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Abstract. We present a parallel implementation of the Davidson method for the nu-
merical solution of large-scale, sparse, generalized eigenvalue problems. The im-
plementation is done in the context of SLEPc, the Scalable Library for Eigenvalue
Problem Computations. In this work, we focus on the Hermitian version of the
method, with several optimizations. We compare the developed solver with other
available implementations, as well as with Krylov-type eigensolvers already avail-
able in SLEPc, particularly in terms of parallel efficiency.
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1. Introduction

Let A and B be large, sparse Hermitian matrices of order n. We are concerned with the
partial solution of the generalized eigenvalue problem defined by these matrices, i.e., the
computation of a few pairs (λ, x) that satisfy

Ax = λBx, (1)

where the scalar λ is called the eigenvalue, and the n-vector x is called the eigenvector.
IfB is a positive definite matrix, the eigenvalues and the eigenvectors are real. Otherwise
the eigenpairs could be complex even if the matrices are real. This problem arises in
many scientific and engineering areas such as structural dynamics, electrical networks,
quantum chemistry, and control theory.

Many different methods have been proposed for solving the above problem, includ-
ing Subspace Iteration, Krylov projection methods such as Lanczos, Arnoldi or Krylov-
Schur, and Davidson-type methods such as Generalized Davidson or Jacobi-Davidson.
Details of these methods can be found in [1]. Subspace Iteration and Krylov methods
achieve good performance when computing extreme eigenvalues, but usually fail to com-
pute interior eigenvalues. In that case, the convergence is accelerated by combining the
method with a spectral transformation technique, i.e., to solve (A − σB)−1Bx = θx
instead of Eq. 1. However this approach adds the high computational cost of solving
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large linear systems at each iteration of the eigensolver and very accurately (usually with
direct methods). Davidson-type methods try to reduce the cost, by solving systems only
approximately (usually with iterative methods) without compromising the robustness.
This kind of methods are reaching increasing popularity due to their good numerical be-
haviour. Among the benefits of these methods, we can highlight (1) their good conver-
gence rate in difficult problems, e.g. when internal eigenvalues are to be computed, (2)
the possibility of using a preconditioner as a cheap alternative to spectral transforma-
tions, and (3) the possibility to start the iteration with an arbitrary subspace, so that good
approximations from previous computations can be exploited.

Parallel Davidson-type eigensolvers are currently available in the PRIMME [11]
and Anasazi [2] software packages. However, currenly PRIMME can only cope with
standard eigenproblems, and Anasazi only implements a basic block Davidson Method.
Our aim is to provide robust and efficient parallel implementations of the Generalized
Davidson Method in the context of SLEPc, the Scalable Library for Eigenvalue Problem
Computations [8], that can address both standard and generalized problems. In this work,
we focus on the case of symmetric-definite generalized eigenproblems, although some
attention will be devoted to the case of semi-definite or indefinite B.

Section 2 describes the different variants of the method that we have considered.
In sections 3 and 4 we provide details related to the implementation. Section 5 presents
some performance results comparing the developed implementation with other solvers.

2. Generalized Davidson Method

The Generalized Davidson (GD) method is an iterative subspace projection method for
eigenproblems. It is a generalization of the original Davidson’s method [4] that allows
using an arbitrary preconditioner. In its variant for symmetric-definite generalized eigen-
problems, in each iteration the GD method performs a Rayleigh-Ritz procedure for se-
lecting the most relevant approximate eigenpairs (θ, x) in the search subspace repre-
sented by a matrix with B-orthonormal columns, V . Then it computes a correction to x
and expands the search subspace by adding this correction.

Many optimizations have been proposed with respect to the basic algorithm. The
following are the most important ones considered in this work:

• The block version (originally called Liu-Davidson method [9,5]) updates several
eigenpairs simultaneously. Besides accelerating the convergence, this technique
is useful for finding more than one eigenpair. However, the block size s should
be kept small to avoid a cost blow-up. In this section, X denotes a matrix with
s columns, the approximate eigenvectors xi. A similar notation is used for the
corrections, D, and the residuals, R.

• Restarting combined with locking strategies allows the computation of more
eigenpairs without enlarging the search subspace’s maximum dimension.

• Olsen’s variant [10] consists in computing the correction vector di as

di ← K−1(I − xi(x∗iK
−1xi)−1x∗iK

−1)ri, (2)

being K−1 a preconditioner.
• Thick restart [12], in particular the GD(mmin,mmax) variant, restarts with the

best mmin eigenvectors when the size of V reaches mmax.



