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Abstract

In many practical scheduling problems, feasible solu-
tions can be partially ordered according to differences
between the temporal objects in each solution. Often,
these orderings can be computed from a compact value
function that combines the local preference values of
the temporal objects. However, in part because it is
natural to view temporal domains as continuous, find-
ing complete, preferred solutions to these problems is a
challenging optimization task. Previous work achieves
tractability by making restrictions on the model of tem-
poral preferences, including limiting representations to
binary and convex preferences. We propose an appli-
cation of Bucket Elimination (BE) to solve problems
with piecewise linear constraints on temporal prefer-
ences with continuous domains. The key technical hur-
dle is developing a tractable elimination function for
such constraints. This proof of concept takes a step to-
ward an ability to solve scheduling problems with richer
models of preference than previously entertained. Fur-
ther, it provides a complementary approach to exist-
ing techniques for restricted models, because the com-
plexity of BE, while exponential in the treewidth of the
problem, is polynomial in its size.
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such problems by limiting the expressive power of the lan-
guage for expressing preferences. A common model, the
Simple Temporal Problem with Preferen¢€3PP) (Morris

et al. 2004) expands th8imple Temporal NetwoKoechter,
Meiri, & Pearl 1991) by allowing numerical preferences on
the admissible values of temporal variables. STPPs combine
bothhard constraints that must be satisfied for a solution to
be valid, andsoft constraints that assign a preference value
to each admissible assignment. Global preferences are ob-
tained by summing the local preferences of temporal ohjects
STPPs inherit from Simple Temporal Problems (STPs) the
limitation to unary and binary constraints. Moreover, &l e
isting efficient solution techniques for STPPs assume con-
vex or semi-convex preferences. Notably, the most signifi-
cantresult in STPPs is the use of Linear Programing (LP) to
solve problems with binary piecewise linear convex prefer-
ences as described in (Mores al. 2004).

Despite such progress in solving planning and scheduling
problems with temporal preferences, restrictions impdsed
binary, convex preference functions result in limitations
the expressive power of the language of constraints. Con-
sider a natural temporal preference suchMeximize the
temporal gap (duration) between A and@raphically, this
preference could be expressed as a V-shaped non-convex
function from times to preference values that readhébe

Practical problems requiring the assignment of times to |east preferred value) at tineas shown in Fig. 1.
planned events are pervasive in the world, from mundane Removing the restriction on constraints imposed by the

Zpgggsg_osnriit“hkezggg)’\qga{h;n%‘grgee;nxeorgc(gﬂu%fﬂtgspsec'?;gﬁg STPP paradigm requires an alternative approach to finding
solutions. A natural course of action at this point is to con-

observations for planetary exploration (Bresina, Khasib, sider general approaches to constraint optimization, dbase

McGann 2006). In cases such as these, feasible temporal”; L :
. . either onconditioning(backtracking, branch and bound) or
assignments can be ordered on the basis of the degree o, Bucket Eliminatior(BE), which is a generalization aly-

which certain preferences are adhered to. Such preferencesnamic programmingDechter 1999; 2003). The interest in

((:é;m Si??e,t-g?eﬁﬁg t?g;rgﬁs:vdegts S?aﬂrgglz ;ﬁn(;t'sono(;fs)}'brlles’this paper is in building a temporal solver based on BE for
9.1tS P yasp a model of time in which constraints are piecewise linear

gg}en;ﬁgta;sge?)é?reevSSni(s)wg\llixrz)eulgﬂ(l)yntsr\rgrjssagegﬂ?;?i:)n over continuous domams, bqt not neqessarlly binary or con-
There are numerous efforts in representing and solv- Y€X The result of this work is the ability to solve schedul-
ing problems in decision making with preferences. Prac- ing problems. with richer models of preference than previ-
' ously entertained. Further, we provide a complementary ap-

?::rl] pr(r)(l:flgrrgﬁ c?ergri(t)étr? ; Of/g?'g:}%'ggoziﬁg%seo:Qle\y aéir;/t())llve proach to existing techniques for restricted models, beeau
yp P the complexity of BE, while exponential in theeewidthof

