a variable, andt € T(C) be a ground constructor term. Then, T —% t.

Proof. Immediate by definition of function gen. a
Now, we proceed with the proof of Lemma 1:

Proof. By Prop. 1, ¢ is a constructor substitution. By Lemma 2, since rewriting
is closed under context, we have § —* 50 in Rgen. Since s ~», g, t, we have that
R=(—r)eRand 0 = mgu(l,slp), with o = 01],,,,(,), 0 = O\, slpo =10,
and t = so[rd],. Therefore, we have so —, r so[rd],. Since rewriting is closed

under instantiation, we have 56 —, g so[rd], = t and the claim follows. O



Unfortunately, variable elimination is not generally sound because repeated vari-
ables must have the same value in a narrowing computation, while different oc-
currences of gen, though arising from the replacement of the same variable, can
be reduced to different terms:

Ezample 7. Consider again the TRS R of Ex. 1 and the term ¢t = add(z, x).
Clearly, it can only be narrowed to an even number: z, s(s(z)), ... However, ¢
can also be reduced to an odd number, e.g., ¢ = add(gen, gen) — add(z, gen) —
gen — s(gen) — s(z).

In order to avoid such derivations, we introduce the notion of admissible deriva-
tion (a straightforward adaptation of the same notion in [6]):

Definition 4 (admissible derivation). Let R be a TRS over F and t €
T(F,V) a term. A derivation fort in Regen s called admissible iff all the occur-
rences of gen originating from the replacement of the same variable are reduced
to the same term in this derivation.

A formalism for ensuring that only admissible derivations are possible, based on
representing terms by means of pairs term/substitution, can be found in [6].
Now, we can already state the soundness of variable elimination:

Lemma 3 (soundness). Let R be a left-linear constructor TRS over a signa-
ture F =DWC and s’ € T(FU{gen},V) be a term. If s —* s"" —, g t' is an
admissible derivation in Rgen and R € R, then s ~% t with § = s' and foc =t
for some constructor substitution o.

In order to prove this lemma, we first need two auxiliary results:

Lemma 4. Let R be a left-linear constructor TRS over a signature F = D W C
and t € T(F,V) be a term. IftA—%gen s is an admissible derivation where only
occurrences of function gen are reduced, then there is a constructor substitution
o such that to = s.

Proof. Since the considered derivation is admissible, w.l.o.g., we consider that
all occurrences of gen associated to the same variable are reduced consecutively.
We prove the claim by induction on the number k of steps in tA—ﬁigen s.

Base case (k = 1). Then, ¢ —x
position p, (gen — c(gen, ..., gen)) € Rgen, and s = t[c(gen, ..., gen)],. Since the
derivation is admissible, z occurs only once in t. Therefore, the claim follows with
o=c(y,...,y), with y a fresh variable, since to = t[c(y,...,y)], and, trivially,
o =s.

Inductive case (K > 1). In this case, we consider a prefix tA—>7+2gen t' of the

s and we have t|, = z € V for some

gen

derivation ¢ _’7+2gen s such that in 7 —%ge" t' all occurrences of gen associated
to the same variable are reduced one step. Therefore, there exists positions
P1,---yPn, n >0, such that t|,, =z €V,i=1,...,n, (gen — c(gen,...,gen)) €
Regen, and t' = #[c(gen, ..., gen)],, ... [c(gen, ..., gen)],, . Similarly to the base

10



case, we consider a constructor substitution of the form ¢ = c(y,...,y), with
y a fresh variable. Hence, to = t[c(y,...,y)lp, ---[c(y,.-.,y)]p, and, trivially,
to = t'. The claim follows by applying the inductive hypothesis to t' —* s. O

Lemma 5. Let R be a left-linear constructor TRS over a signature F =D W C
andt € T(F,V) aterm. Ift =, r s' with R € R, thent —, r s such thats = s'.

Proof. Since tA—>p,R s', by definition of rewrite step, we have R = (I — r) € R,
t|, = lo for some substitution o, and §' = #[ra],. The fact that there are no
occurrences of gen in R implies that t|, is also an instance of I. Let ¢’ be a
substitution such that ¢/, = lo’. Then, t —, g t[ro’], = s. Moreover, since ¢
and ¢’ only differ in the replacement of some variables by gen, we have that

—

§=t[ro'], = tlro], = &', and the claim follows. O
Now, we can already proceed with the proof of Lemma 3:

Proof. We prove a slightly more general claim: Let s’ —* s” —, g ' be an ad-
missible derivation in Rge, with R € R and let s0 = s for some constructor
substitution ¥. Then, we have s ~% t with 0 = ¢’ for some constructor substi-
tution 0. Note that the original lemma is an instance of this claim by considering
¥ the empty substitution.

We prove the claim by induction on the number k of steps in s’ —* " —, g t/
in which the reduced function is not gen.

Base case (k = 1). In this case, only occurrences of gen are reduced in s’ —*
5/”.\ Therefore, by Lemma 4, there exists a constructor substitution o such that
so = s”. Moreover, by Lemma 5, since s” —, g t', there exists a term ¢
such that s¥o —, p t in R with ¢ = #'. Since both ¢ and ¢ are constructor
substitutions, s|, is not a variable and, thus, by definition of narrowing (see,
e.g., the completeness result of [43, Lemma 3.4]), we have s ~x u with uf = ¢
for some constructor substitution 6.