Algorithm 1 (Block symmetric-definite generalized GD with B-orthogonalization)

Input: matrices A and B of size n, preconditioner K, number of wanted eigenpairs p,
block size s, maximum size of V mmax, restart with mmin vectors

Output: resulting eigenpairs (Θ̃, X̃)

Choose an n× s full rank matrix V such that V ∗BV = I

While size(Θ̃) < p
1. Compute H ← V ∗AV
2. Compute the eigenpairs (Θ, U) of H and sort them
3. Compute the first s Ritz vectors, X ← V U1:s

4. Compute the residual vectors, ri ← AV ui −BV uiθi

5. Test for convergence
6. Compute the corrections, di ← K−1[I − xi(x∗iK

−1xi)−1x∗iK
−1]ri

7. If size(V ) ≥ mmax, V ← V U1:mmin

Else if k pairs are converged
Add eigenvalues θ1, . . . , θk to Θ̃
X̃ ← [X̃ V U1:k]
V ← V Uk+1:k′ , where k′ = size(V )

Else, V ← [V B-orthonormalize([X̃ V ], D)]
End while

Algorithm 1 details the GD method for symmetric-definite eigenproblems, including
the optimizations mentioned above. The subspace basis V grows in each iteration with s
new vectors, except in the case of a restart or when some eigenpairs have converged in
the last iteration. Note that most operations involving V , such as the computation of H ,
can be optimized to reuse values obtained in previous iterations.

From the numerical point of view, maintaining a B-orthonormal basis of subspace
V is beneficial because exact eigenvectors satisfy a B-orthogonality relation. However,
enforcing B-orthogonality may be too expensive, and if B is numerically singular the
method may suffer from instability. As an alternative, we propose another variant that
works with an orthonormal basis V , as shown in Algorithm 2. This algorithm is an adap-
tation of GD for non-Hermitian generalized problems [6], where we maintain the search-
ing subspace basis V orthogonal with respect to the left invariant subspace correspond-
ing to the converged vectors, spanned by Y = BX̄ . With these changes, the method
becomes valid for problems with B being indefinite and nonsingular, and B−1A being
non-defective.

As a result, the new method does not work with eigenvectors, but with Schur vectors
that are always orthonormal.

There are differences in the cost of both methods. On the one hand, Algorithm 2
has to compute two projected matrices H and G (step 1), whereas Algorithm 1 needs
only one, and it also needs to orthogonalize the residual vector against the columns of Y
(step 4). On the other hand, if the B-orthonormalization of step 7 is implemented with
Iterative Gram-Schmidt, then Algorithm 1 may perform more than one B-inner product
per vector.



Algorithm 2 (Block symmetric-indefinite generalized GD with orthonormalization)

Input: matrices A and B of size n, preconditioner K, number of wanted eigenpairs p,
block size s, maximum size of V mmax, restart with mmin vectors

Output: resulting eigenvalues Θ̃ and Schur vectors X̃

Choose an n× s full rank matrix V such that V ∗V = I

While size(Θ̃) < p
1. Compute H ← V ∗AV and G← V ∗BV
2. Compute the eigenvalues Θ and Schur vectors U associated to the pencil (H,G)
3. Compute the first s approximate Schur vectors, X ← V U1:s

4. Compute the residual vectors, ri ← orthonormalize(Y,AV ui −BV uiθi)
5. Test for convergence
6. Compute the correction, di ← K−1[I − xi(x∗iK

−1xi)−1x∗iK
−1]ri

7. If size(V ) ≥ mmax, V ← V U1:mmin

Else if k pairs are converged
Add eigenvalues θ1, . . . , θk to Θ̃
X̃ ← [X̃ V U1:k]
Y ← [Y BV U1:k]
V ← orthonormalize(Y, V Uk+1:k′), where k′ = size(V )

Else, V ← [V orthonormalize([Y V ], D)]
End while

3. Implementation Details

In this section, we describe the context in which the algorithms have been implemented,
and we compare it with existing related software efforts for solving large-scale eigen-
value problems with Davidson methods [7], in particular Anasazi and PRIMME.

Anasazi [2] is part of Trilinos, a parallel object-oriented software framework for
large-scale multi-physics scientific applications. It was designed for being independent
of the choice of the underlying linear algebra primitives, in order to facilitate its incor-
poration into larger libraries and application codes. The Anasazi framework contains
a collection of independent eigensolvers that includes Block Davidson as described in
Algorithm 1, among others.