Much of the previous work in optimization of temporal pref- the problem, is polynomialin its size. The main contribatio

erences has sought to manage the potential complexity of of this paper is the proof of the soundness of an approach

*Carnegie Mellon University whose competitiveness will be explored in future work.
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Figure 1: A non-convex function over10 < ¢ < 10 that
expresses the preferenaeaximize the temporal difference
between two events

The next section surveys previous work on BE. There fol-
lows the definition of the class of continuous temporal prob-
lem considered. It is based @mecewise linear value func-
tionsthat encode both hard and soft constraints, and that are
not necessarily binary or convex. We then show that BE
can be applied to this domain, demonstrating by construc-
tion that elimination preserves piecewise linearity. To im
prove the efficiency of the elimination process, the notion
of the ‘witness’ is applied to the elimination function, tea
ing to our final algorithm. Finally, preliminary experimet
results using the full BE algorithm are summarized.

Bucket Elimination

Bucket Elimination (BE) is a complete approach to solving
constraint optimization problems that generalizes dyiami
programming (Dechter 1999; 2003). Intuitively, BE solves
a problem by a series of replacements of variables by con-
straints that summarize the effect of each variable on tbe be
solution to the problem.

In this approach, hard and soft constraints on an ordered
set of variablesX = {x1,29,...2,} are represented as
numerical functions, here calladlue functiond/, defined
over a subset ok called thescopeof V. A hard constraint
is represented by a value function that takes the valire
each state where it is satisfied, ardo elsewhere. A soft
constraint is represented by a function taking finite values
that reflects the preferences over the variables in its scope
A value function can take both finite and infinite values and
represent both soft and hard constraints at the same time.

Given a seV’ of such preference functionsucketB(7) is
defined as the set of constraints havirygn their scope as
their highest variable, according to the ordering’6f For
a fixedi, we call X; = {z;,,%j,,...2;,,2;} the smallest
subset of variables such that the scope of each utilify (i)
is included inX;. We then defineX_; = X, \ {x;}
{z,,%},,...2; }. Technically,X_; regroups all parents of
x; in the induced constraint graph (Dechter 1999).

BE eliminates variables in reverse order by creating a con-

straintV; for eachz; eliminated following

Vi = Elim; (Lyepg V)
which is defined as

v(levxjw"'xjk) : Vi(Ijlvszv"'Ijk) =

1)
max .

Z V(leaxjw . "xjkv'ri)

VeB(i)

V; is added to the bucke®(jx ), wherejy, is the index of the
highest variable inX_;. BE terminates when all the vari-
ables are eliminated (the resulting functigpis then a con-
stant function returning the highest value of any solution t
the problem). The optimal state that yielded the highest
value can be recovered easily based on this computation.

The complexity of BE strongly contrasts with that of stan-
dard conditioningalgorithms such as backtracking search
and branch and bound (Dechter 1999). The worst-case com-
plexity of these algorithms i©(m™) wheren is the number
of variables andn is the size of the discrete domain of each
variable. Therefore, it is exponential in the problem size
(number of variables). In contrast, the complexity of BE is
exponential in a parameter called tieewidth(or induced
width) of the problem and, if the treewidth is fixed, poly-
nomial in the problem size. The induced width (Dechter
1999) depends on the ordering of variableXinTherefore,
research as been directed toward finding variable orderings
that minimize the treewidth. Unfortunately, it turns outt®
an NP-hard problem; (Dow & Korf 2007) is an example of
the heuristic approach. It is important to note that all prev
ous treewidth minimization techniques can be applied to the
continuous framework described in this paper as well as to
any other instance of BE.

BE has been used successfully to solve Constraint Opti-
mization Problems (Dechter 2003). The key contribution of
this paper is to apply it to scheduling problems with contin-
uous domains.

Problem Formulation

We define a framework where piecewise linear value func-
tions are used to represent both soft and hard constraiats ov
a set of temporal variable¥ = {z1,z2,...x,} with con-
tinuous domains.

Definition 1 For any subset of continuous variablés =
{2, ,Tiy, ... 24, }, let R[X] denote thek-dimensional con-
tinuous spac@®* where the axes are labeled with variables
in X.