Inductive case (k > 1). Let s’ —* ¢’ be a strict prefix of s —* s” such that
all steps but the last one are reductions of function gen. By following a similar
argument as in the b;{se case, we have that there is a term v such that s ~g v
with sdo = s’ and v8 = o', where ¢ and 6 are constructor substitutions. By
applying the inductive hypothesis to the remaining derivation v’ —* s —, g t/
with v = v’ , we have v ~% u with ub = ' for some constructor substitution
0'. Putting all pieces together, we have s ~% u with =t O

Obviously, given a TRS R, no set of terms containing occurrences of gen is gener-
ally —x_,, -terminating because of the nonterminating definition of function gen.
Luckily, we are interested in a weaker property: we may allow infinite derivations
in Rgen, as long as the number of functions different from gen reduced in these
derivations is kept finite. This idea is formalized by using the notion of relative
termination [37):

Definition 5 (relative termination). Let R and Q be rewrite systems. Let
T be a set of terms. T is relatively —ryugo-terminating to R if every infinite
derivation ty —rug t1 —RrRUQ --. contains only finitely many —x-steps.

11



The following theorem states one of the main results of this paper:*

Theorem 2. Let R be a left-linear constructor TRS over a signature F = DWC
and let T C T(F,V) be a set of terms. Then, T is ~g-terminating iff T is
relatively —x,,,-terminating to R.

Proof. (<) We prove the claim by contradiction. Assume that T is relatively
—Rge-terminating to R but T' is not ~»g-terminating. Then, there must be
a term t € T with an associated infinite narrowing derivation ¢ ~p g, o,
t1 ~py Ro,o0 12 ~?ps.Rs,05 --- By Lemma 1, there exists an infinite rewrite se-
quence of the form t ta —p1, Ry tAl —* tTa\g —py,Ro tAQ —* tg/a\g —pg,Ry
which is trivially admissible. Therefore, T is not relatively —g_, -terminating to
R, which contradicts our initial assumption. R

(=) By contradiction. Assume that T is ~»g-terminating but 7" is not rel-
atively —x,, -terminating to R. Therefore, there exists an infinite admissible

sequence for some #; € T. By definition of relative termination, we can denote
this infinite sequence as fgllows: f —* ) —p R fy —* th —ps.Rs 3 —* ...,
where every subsequence ¢; —* t; only reduces occurrences of function gen and
R; € R, i > 0. By Lemma 3, we can construct an associated infinite narrowing
derivation of the form s; ~g S3 ~g S3 ~x ... with s = ¢ and s;0; = t;,
1 > 1, which contradicts the initial assumption. a

The above result lays the ground for analyzing the termination of narrowing by
reusing existing techniques for proving the termination of rewriting. The next
section presents two such approaches.

4 Automating the Termination Analysis

In this section, we present two approaches for proving the termination of nar-
rowing that can be fully automated.

4.1 From Abstract Terms to Argument Filterings

In general, we are not interested in providing a set of terms T for proving that T’
is ~»-terminating. Rather, it is much more convenient to allow the user to provide
a higher-level specification of the function calls in which she is interested in. For
this purpose, we introduce the notion of an abstract term, which is inspired by
the mode declarations of logic programming [18].

Definition 6 (abstract term). Let F = DWC be a signature. An abstract term
over F has the form f(mq,...,my), where f € D and m; is either g (definitely
ground) or v (possibly variable), for alli=1,... n.

4 We note that the use of relative termination does not add an additional complexity
since the techniques presented in the next section filter away the occurrences of gen
and, thus, ordinary rewrite derivations suffice.
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Any abstract term implicitly induces a (possibly infinite) set of terms:

Definition 7 (concretization, 7). Let F be a signature and t* an abstract
term over F. The concretization of t*, in symbols (%), is obtained as follows:

y(f(ma,....,mp)) ={f(t1,...,tn) e T(F,V) | t; € T(C) if my =g, i=1,...,n}

¢
Given a set of abstract terms T%, we let v(T*) = {v(t*) | t* € T*}.
(9,

Consider the TRS of Ex. 1 and the abstract term add(g, v). Then, y(add(g,v)) =
{add(z, 2), add(z.2), add(s(z), ), add(s(2), 2), add(s(2), 5()), addl(5(2).5(2)). - .. }.

Thanks to Theorem 2, given a set of abstract terms T, we can prove that
~(T*) is ~»g-terminating by proving that (7T®) is relatively —%
to R. This approach, however, presents two drawbacks:

-terminating

gen

— the set v(T%) is generally infinite and
— checking relative termination require non-standard techniques and tools.