PRIMME implements a parametrized Davidson method general enough to include
algorithms ranging from Subspace Iteration to Jacobi-Davidson with several options
about the correction equation. It uses its own distributed vectors with the solely support
of BLAS, LAPACK and a sum reduction operation. Currently, it only supports standard
eigenproblems, but the interface is prepared for a non-trivial matrix B.

The implementation of the algorithms that we are presenting here is being inte-
grated as a solver in SLEPc, the Scalable Library for Eigenvalue Problem Computations.
SLEPc’s design goals lie between Anasazi and PRIMME. SLEPc eigensolvers use vec-
tors, matrices and linear algebra primitives of PETSc (Portable, Extensible Toolkit for
Scientific Computation, [3]), a parallel framework for the numerical solution of partial
differential equations, whose approach is to encapsulate mathematical algorithms using
object-oriented programming techniques in order to be able to manage the complexity of



efficient numerical message-passing codes. However, the PETSc-dependence does not
reduce the software interoperability because PETSc objects allow user implementation.

The stopping criteria and the computation of the correction vectors D (step 6) are
encapsulated and decoupled from the eigensolvers, as in Anasazi, because they are the
most application dependent components. The orthonormalization is also encapsulated in
order to be possible to select any routine that SLEPc offers.

4. Parallel Implementation

The parallelization of the Davidson method can be done easily by parallelizing the op-
erations with multivectors (such as V and X) and matrices (such as A and B), i.e.,
the matrix-vector products (such as W ← AV ), the inner vector products (such as
H ← W ∗V ) and the vector updates (such as V ← V U ). The multivectors are dense
rectangular matrices stored as a collection of vectors. One advantage of using a multi-
vector data structure, instead of performing the operations column by column, is to im-
prove the ratio of floating-point operations to memory references thus better exploiting
the memory hierarchy.

Anasazi provides an interface to these operations, and has wrappers to employ the
Epetra and Thyra (also Trilinos packages) multivectors and matrices. In PRIMME the
user must provide the matrix-vector product, and the sum reduction operation (typically
implemented by calling MPI_Allreduce) used by the hard-coded multivector routines.

PETSc supports MPI parallel sparse matrix computations by providing parallel ma-
trix storage formats (distributed by blocks of contiguous rows), along with parallel
vectors (distributed in a compatible way) and vector scattering operations for efficient
communication among processes. If the matrix nonzero pattern is reasonably arranged
(e.g. coming from an unstructured mesh discretization partitioned in compact subdo-
mains), then the matrix-vector product operations scale well.

PETSc does not provide support for multivectors. In order to develop an optimized
version of a block Generalized Davidson it is necessary to implement AXPY and dot
product multivector operations, using BLAS to perform the local calculations.

In addition, some optimizations are applied in our implementations to improve the
parallel performance. It is possible to mitigate the latency of communication primitives
by joining several reductions together. For instance, the residual norm is commonly
needed by the convergence test routine. Instead of performing the summation of the
residual norms vector by vector, all the local results are considered in a unique call. This
technique is also used in our eigensolver for updating the matrices H and G with a sin-
gle communication operation. It is also possible to reduce the communication time by
avoiding transfering unnecessary data. For instance, since V ∗AV is symmetric only the
upper triangular part is taken into account in the parallel operation.

5. Testing and validation

This section summarizes the experiments carried out in order to evaluate the conver-
gence behaviour and the parallel performance of our implementations versus Anasazi
and PRIMME. The preconditioner and the matrix-vector product may have a great im-



Table 1. Sequential results for computing on Odin the 10 largest magnitude eigenpairs over the symmetric-
definite generalized eigenproblems testbed of 37 problems with Anasazi, SLEPc Davidson Algorithm 1, and
SLEPc Krylov-Schur and ARPACK with a MUMPS direct solver and the GMRES solver. The iterations and
accumulated time only include the problems solved by all eigensolvers.

Solved Accumulated Accumulated Accumulated
Solver problems Iterations Time (s) Time/Iterations

SLEPc Davidson Algorithm 1 22 5923 13.54 0.0353
Anasazi 20 6251 17.40 0.0398

SLEPc Krylov-Schur MUMPS 37 – 5.23 –
SLEPc Krylov-Schur GMRES 35 – 5.81 –

ARPACK MUMPS 36 – 7.18 –

Table 2. Sequential results for computing on Odin the 10 largest magnitude eigenpairs over the symmetric-
indefinite generalized eigenproblems testbed of 12 problems with SLEPc Davidson Algorithm 2 and SLEPc
Krylov-Schur with a MUMPS direct solver. The iterations and accumulated time only include the problems
solved by both eigensolvers.