Definition 2 Given a subset of continuous variabl&s =

{.”L'il s Lijny o Ty, }, a (k + 1)—tup|e (ao, Oy s Oy v aik) is

used to represent several quantities:

e A linear constraintC' that is true in all statesr
(SCZ'I s Lijgyene Iik) such thatao + Zle 4, Ty, < 0.
say thatz satisfieC iff C'is true inz;

e A linear utility function » that associates the re-
ward u(z) = ag + Y.b_, oy, x;, to each stater
(i, Ty, - - - 24, ). TO represent a hard constraint, the con-
stantag can take the value-oc;

We



e Alinear policyu implementing the control law; «— g+
SO, iz, foragivenindex ¢ (iy,ia, . . . ir).

The setX is called thescopeof the constraint, utility, or

policy.

Definition 3 A convex polygons defined as a set of linear

constraintsC = {C;,i}. Each constraint representsface

of the polygon (the ternfaceis sometimes used in a two-

dimensional setting, andingular pointin 1D). The points

belonging to the polygon are those that satisfy all constsai

in C. The scope of a polygon is the union of the scopes of its
faces.

Note that this is a loose definition of a polygon that encom-
passes unbounded pieces.

Definition 4 Avalue function piecés defined as a paiP =
(C,u) whereC is a convex polygon and is a linear utility
function. To store the optimal policy, some pieces alsoycarr
a linear policyu. The scope of a piece is the set of variables
appearing in its edges, utility function, or policy.

Definition 5 A piecewise linear value functiowith scope
X = {zi, x4y, ...x; } is defined as a collection of value
function piecesd” = {P;,i} such that the polygons of the
piecesP; constitute a partition ofR[X], and the scope of
each pieceP; is included inX.

Definition 6 A linear constraint optimization probleim a
pair P = (X,V) whereX = {x1,z2,...2,} IS a set of
continuous temporal variables and is a set of piecewise
linear value functiond” = {P;,i} with scope included in
X. A solution ofP is a statex = (z1...,x,) € R[X]. A
solutionz* is optimal if it maximize$ .., V().

Solving Linear Constraint Optimization
Problems using Bucket Elimination

Formally, BE is based on two operators over functions: sum-
ming and variable eliminationHlim;). The soundness of
BE for piecewise linear value functions is formally derived
from Theorem 1, which we establish from two Lemmas.

Lemma 1 The sum of a finite humber of piecewise linear
value functions is a piecewise linear value function.

Proof The sum of two value functions is computed by enu-
merating all non-empty intersections of two of their pigces
and summing the utility functions carried by these pieces.
Because the intersection of two convex polygons is a con-
vex polygon, and the sum of two linear utility functions is a
linear utility function, it results in a well-defined piecese
linear value functionlJ

Lemma 2 If @ is a piecewise linear value function with
scope X {zj,zj,,... 5,2}, then Elim,(Q) is
a piecewise linear value function with scop€_;
{le » Loy e Ijk}'
Proof. To prove this lemma, we show hdilim, (@) can be
computed and make clear that, by construction, the regultin
function is a piecewise linear value function.

The first operation in the calculation &flim;(Q) is to
project the partition ofR[X] defined byQ on R[X_;] (or,

loosely speaking, to proje@ on X _;). It consists of com-
puting a partition oR[ X _;] in convex polygons, as shownin
Fig. 2 for X = {Xy, X1 }. Thisis achieved by first project-
ing the pieces of) on R[X _;], which creates only convex
polygonal pieces, and then computing all possible intersec
tions of projected pieces. Therefore, the partition coragut
by projection contains only convex polygonal pieces.
Consider now a particular projected pieB€ and callPy)

the set of pieces of) that contributes taP° (intersecting
the horizontal stripe associated wiffy in Fig. 2). If A°
as any translation of the;-axis that projects inside aP°,
then A® entersP through a well-defined fac€’, and ex-
its through another fac€'}, (see Fig. 2). Because utility
is linear overP, maximum utility is attained on a fadg}
that is eitherC, or C}%. This allows deriving an analyt-
ical expression of the optimal decision rule foy. If the
optimal of pieceP is attained on the face represented by
C%:af + Zle aga:jl +afz; <0(Cp = CporCy),
then the optimal decision rule (policy) for pieéeis i p:

c c
zie =S5 -3 o, @)
o o

This rule guarantees tha§ + >, a5z, + afz; = 0,

and thus that we are choosing a point on the face represented
by C%. As long as parent variablgs;, , z;,,...z;,) arein

P, the optimal value of) over pieceP is attained by p,
which is a linear policy with scop& _;.