In order to overcome these drawbacks, we introduce the use of (a simplified
version of) argument filterings:

Definition 8 (argument filtering, 7). An argument filtering over a signature
F = DWC is a function m such that, for every defined function f/n € D, we
have 7(f) C {1,...,n}. Argument filterings are extended to terms as follows:

m(x) =x forallz €V,

m(c(ty, .. tn)) =c(m(t1),...,7(tn)) for allc/n €C, n >0, and
w(f(t1, ..., tn)) = f(7(t; ), (t,)) for allf/ne F, n>0,
where ()—{21,...,zm}(md1§21<...<zm§n.

Given a TRS R, we let m(R) = {n(l) — mms(r) | | — 7 € R}, where function
Trhs 18 defined as follows:

— ms(x) = L forallxz €V,
— Trns(C(tt, - oy tn)) = c(mens(t1)s -« Trns(tn)) for allc/n € C, n >0, and
— mrns(F(t1, ooy tn)) = f(w(tsy), ..., w(t;,)) for allf/n € F, n >0,

where 7(f) = {i1,...,im} and 1 < i3 < ... <ipm <n

where L is a fresh constant constructor not appearing in C.

The original notion of argument filtering in [8, 38] may return a single argument
position so that w(f(t1,...,t,)) = w(t;) if #(f) = 4; furthermore, it applies to
both constructor and defined function symbols. We consider a simpler defini-
tion because our argument filterings will be automatically derived from a set of
abstract terms (cf. Sect. 5), where only defined function symbols occur.

On the other hand, our argument filterings replace those variables that are
not below a defined function symbol by a fresh constant L. This is done in

5 By abuse of notation, we keep the same symbol for the original function and the
filtered function with a possibly different arity.
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order to avoid the introduction of eztra variables (i.e., variables that appear
in the right-hand side of a rule but not in its left-hand side). Consider, e.g.,
the rule add(z,y) — y and the argument filtering 7 = {add — {1}}. Then,
(r(add(z,y)) — 7(y)) = (add(z) — y) that contains an extra variable y. Our def-
inition above returns instead (7(add(z,y)) — s (y)) = (add(z) — L). Lemma 6
below states this property.

In the following, though, we are not interested in arbitrary argument filterings
but only in what we call safe argument filterings.

Definition 9 (safe argument filtering). Let R be a TRS over a signature
F =DWC and let T* be a finite set of abstract terms. We say that an argument
filtering 7 is safe for T in R iff

— forallt* € T®, if w(t*) =f(my,...,my), thenm; =g, i=1,...,n;
— for all narrowing step sy ~g Sa, if 7(s1]p) € T(F) for all subterm si|, with
root(s1|,) € D, then w(salq) € T(F) for all subterm sa|, with root(ssa|,) € D.

Intuitively speaking, an argument filtering 7 is safe for a set of abstract terms T'¢
if 7 filters away all non-ground arguments of the terms in y(7%) as well as the
non-ground arguments of any function call that can be obtained by narrowing.

Ezample 8. Consider the TRS R = {f(s(z),y) — f(y,x)} and the set T =
{f(g,v)}. Given the argument filtering 7 = {f — {1}}, although n(f(g,v)) = f(g
holds (the first condition in Def. 9), this argument filtering is not safe because
there exists a term f(s(z),x) € v(T*) and a narrowing step f(s(z), z) ~ f(z,z
such that 7 (f(s(z),z)) = f(s(z)) is ground but 7(f(z,z)) = f(z) is not.

A useful property is that the filtered form of a TRS does not contain extra
variables when the argument filtering is safe.

Lemma 6. Let R be a left-linear constructor TRS over a signature F = D W C
and let T be a finite set of abstract terms. If w is a safe argument filtering for
T* in R then we have that Var(m4s(r)) C Var(w(l)) for all rule ]l — r € R.

Proof. We prove the claim by contradiction. Assume that 7 is a safe argument
filtering for T in R but there exists a rule [ — r € R such that Var(mps(r)) €
Var(m(l)). Let us consider that [ = f(ly,...,1,) for some f € D.

Since 7 is a safe argument filtering, by Def. 9, we have that, for any narrowing
step $1 ~rpi—re S2, if m(s1]p) € T(F) for all subterm s1|, with root(s1],) € D,
then 7m(sz2|,) € 7 (F) for all subterm sa|, with root(ssa|,) € D.

We choose s1 = f(uq,...,u,) such that u; € T(F) if ¢ € n(f) and u; € V if
it ¢ w(f), and f(ug, ..., up) ~cimre S2, With s10 = f(u1,...,u,)o = 16 for some
substitution €, and so = rf. Now, we consider the following cases:

— If r € T(C,V) is a constructor term, then mps(r) does not contain variables
by definition, and hence we get a contradiction.

— Otherwise, consider a subterm 7|, = g(r1,...,7m) rooted by a defined func-
tion symbol g € D such that there exists « € Var(w(r|,)) and = & Var(n(l)).
Assume that z appears in argument 7;, 1 < j < m. Now, we have two
possibilities:
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o If ;0 is not ground, then there exists a subterm 76|, of s; rooted by a de-
fined function symbol such that 7(r6|,) is not ground, which contradicts
the fact that 7 is safe.

o Otherwise (r;6 is ground), x is bound to a ground term by 6. Assume
x +— ty € 0 and t, € T(F). Since R does not contain extra variables,
x must occur in one of the arguments of f(ly,...,1,). Assume that x €
Var(ly) with k € {1,...,n}. Since x ¢ Var(n(l)), we have k ¢ w(f) and,
thus, uy is a variable, which contradicts the fact that ¢, is ground. 0O

The following lemma shows a fundamental property of safe argument filterings:

Lemma 7. Let R be a left-linear constructor TRS over a signature F =D W C
and let T® be a finite set of abstract terms. If w is a safe argument filtering for
T in R then, for all term t € v(T) and narrowing derivation t ~% s, we have
7(slp) € T(F) for all subterm s|, with root(s|,) € D.