Solved Accumulated Accumulated Accumulated
Solver problems Iterations Time (s) Time/Iterations

SLEPc Davidson Algorithm 2 8 209 11.63 0.406
SLEPc Krylov-Schur MUMPS 12 – 55.90 –

pact on the global performance, especially on parallel performance. For that reason, the
parallel test problems were selected to have an efficient parallel matrix-vector product.
All tests use the Jacobi preconditioner (matrix K) because it is appropriate for A − σB
operators with variable σ and its setup time is negligible.

The tests were executed on two clusters: Odin, made up of 55 bi-processor nodes
with 2.80 GHz Pentium Xeon processors, arranged in a 2D torus topology with SCI
interconnect, and CaesarAugusta, consisting of 256 JS20 blade computing nodes, each
of them with two 64-bit PowerPC 970FX processors running at 2.2 GHz, interconnected
with a low latency Myrinet network. In this machine, only 64 processors were employed
due to account limitations.

The eigensolvers were configured for computing the 10 largest magnitude eigenval-
ues with a relative tolerance of 10−7, with an mmax of 40, and up to 5000 iterations.
The Davidson eigensolvers start with 5 vectors and restart with 8 eigenvectors. The de-
fault convergence test labels an eigenpair as converged if ||Ax − Bxθ||2/θ ≤ tol, with
||x||B = 1 for Algorithm 1, and ||x||2 = 1 for Algorithm 2. The Krylov eigensolvers,
which work on the operator B−1A, were tested using a direct (MUMPS) and an iterative
(GMRES) linear system solvers (both available in PETSc) with the default options.

The matrices used in the tests are from the University of Florida Sparse Matrix Col-
lection. The symmetric-definite testbed used in Table 1 includes 37 eigenproblems with
dimension up to 15,439. All matrices are real symmetric, and B positive definite. The
tested Davidson eigensolvers solve around 21 problems of the testbed and in a compara-
ble time (although Anasazi is slightly slower), with respect to Krylov eigensolvers. That
may be due to the already commented limitation of the Jacobi preconditioner.

Table 2 summarizes the performance solving 12 indefinite B problems of size as the
ones above. In that case, the Davidson eigensolver is faster than Krylov-Schur.

Figure 1 shows the speedup in both clusters solving the Boeing/pwtk matrix (stan-
dard problem), a 217,918 size matrix with 11,524,432 nonzero elements. The PRIMME
performance is significantly better compared with SLEPc and Anasazi implementations.
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Figure 1. Speedup for the solution of the problem pwtk on Odin (left) and CaesarAugusta (right).
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Figure 2. Speedup for the solution of the problem qa8f on Odin (left) and CaesarAugusta (right).

The generalized problem used in Figure 2 is formed by the Cunningham group ma-
trices qa8fk and qa8fm. Its size is 66,127 and each matrix has 1,660,579 nonzero ele-
ments. SLEPc Algorithm 1 shows similar speedup as Krylov-Schur with GMRES, maybe
dominated by the B-orthonormalization, and has the best speedup in CaesarAugusta.
But on Odin, SLEPc Algorithm 2 has the best speedup. That may be due to the different
performace of the B matrix-vector product and the multivector inner product (the core
operation of orthonormalization) in both clusters, as well as the different use of these
operations by the Algorithms 1 and 2 (see the end of section 2). In both platforms, the
performance of Anasazi in generalized problems is not good.

6. Conclusions

In this work, we have presented a parallel implementation of the Generalized David-
son method for the solution of generalized eigenproblems. The methods have been im-
plemented in SLEPc and constitute the basis for a future solver covering a number of
Davidson-type methods, including Jacobi-Davidson. For the moment, only symmetric
problems have been addressed, both definite and indefinite.

We have evaluated two algorithms, one with B-orthonormal basis and another one
with orthonormal basis, the latter being able to solve indefinite problems. Both variants



are based on a block Davidson subspace expansion, with the Olsen method for computing
the correction, and the thick restart technique with locking. In terms of convergence, our
implementation of the B-orthogonal version is comparable to those available in Anasazi
and PRIMME. The orthonormal version is unique to SLEPc since other packages only
address the symmetric-definite case, and has proven to be faster than Krylov-Schur in
our tests. From the perspective of parallel performance, our solver is less efficient than
PRIMME, but among the available Davidson solvers for generalized eigenproblems it is
the one that achieves better speedup.

Future works will include the development of different options for the computation
of the correction, including the Jacobi-Davidson one, as well as the extension to stan-
dard and generalized non-Hermitian eigenvalue problems. It also remains to analyze the
impact of different preconditioners on the overall performance.
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