Now that the optimal policy for piec® is known, it is
easy to derive an analytical expression of the optimal value
of Q over P. If up is the linear utility associated with piece
P andpp is the optimal policy inP, then the optimal value
is the return ofu p whenz; is chosen following:p. In other
words, ifup(z) = ozz)‘—i—zgc:l of zj otz andpp  x;
al + 0, oy xj, + aj'z; , then an analytical expression of
Vpis obtained by substituting; for yp in up:

k

Vp(z) = af + o - aly + Z (af, +af -af) zj,

=1

®3)

The resulting utility is linear with scop& _;.

To computeElim; (@), we need to maximiz€) with re-
spect tar;. By definition:

V(al ,a),,...a) ) eP’:

Jir¥j20

Hiafx [Q(CC?17.I'?27 T x?k’xz)] =
i
0 0 0
F{relégé [V;D(le 1 Ljas - - x]k)] )

However, the piec® that maximizes) may vary overP°,
Therefore,P° may be split in at most as many pieces as in
Pg. For eachP € 73%, we build a convex polygo@p by

first copying all faces o’ and then adding to this set the
following constraints:

VP € Py, P # P:up(z) —up(z) <0, (4)



Zo

/ N~
< /
N 9 T e,
NN\ //

Figure 2:Projecting of@ on X_; = {xo}: The convex polygonal
partition of the plane represents the piece§oHorizontal stripes
represent the partition @&[X ;] obtained by projecting.

whereup andup: are the linear utility functions carried by
P and P’. These constraints are well-defined linear con-
straints with scopeX_;. They ensure that the optimal of
Q over PV is carried by pieceP. If the resulting setp

is consistent, thefr is a well-defined polygon and the
triple (Cp, Vp, up) is a well-defined value function piece of
Elim;(Q). Becausélim,;(Q) is made only of such pieces,
it is a well-defined piecewise linear value functian.

Theorem 1 If bucket B(¢) contains only piecewise linear
value functions, then the functidn resulting from an ap-
plication of Eqn. 1 is also a piecewise linear value function

Proof. The claim results directly from Lemmas 1 and2.

Bucket Elimination’s fundamental equation (Eqn. 1) starts
with a universal quantification ovét;, , z;,,...z;, ). Inthe
linear framework defined in the previous section, these vari
ables have infinite continuous domains. Therefore, apglyin
Eqgn. 1 requires a continuous infinity of maximizations. For-
tunately, Theorem 1 shows that the computation can be per-
formed only once for each piece &f, and there is a finite
number of such pieces.

A direct application of Th. 1 solves

VP e V;,Vx = (:I:j”xjw...xjk) € P:

Z V(.Ijl,Ij2,...

VeB(i)

5
Vi(z) = max xjkvxi) J ©)

this computation being performexhalytically. That is, an
analytical expression df; (and the associated optimal pol-
icy) that applies to the whole piede is computed instead
of a single numerical value. In this way, Eqn. 1 is implicitly
solved over the infinite set of values.

Algorithm 1 is a straightforward procedure computing
Eqn. 5. It follows closely the proof of Lemmas 1 and 2. Itis
important to note that, for a fixed treewidth, the complexity
of this procedure is polynomial in the size of the problem,
which is a vector four variables: (i) The number of temporal
variablesn; (ii) The number of value function® € B(i);

(iii) the maximum number of pieces in a functidhe B(7);

Algorithm 1 A straightforward implementation of Th. 1

1: Compute an analytical representatior(bf= ZVGB“) V.

2: ProjectQ on X_;.

3: for each projected piecB® do

for each pieceP of @ that contributes tP® (P € Pg) do
Compute the optimal retuivip of P following Eqgn. 3.
Compute the constraint S€p as in proof of Lemma 2.
if Cp is consistenthen

Add the piecéCp, Vp) to V.

end if

10:  end for

11: end for

ooNOA

(iv) the maximum number of constraints in a piece of a func-
tionV € B(i). The algorithm is exponential in the treewidth
because it has to build a piecewise linear value functipn
with dimension as high as the treewidth.