Proof. We prove the claim by induction on the length k of the narrowing deriva-
tion t ~% s.

Base case (k = 0). In this case, we have ¢ = s. Assume that ¢t € v(t%) for some
t® € T. By Def. 9, we have 7 (t%) = f(mq,...,m,) withm; = ... =m, = g for
some f € D. Hence, by Def. 7, w(t) = f(t1,...,tm) with t1,...,t, € T(C), and
the claim follows.

Inductive case (k > 0). Consider a narrowing derivation of the form t ~»%
u ~»g s. By the inductive hypothesis, we have that 7(u|,) € 7 (F) for all subterm
ulp with root(ul,) € D. Since 7 is a safe argument filtering, by Def. 9, we have
that 7(s|,) € T (F) for all subterm s|, with root(s|,) € D, and the claim follows.

O

The following lemma relates safe argument filterings and rewriting derivations:

Lemma 8. Let R be a left-linear constructor TRS over a signature F = D W C
and let T be a finite set of abstract terms. If w is a safe argument filtering for
T* in R then, for all termt € v(T*) and admissible derivation tA—>;‘3gen s —r s,
we have that 7(s|,) € T(F) (i.e., there is no occurrence of gen in w(s|,)) for all
subterm s|, with root(s|,) € D.

Proof. By contradiction. Assume that 7 is a safe argument filtering for 7% but
there exists a term ¢ € y(T'“) and an admissible derivation t —>’7§gen s >R s
such that n(s|,) ¢ 7(F) for some subterm s|, with root(s|,) € D. Assume
that 7(s|,)|q = gen for some position ¢. By Lemma 3, there exists a narrowing
derivation ¢t ~7 7 such that s = 70 with 9 a constructor substitution. Hence
7|, is rooted by a defined function symbol but = (r|,)|, € V. Therefore, 7(r|,) &
T (F). However, since 7 is safe, by Lemma 7, we have that n(r|,) € 7(F), and
we get a contradiction. ad

In the following, we consider that the input for the termination analysis is a
left-linear TRS together with a safe argument filtering for some set of abstract
terms. An algorithm for generating safe argument filterings from abstract terms
can be found in Sect. 5.
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4.2 A Direct Approach to Termination Analysis

In this section, we present a direct approach for proving the termination of
narrowing by extending the well-known dependency pair technique [8]. Actually,
only a slight extension is required to deal with the occurrences of data generators.

The remainder of this section adapts and extends some of the developments
in [8]. Given a TRS R over a signature F, for each f/n € F, we let f*/n be
a fresh tuple symbol; we often write F' instead of f*. Given a term f(ty,...,t,)
with f € D, we let t! denote f4(t1,...,t,).

Definition 10 (dependency pair [8]). Given a TRS R over a signature F =
DwWC, the associated set of dependency pairs, DP(R), is defined as follows:S

DP(R)={l’ = t*|l —»r€R, r|, =t, and root(t) € D}

Ezxample 9. Consider the following TRS R defining the functions append and
reverse over lists built from nil (the empty list) and cons:

-y
— cons(z, append(zs, y))
— nil

— append(reverse(xs), cons(z, nil))

append(nil, y
append(cons(x, xs),y
reverse(nil
reverse(cons(x, zs)

—_ o= =

Here, we have the following dependency pairs DP(R):

APPEND(cons(z, zs),y) — APPEND(zs, y) (1)
REVERSE(cons(x, zs)) — REVERSE(xs) (2)
REVERSE(cons(z,zs)) — APPEND(reverse(zs),cons(z, nil))  (3)

In order to prove termination, we should try to prove that there are no infinite
chains of dependency pairs. The standard notion of chain in [8], however, cannot
be used because we are interested in the termination of narrowing (i.e., the
relative termination of rewrite sequences in which variables are replaced by gen).

Definition 11 (chain). Let R be a TRS over a signature F and let m be an
argument filtering over F that is extended over tuple symbols so that w(f*) =
7w(f) for all f € D. A (possibly infinite) sequence of pairs s; — t1, s2 — ta,
...from DP(R) is a (DP(R), R, n)-chain if the following conditions hold:"

— there exists a constructor substitution o such that t;o H%gen 5i410 for every
two consecutive pairs in the sequence;

— we have 7(5;0),w(t;0) € T(F) for all i > 0 (i.e., 7 filters away all occur-
rences of gen).