While being conceptually simple, Alg. 1 presents two bot-
tlenecks: (i) computing the multidimensional sup and
(ii) projecting @; on X_;. Although it is guaranteed to
be polynomial in the problem size as long as the treewidth
is bounded, these operations become expensive when the
treewidth increases, because the size of the largest umcti
V; that the algorithm has to build is equal to the induced
width of the problem. For instance, calculatiGgrequires
computing all non-empty intersections of pieces of funtsio
in B(7). Computing non-empty intersections is done by con-
sidering all possible combinations of pieces, putting ladl t
faces of these pieces in a single set, and testing the consis-
tency of this set. If the set is consistent, then the pieces ha
a non-empty intersection. In high dimensions, this consis-
tency test is expensive, making the summation an overly ex-
pensive process. In the next section, we present an algorith
that avoids these two pitfalls.

A Witness Algorithm

Algorithm 2 is awitnessalgorithm that efficiently imple-
ments Th. L This algorithm associates with every pieBe
of V; awitness state-vectaf” = (2f | 2’

> xl . xl) that tes-
tify to the existence of? in V;. It then performs the finite

calculation
P P Py _
VP eV;:Vi(x s 32,...xjk)_
(6)
P
maX Z V 31’ J2"' Jk’ ) :
VeB(i)

The result of this local computation is generalized to pro-
duce analytical expressions of the optimal utility and pol-
icy over P. The strength of this algorithm is that once
(2j,,25,, ... x5, ) has been substituted By” , z7 ... 21 ),
then all functions inB(i) are piecewise linear functions of
the single variable:;, that isV (z;) = o + «;x;. Therefore,
summing them and maximizing them is extremely easy.

We borrow the termwitnessfrom the POMDP literature.
Littman’s witness algorithmuses witness points to testify for the
presence ofé&-vectors” in the optimal solution of a POMDP (Kael-
bling, Littman, & Cassandra 1998).



Algorithm 2 A witness algorithm

1: while V; is not totally definedlo

2:  Pickastate’ = (z9,,29,,...

not defined yet.

3. Determine the characteristics of the piecél/pfcontaining

x0 (utility » and policyys).

4: Build a set of constraints ensuring that these charatiesi
remain. This constraint set represent the faces of the piece
of V; containingz®.

Simplify the constraint set built at previous step.
Add the new piece tv;.
end while

29,) € R[X_;] whereV; is

Noa

This contrasts strongly with Alg. 1 that endures a very high
cost in manipulating multidimensional functions.

Selecting an unexplored stater € R[X_;] (line 2 of
Alg. 2): This step is a bottleneck where we face the mul-

fore, each singular point is inherited from a constraihof
V. Second[z°] is obtained by intersecting and summing
the unidimensional piecewise linear functidng:"]. There-
fore, each of its singular points is inherited from a singula
point of some functioV[z°], and so it is inherited from a
constraintC' of V. To determine the analytical solution, we
must keep track of the relationships between singular point
of Q[z"] and constraints df''s; fortunately, maintaining this
information is relatively inexpensive.

SinceQ[x"] is piecewise linear, its optimum is attained
in one of its singular points. The constraint at the origin of
this singular point determines the optimal policy ovelt.

If the constraint isC' : af + >, aSz), + alz; < 0
then the optimal policy of/3 is given by Eqn. 2. This is a
well-defined linear policy with scope iX _;.

Now that we know the policy. attached td’3, we want to

determine an analytical expression of the utilityttached
to this piece ofV;. We cannot carry on the same computa-

tidimensional space avoided otherwise. It can be performed tion as in the proof of Lemma 2 because we do not have an

systematically by a costly and complex recursive procedure

Random and pseudo-random techniques might be more ef-

explicit representation of). However, again, keeping track
of simple information achieves the same result. Indeed we

ficient despite having no guarantee of completeness. Our only need to memorize the piece of edchhat contributes

prototype implementation employs a simple but inefficient
technique that checks only the points on a discrete grid cov-
ering the set of possible values for the variableXin;.

In the following we callP{ the piece ofV; contamlngr
2V is the witness of?D. The next steps aim at building? .

Determining the characteristics (« and ) of P{ (line 3
of Alg. 2)): Our algorithm performs these operations in a
particular way that minimizes computation time.

Givenz? = (29 ,29,,...29 ), the first operation per-
formed is to substitutdz;,,z;,,...z;, ) for 2% in every
function V' € B(i). The resulting function called [z°]
is a piecewise linear function of the single variablg
V([a®)(z;) = oo + azz;. We later call this operatiom-
stantiatingV” asxz°.

Next all V[z"] are summed to produce the functiQ:’]
that is the instantiation af = >, .5, V' in 2%, In Fig. 2,

Q[2°] represents the variation ¢f along theA® axis that
passes through®. Again, these operations are straightfor-
ward and the result is a linear functionof only.

Finally, we determine the maximum @§[z°] w.r.t. x;.
This is a straightforward optimization of a 1-dimensional
piecewise linear function. We then have solved the BE fun-
damental equation in the particular poirtt with minimum
effort. We obtain an analytical expression of the optimal
utility « and the optimal policy: in P by generalizing this
local computation as explained below.

Because th& [z°]'s andQ[z°] are unidimensional func-
tions, their faces areingular pointsbetween two adja-
cent pieces. One can show that each singular point of
V[2°'s andQ[z°] is inherited from a face of some function
V € B(i). First,V[2°] is obtained by traversing the piece-
wise linear value functio with the axisA° defined by
(%)), 2j,,...xj,) = 2, asin Fig. 2. The singular points of
V [2°] are the points wherA® intersects a face df . There-

to each piece o€)[z°], which is straightforward and very
cheap. Then, if we denotB* as the piece 0f)[z°] con-
taining the optimal value, we can trace back the pi€¢e
of eachV' € B(i) that contributes ta®*. By summing the
utility functions carried by these pieces, we get an anedyti
expression of the utility of the piece &¢f containingP*. As

in the proof of Lemma 2, we know the utility and the optimal
policy associated with the optimal piece@f Therefore, we
can get an analytical expression of the utility attachetdo
by substitutinge; by p in u following Eqgn. 3.

The preceding discussion shows that there is no need to
employ a complex multidimensional representatiorijaio
determine the optimal policy and utility associated wiith.

In this calculation, the most costly step is the instardiatf
each functiorl/ in z°. We show below how this operation
can be performed efficiently.

Instantiating V' € B(i) in 2° = (2 ,29,,...29 ) (used
at line 3 of Alg. 2): The procedure used for |nstant|at|ng
a functionV in z° loops through all pieces df and, for
each piece®? = (C,u), checks whether or not tha-axis
passing through traversesP. This check is performed
by substituting(z;,, z,, ...z, ) by 2° in every constraint
C € C. lttransforms a constrairdt : o + Zle o, i, <0
into unidimensional constraiidt[x°] that is either

(%)) (0% .
T, < —— — ixg-)l ifa; >0,
« «
7 l:1 1
or
(%)) Q4
T, > —— — ix?l if ; <0
[ (673
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Cy = o+
{ p K(C)  K(Cy) :J‘ A0
K(Cs) \/["“”K(C@ K(C)-.
Ci=C"
Figure 3: Instantiating V: A° (the axis defined by
(T4, %)y, ... x;,) = x°) entersP through faceC~ = C4 and

leaves through fac€t = C». For each constrair®, K (C) is the
coordinate (om\?) of the point whereA° traverses face’.

We callC™ the set of constraints of the first type afid the
set of constraints of the second type. Then we define

Qo

K(C)

Qg

as the coordinate (0A°) of the point whereA° traverses
face C' (see Fig. 3), andC* argmingee+ [K(C))
andC~ = argmaxgec- [K(C)]. Then A° traversesP
iff K(C~) < K(CT). If A° traversesP then the segment
of A° contained intaP defines a piecg (C~), K(C™1)] of
V[2°]. The constraint associated with singular pdirtC )

is C~ and the constraint associated wkH{C+) in C*. The
detail of this computation is presented in Alg. 3.