5 Note that if R is a TRS, so is DP(R).
7 As in [8], we assume fresh variables in every (occurrence of a) dependency pair and
that the domain of substitutions may be infinite.
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Ezample 10. Consider the TRS R of Example 9 and its dependency pairs DP(R).
Here, Rgen = R U {gen — nil, gen — cons(gen, gen), gen — z, gen — s(gen)}.
Then, we have that “(1),(1),...” is an infinite (DP(R), R, 7)-chain for any ar-
gument filtering in which m#(APPEND) = {2} since there exists a substitution
o = {y +— nil} such that (we denote the dependency pair (1) by I; — t1)

10 = APPEND(gen, nil) — R APPEND(cons(gen, gen), nil) = lio

and 7w(APPEND(gen, nil)) = m(APPEND(cons(gen, gen), nil)) = nil € 7(F). Note
that it would be not a chain in the standard dependency pair framework.

The following result states the soundness of our approach:

Theorem 3. Let R be a left-linear constructor TRS over a signature F = DWC
and let T be a finite set of abstract terms. Let m be a safe argument filtering for
T in R that is extended over tuple symbols so that ©(f*) = n(f) for all f € D.
If there is no infinite (DP(R), R, m)-chain, then v(T'%) is ~g-terminating.

Proof. We proceed by contradiction. Let us assume that there exists no infinite
(DP(R), R, m)-chain, but v(T%) is not ~»g-terminating. By Theorem 2, we have
that @ is not relatively —x_, -terminating to R. Therefore, there exists an
infinite admissible rewrite derivation for some ground tA, with t € y(T'%), in which
an infinite number of rules from R are used. In the following, we denote by 5 a
finite sequence of terms of the form sq,...,s,.

Let f,(57) € T(F U {gen}), with f; € D, be a subterm of # that starts an
infinite admissible derivation in which infinitely many rules from R are used,
but none of the terms in 37 starts such an infinite derivation.

Let us consider an infinite reduction starting with f; (7). First, the arguments
51 are reduced in a finite number of steps to some terms uy; € 7(C U {gen}, V),
fi(s1) —x,., fi(u1), so that a rewrite rule Ry = (fi(w1) — 71) € R is applied:
f1(u1) —e Ry T101, Where fi(w1)o1 = fi(ur). Now, the infinite reduction contin-
ues with rio1, i.e., the term r,04 starts an infinite derivation too. Observe that
for each binding x — t, € o1, we have that ¢, is either a constructor term or
gen by construction.

By assumption, there exists no infinite reduction (using infinitely many rules
from R) starting with one of the terms uy = wyo7. Hence, for all © € Var(f; (wy))
the term zo; does not start an infinite derivation in which infinitely many rules
from R are used. Thus, since r;01 starts an infinite derivation, there must be
a subterm f3(33) in 71 such that fo(53)o1 starts an infinite derivation using in-
finitely many rules from R, but none of the terms in $357 starts an infinite
derivation in which infinitely many rules from R are used.

The first dependency pair of the infinite (DP(R), R, 7)-chain that we con-
struct is ff (wy) — fg(ﬁ) corresponding to the rewrite rule fy(wy) — 1 € R.
Since 7 is a safe argument filtering for 7% in R, by Def. 9, we have that = (f1 (u7))
has no occurrences of gen. Also, by Lemma 8, we have that m(f3(53)01) has no
occurrences of gen. Furthermore, by Lemma 6, we have that 7(f; (w1)) — mhs(71)
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has no extra variables and, thus, 7(f2(3z)01) is ground. Now, since 7(f) = 7 (f*)
for all f € D, we have that «(f¥(w7)) and W(fg(g)al) are ground and have no
occurrences of gen.

The infinite sequence continues by rewriting fa(33)o; repeatedly. Since 7 is
safe, all occurrences of gen are filtered away by 7. Eventually, a rewrite step
at the root position is performed again. Repeating this construction infinitely
many times results in an infinite (DP(R), R, m)-chain, which contradicts our
initial assumption. a

In order to show the absence of (DP(R), R, 7)-chains automatically, we can fol-
low the DP framework [28]. In this context, a DP problem is a tuple (P, R, )
where P and R are TRSs and 7 is an argument filtering. If there is no associated
infinite (P, R, 7)-chain, we say that the DP problem is finite. Termination meth-
ods are then formulated as DP processors that take a DP problem and return a
new set of DP problems that should be solved instead.

A DP processor Proc is sound if, for all DP problems d, we have that d is finite
if all DP problems in Proc(d) are finite. Therefore, a termination proof starts
with the initial DP problem (DP(R),R,7) and applies sound DP processors
until an empty set of DP problems is obtained.

We could adapt most of the standard DP processors in order to deal with the
use of data generators and argument filterings following similar ideas as those in
[50]. For the sake of brevity, we only present one of such DP processors:

Theorem 4 (argument filtering processor). Given a DP problem (P, R,n),
let Proc return {(w(P), m(R),id)}, where id(f) = {1,...,n} for all defined func-
tion symbol f/n occurring in 7(R). Then Proc is sound.