Computing the faces of the new piece (line 4 of Alg. 2):
In the proof of Lemma 2, the faces of a new piece are com-
puted by adding to the faces B (see Fig. 2) the constraints
defined by Egn. 4. We follow the same general principle to
derive the set of faces d®.

First, because we do not have an explicit representation
of Q, we do not have an easy access to the faceB‘f

Algorithm 3 Instantiatingl’ in 20 = (29 ,29,,...29 ).

Ji1°*j2?
1: for each piecé® = (C,u) of V do
C™—0,C" 0.

3: for each face” = (ao, ij, , sy, - . . @, , ;) Of C dO
4: if z; is in the scope of (a; # 0) then

5: if a; > 0then

6: Ct —Cctu{cl.

7 else

8: C™ —C u{C}

9: end if

10: ComputeK (C) = —22 — 377 | “tkaf)

11: else ' '

12: Il z; is not in the scope af' (a; = 0)

13: Substitutéz, , z;,, . . . ;,. ) for z° in C and check for

consistencyno + ;. aj,2) <0 ?

14: if Consistenthen

15: Skip to next face of (go to line 3).

16: else

17: Skip to next piece of (go to line 1).

18: end if

19: end if

20:  end for

21: ComputeC~ = argmaxgec-[K(C)] and Ct =

arg mingec+ K (C)].

22 if K(C1) <= K(C~)then

23: Il Inconsistency detected

24: Skip to next piece o¥ (go to line 1).

25:  else

26: Substitutéz, , z;,, . . . 25, ) for z° in u to get a function
w[z°](2:).

27 Add the piece[K(C ™), K(CT)], u[z"]) to V[z°]. At-
tach to singular poin& (C' ™) the constrainC ™~ and at-
tachC* to K(C™).

28: endif

29: /[ Continue to next piece 6f

30: end for

31: ReturnV[z°]

e For each piecé of V that is traversed byA°, add a con-
straint implying thatA° still enters and exit through
the same faces.

Fortunately, an equivalent constraint set can be recovered Thijs creates an equivalent set of constraints, but the com-

using a simple set of pointers. The constraints of a piece
PO of the projection ofQ on X_; express the fact that the
axisA® passing through = (z;,,z;,, . .. z;, ) traverses the
same sequence of pieces@ffor all z in P° (cf. Fig. 2). A
necessary condition for this holding is thaf traverses the
same sequence of pieces of edtk B(:). Given a function

V € B(i), we can build a set of constraints implying thsft
traverses a fixed sequence of piece¥dh two steps:

e For each piecé” of V that is traversed by\’, add a con-
straint implying thatP is still traversed byA?;

e For each piecé® of V that isnottraversed byA°%, add a
constraint implying thaf is still nottraversed by\°.

This procedure is linear in the number of piecedinSince

it is performed once for each pied@’, the algorithm is
guadratic in the maximum number of pieces in a value func-
tion. Therefore, we adopt the cheaper alternative thatbuil
a single set of constraints:

plexity is linear in the number of pieces traversed A
which is generally much smaller than the total number of
pieces. Now, given a piede of V, we ensur\ enters and
exits through the same face &f using two types of con-
straint:

VCelC ,C#£C™ :K(C)<K(C7),
and
VC eCT,C#CT:K(CT)<K(O).
We add a following constraint to ensue’ traversesP:
K(CT)<K(Ch).
Formally, if C~ : o + Zle ay z;, < 0,andCt : of +
S afz, <0,andC = ag + S i, <0, then
these constraints are computed as (respectively):
k _
Y %
+ Z < L -

) L3, <0, (7)
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Figure 4: The partition ofR? defined by the pieces ap. In

this example, there are two value functionsBn reward function
Ri(z1) at the origin of the horizontal faces in the figure, and a
function Ro1 (z1 — x0) that represents piecewise linear preferences
on the difference between, andx; and that induces the diago-
nal constraints. This is a standard situation encounteradany
STPPs. The axid’ andA® traverse the same sequence of pieces
of both R; and Ro1. However, they traverse different pieces®f

+ k +

Qo % @y, @
Doy (- e<0, @

(677 o, =1 (677 e

+ — k + -

« « Q Q
- Ly - ), <0 (9)

@; @; =1 \% @;

Equations 7 to 9 allow for the building of a constraint set
that guarantees that® traverses a fixed sequence of pieces
of eachV” € B(i). This condition is necessary to ensure that
we stay inside of a single piedg?, but it is not sufficient.