Proof. We proceed by contradiction. Let us assume that there exists no infinite
(m(P), m(R),id)-chain but there is an infinite (P, R, 7)-chain. Since there is an
infinite (P, R, 7)-chain, by Def. 11, there exists a constructor substitution o and
an infinite sequence of pairs s; — t, so — ta, ...from P such that ﬂt\f —%

gen
5:110 for every two consecutive pairs in the sequence, with 7(5;5), 7(£;0) € T (F)
for all i > 0. Therefore, we have 7(f;)o “Regen 7(8i+1)ox for all ¢ > 0, with
or ={x — w(Z0) | x € Dom(o)}. Hence, w(s1) — w(t1), m(s2) — 7(t2), ...1is an
infinite (7(P), m(R), id)-chain, which contradicts our initial assumption. O

The nice property of this DP processor is that, after its application, all existing
DP processors for proving the termination of rewriting [29] can be used to prove
the termination of narrowing.

Ezxzample 11. Consider the TRS of Example 9, the set of abstract terms T% =
{append(g,v)}, and the argument filtering = = {append — {1}, reverse — {1}}
which is safe for 7. Given this DP problem, the argument filtering processor
returns a new DP problem that consists of the following elements:

— Dependency pairs:

APPEND(cons(z, zs)) — APPEND(xs) (1)
REVERSE(cons(z, zs)) — REVERSE(xs) (2)
REVERSE(cons(z, zs)) — APPEND(reverse(zs))  (3)
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— Rewrite system:

— 1
— cons(x, append(xs))
— nil

— append(reverse(xs))

append(nil
append(cons(z, zs)
reverse(nil
reverse(cons(z, )

—_

— Argument filtering:
id = {append — {1}, reverse — {1}}

The derived DP problem can be proved terminating using standard techniques.

4.3 A Transformational Approach

Now, we present an alternative approach for proving the termination of narrow-
ing. The basic idea is similar to that in the previous section: using an argument
filtering to eliminate those subterms that might be bound to a data generator.

Now, however, our aim is to transform the original TRS R into a new TRS
R’ so that narrowing terminates in R if rewriting terminates in R’. As a con-
sequence, every termination technique for rewrite systems can be applied to
prove the termination of narrowing. This allows one to easily reuse the extensive
literature on termination of rewriting as well as the associated termination tools.

Our transformation is based on the argument filtering transformation of [38],
that we simplify because, in our case, an argument filtering never returns a
single argument position and, moreover, it is only defined over defined function
symbols. Roughly speaking our program transformation generates, for every rule
I — r of the original program,

— a filtered rule 7(l) — mps(r) and
— an additional rule 7(l) — m(t), where ¢ is a subterm of r that is filtered away
in 745 (1) and 7(¢) is not a constructor term.

Definition 12 (argument filtering transformation). Let R be a TRS over
a signature F = DWC and let m be an argument filtering over F. The argument
filtering transformation AFT, is defined as follows:

AFT (R) =n(R)U{n(l) » w(*') |l = r € R, r' € dec,(r), w(r') € T(C,V)}
where the auzxiliary function dec, is defined inductively as follows:

dec,(z) =@ (x eV)
decr(c(t1,...,tn)) = Ui, decs(t;) (ceC)
decr(f(t1s---tn)) = Uign(py{ti} U U= deca(t;) (f € D)

Ezxample 12. Consider the TRS R of Ex. 9. If we consider the argument filtering
m = {append — {1}, reverse — {1}} of Ex. 11, then AFT,, (R) returns the
same filtered rewrite system of Ex. 11.
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Consider now the argument filtering mo = {append — {2}, reverse — {1}}.
Then, AFT,,(R) returns the following TRS:

append(y
append(y Hcons(J_ append(y))

) —

)

reverse(nil) — nil
reverse(cons(x, 2:s)) — append(cons(z;, nil))
reverse(cons(x, xs)) — reverse(zs)

Note that the last rule is introduced because we have
dec,, (append(reverse(xs), cons(x, nil))) = {reverse(xs)}

The next result is the main contribution of this section, since it allows one to
reduce the termination of narrowing to the termination of rewriting:

Theorem 5. Let R be a left-linear constructor TRS and T be a finite set of
abstract terms, with T = ~(T*). Let m be a safe argument filtering for T in R.
If AFT(R) is terminating, then T is ~g-terminating.

Proof. We prove the claim by contradiction. Assume that AFT,(R) is termi-
nating, but T is not ~»>g-terminating. By Theorem 3, there exists an infinite
(DP(R), R, n)-chain. By Theorem 4, there is an infinite (7(DP(R)), n(R),id)-
chain, where id(f) = {1,...,n} for all defined function symbol f/n occurring in
m(R). Now, we construct an infinite derivation in AFT(R) which will contradict
our initial assumption.

Since there exists an infinite (7(DP(R)), 7(R), id)-chain, we have an infinite
sequence of the form ¥ (s7) — (%), fi(s3) — fg (t3), fg(ﬁ) — f4(Zy), ... Hence,
by Def. 11, there exists a constructor substitution ¢ such that tio H;(R)gen
@ for every two consecutive pairs s; — t;, s;y1 — t;4+1 in the sequence, with
7(5,0), m(t;o) € T(F) for all i > 0 (i.e., 7 filters away all occurrences of gen).
Thus, we have fg(g)a —r(R) fg(%)a, fg(g)a —x(R) f§(§)a, ... Furthermore,
since 7 are not defined in 7(R), we have f(f3)o —xr) f2(52)0, f3(t3)0 —r(r)
f3(s3)0,

Since m(R) € AFT.(R), we only need to prove that, for all u — v €
m(DP(R)), there exists a rule u — c[v], € AFC;(R) for some position p. Con-
sider some 7(l) — w(r|,) € m(DP(R)), where | — r € R and root(r|,) € D.
Now, we distinguish two cases:

— If n(r|p) occurs in the right-hand side of some rule of 7(R), then the claim
follows trivially.

— Otherwise, we have that there exists a subterm r|, such that root(r|,) € D,
i & m(root(r|y)), and 7|, = 7|4.;. for some position w (i.e., r|, is a subterm
of the i-th argument of 7|,), with 7(r|4.;..) € 7 (C, V). By definition, we have
that 7(I) — 7(r|4.0) € AFT(R).
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Therefore, we have that for all rule s — ¢t € (7(DP(R)) U w(R)), there exists
arule s — c[t], € AFT.(R) for some position p. Hence, we can construct an
infinite derivation in AFT(R) as follows:

fi(31)0 — &1 [f2(fz)]p10'
1530 — 1l 6l

crlea[fa(88)lpolpo — - -
which contradicts the termination of AFT(R). O

The significance of Theorem 5 is that AFT(R) can be analyzed using standard
techniques and tools for proving the termination of TRSs since no data generator
is involved in the derivations of AFT(R).

Let us note that [26] proves that the AFT transformation is subsumed by the
DP method regarding simple termination (i.e., termination based on simplifica-
tion orderings). In our case, however, the approach of this section is not directly
subsumed by that of Sect. 4.2 because we consider termination rather than sim-
ple termination. Also, the AFT transformation deals with TRSs rather than DP
problems, which could be more convenient in some cases. On the other hand,
the AFT transformation can be seen as a preprocessing stage so that standard
techniques (e.g., the DP method, but not only this method) can be applied to
the transformed program, as we will see in the next section.

5 The Termination Tool TNT

In this section, we describe the implementation of a program transformation that
follows the approach presented in Sect. 4.3. The tool, called TNT, is publicly
available from http://german.dsic.upv.es/filtering.html.

The tool is written in Prolog (around 650 lines of code) and includes a parser
for TRSs (which accepts the TRS format of the Termination Problem Data Base,
TPDB, see http://www.lri.fr/ “marche/tpdb/), a static analysis to infer a safe
argument filtering from an abstract term—we consider a single abstract term
rather than a set of abstract terms for simplicity—and the AFT; transformation
of Sect. 4.3. The tool is available through a web interface, whose input data are

— a left-linear constructor TRS R (the user can either write it down or choose
it from a selection of TRSs from the TPDB) and

— an initial abstract term ¢ that describes a (possibly infinite) set of initial
terms y(t%).

The tool returns a transformed TRS R’ whose termination w.r.t. standard
rewriting implies the termination of narrowing for ~(t*) in the original TRS
‘R. The termination of R’ can be analyzed using any tool for proving the termi-
nation of rewriting. In particular, the web interface allows the user to check the
termination of the transformed TRS using the AProVE tool [27].
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Regarding the generation of a safe argument filtering for a given set of ab-
stract terms, we have adapted a simple binding-time analysis [36], which is often
used in partial evaluation to propagate static (i.e., ground) and dynamic (i.e.,
possibly nonground) values through a program. Observe that we use g (ground)
and v (possibly variable) as binding-times, rather than the more traditional S
(static) and D (dynamic). The output of the binding-time analysis is a divi-
sion which includes a mapping f/n — (mq,...,m,) for every defined function
f/n € D, where each m; is a binding-time. A binding-time environment is a
substitution mapping variables to binding-times. The least upper bound over
binding-times is defined as follows:

g U g=g g U ov=wv v U g=wv v Uov=wv

The least upper bound operation can be extended to sequences of binding-times
and divisions in the natural way, e.g.,

(9,v,9)U(g,9,v) = (g,v,)
{f—(g,v), g (g,0)} U{f =~ (9,9), g — (v,9)} = {f — (9,v), g (v,v)}

Following [36], our binding-time analysis includes two auxiliary functions, B,
and B., which are defined in our context as follows:

By[[2]) g/n p ( 5 9) (if 2 €V)
Bv[[C(t1,-~ )] &/n p = Bufl]] g/n pU...UB,[t,]] g/n p (ifceC)
By[[f(t1, ..., tn)]] 8/n p = bt L (Be[[t:]] p BE[[tn” P) (iff =g, feD)
bt (iff #g, f€D)

where bt = B,[[t1]] g/n pU...UB,[[tn]] g/n p
Be[[]] p =xp (ifz€V)
Bullh(tr,....ta)]) p = Bellt]] U U BL[ta]] (it heCuD)

Roughly speaking, an expression (B, ][[t]] g/n p) returns a sequence of n binding-
times that denote the (least upper bound of the) binding-times of the arguments
of the calls to g/n that occur in ¢ in the context of the binding-time environment
p- An expression (Be[[t]] p) then returns g if ¢ contains no variable which is bound
to v in p, and v otherwise.

The binding-time analysis is computed as the fixpoint of an iterative process.
Assuming that the input abstract term is f;(mg, ..., my,), the initial division is

divg = {f1 — (M1, ..., Mn,), fo—(g,...,9), ..oy fk—(g9,...,9)}

where f1/nq,...,fi/n; are the defined functions of the TRS. Then, given a di-
vision div; = {fi — b1, ..., fr — by}, the next division in the sequence is
obtained as

diviy = { fi—b U Bv[[’l“l]] fl/nl e(bh ll) U...d Bv[[rj]] fl/nl €<bj,lj),

£ o by U Bollra]] fio/m e(br, 1) U .. U By [[ry]) fiu/rn e(byaly) }
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where l; — r1,...,l; = r;, j > k, are the rules of R and the auxiliary function
e(b,1) for computing a binding-time environment from a sequence of binding-
times and the left-hand side of a rule is defined as follows:

e((ma,...,my),f(t1, ..., tn)) = {x— mq | x € Var(t1)}
Uu...
U {x—my |z € Var(ty)}

Once we get a fixpoint, i.e., div;41 = div; for some ¢ > 0, the corresponding
safe argument filtering 7 is easily obtained by filtering away the positions of
nonground arguments. For instance, if the computed division is div = {f; —
(mi,...,mL),....f— (mf,...,mk )}, we have

m(div) = {fy — {i |m} = g},... fu = {i | m} = g}}

The fact that 7(div) is a safe argument filtering is a trivial consequence of the
fact that the computed division div is congruent [36], i.e., of the fact that an
argument is classified as g only when every call to this function in the TRS has
a ground term in this argument position.

6 Related Work

Despite the relevance of narrowing as a symbolic computation mechanism, we
find in the literature only a few works devoted to analyze its termination.

For instance, Dershowitz and Sivakumar [21] defined a narrowing procedure
that incorporates pruning of some unsatisfiable goals. Similar approaches have
been presented by Chabin and Réty [13], where narrowing is directed by a graph
of terms, and by Alpuente et al [2], where the notion of loop-check is introduced
to detect some unsatisfiable equations. Also, Antoy and Ariola [4] introduced
a sort of memoization technique for functional logic languages so that, in some
cases, a finite representation of an infinite narrowing space can be achieved. All
these approaches are basically related with pruning the narrowing search space
rather than analyzing the termination of narrowing.

On the other hand, Christian [14] introduced a characterization of TRSs for
which narrowing terminates. Basically, he requires the left-hand sides to be flat,
i.e., all arguments are either variables or ground terms. Unfortunately, as we
discussed at the beginning of Sect. 3, the termination of narrowing for arbitrary
terms is quite a strong property that almost no TRS fulfills.

Recent approaches include [48, 7]. However, both of them consider a form of
quasi-termination analysis, i.e., they analyze whether only finitely many different
function calls are reachable. Moreover, only needed narrowing is considered.

Nishida and Miura [46] adapted the dependency graph method for prov-
ing the termination of narrowing. The presented dependency pair method (an
extension of that introduced in [47]) is, in principle, not comparable with ours
(Sect. 4.2), since we do not allow extra variables in TRSs and they do not remove
some (unnecessary) extra-variables of right-hand sides as we do with 7.
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The closest approach is that of Schneider-Kamp et al [50], who present an
automated termination analysis for logic programs. In their approach, logic pro-
grams are first translated into TRSs and, then, logic variables are replaced by
possibly infinite terms. An extension of the dependency pair framework for deal-
ing with argument filterings is presented, which is similar to our extension in
Sect. 4.2. Besides considering a different target (proving termination of SLD res-
olution vs proving termination of narrowing), there are a number of differences
between both approaches. First, [50] considers the replacement of logic variables
by infinite terms, while we use data generators (so that we could reuse existing
results relating narrowing and standard finitary rewriting). Also, they consider
arbitrary argument filterings but require the wvariable condition (i.e., that the
filtered TRS contains no extra variables). In our case, argument filterings must
be safe which, in principle, do not always imply that the variable condition holds
in filtered TRSs. Actually, we allow extra variables above the defined functions
of the right-hand sides of the filtered rules (which are then replaced by L since
they play no role for termination in our context). Furthermore, we introduce
a simple binding-time analysis in order to automate the generation of safe ar-
gument filterings from higher-level abstract terms. Finally, we also present a
transformation approach to proving termination, while [50] only introduces a
direct approach based on the dependency pair framework.

7 Conclusions

In this paper, we have presented new techniques for proving the termination
of narrowing in left-linear constructor systems. Our approach allows one to an-
alyze the termination of narrowing by analyzing the termination of rewriting,
so that one can reuse existing methods and tools in the extensive literature on
termination of rewriting.

Regarding future work, we find it interesting to investigate the application
of our results in order to improve the precision of narrowing-driven partial eval-
uation [48]. Also, it would be useful to extend our approach in order to accept
source Curry programs rather than TRSs.
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