A counter-example is provided in Fig. 4. Fortunately, this

proof of Lemma 2, this piece is split in as many sub-pieces
as there are pieceB of () that satisfy Eqn. 4 for some.
Here, we are not interested in all these pieces but only the
one containing the current witnes8. Thus, we complete
the set of faces of) by adding the constraints defined by
Eqn. 4 for the particular piecE that carries the optimum of

Q[2°] as computed at step 1.df-(z) = ag + 2?21 a;,Tj,
andup: (z) = o + Zle o’ xj,, EQn. 4 becomes

k
ozg — g + Z (oz;-l — ozjl) x5, <0. (12)
=1

Equations 7 to 11 generate the set of all faceBpf

Simplifying Constraint Sets (line 5 of Alg. 2): The con-
straint set built by the procedure described above may con-
tain redundant constraints, or constraints that are usékes
cause they ardominatecdby other constraints. For instance,

if C : zg < 0isin the constraint set, then any constraint
C' : zp < K for someK > 0 can be omitted in the rep-
resentation of the piece. Indeed, our experiments show that
the witness algorithm produces many such constraints.

The algorithm complexity is sensitive to the number of
constraints in the description of each piece. Although the
maximum number of constraints in a piece is guaranteed to
be polynomial in the problem size, it is preferable to keep
this number as low as possible. Therefore, in line 5 of Alg. 2
we try to purge the set from useless constraints.

Simplifying a setC of linear constraints with scop¥ is
a difficult problem. At this point we are considering several
approaches to address it:

e A similar problem arises in the optimization of POMDPs
where we must determine a minimal set of linear faces to

issue can be addressed by adding a small number of simplerepresent a piecewise linear convex function. Here the-prob

constraints. In the example of Fig. A° andA! traverse
the same sequence of pieces of edthe B(i), but they
traverse different sequences of piecesdibfunctions taken
together Both axes start in the first piece &f and the first
piece of Ry1; A° enters the second piece Bf before en-
tering the second piece @f;, while A! does the opposite.
Therefore, we get a complete set of constraints to charac-
terize the faces oP? in the following way: For any two
adjacent piecef, b] and[b, c] of Q[z°], such that’, is the
constraint associated to singular pairduring the construc-
tion of Q[z°] andC; is the constraint associated withwe
add the constraint

K(C,) < K(Cy) .

If Cy @ af + Zle agzy, <0 andC} : ozg +Zf:1 o/i’l x;; <
0, then it translates as

b a k b a

o o a; a;

o/? a? O/? a? J
7 2 =1 3 7

The constraints defined by Eqn. 7 to 10 are the faces defin-
ing a unique piec#? of the projection ofp on X_;. Inthe

lem is addressed by solving multiple LPs. This approach
seems relatively easily transferable to our sub-problem.

e Solving the dual program of an LI allows determining
the constraints that are binding in the optimal solutiodbf
(Schrijver 1986). Defining/ = (X,V,0) where0 is the
objective function that returns 0 in all states, then anypoi
inside of the polygon defined by is an optimal solution
of M. Solving the dual problem af/ can thus compute a
minimum set of faces.

e Our current implementation of the witness algorithm just
prunes the seaf from unary constraints that are dominated
by other unary constraints. Useldssiry constraintsk > 1,
are kept in the description of the piece, which can hurt the
algorithm. In general, there is a trade-off between the time
spent pruning the set of constraints, and the impact of asele
constraints on complexity.

Note that the problem of simplifying is exponential in the
number of variables in its scop€. However, in our case,
the scope of the functions is bounded by the treewidth of the
problem. Therefore, with a bounded treewidth, complexity
is polynomial in the size of the problem.
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Figure 5: A simple STPP with non-convex preferences. Interval
[, u;] attached to verte represents the hard constrain ¢; <
u;. Interval[l;;, u;;] on edge; — t; represents the hard constraint
l;; <t;—t; < u;;. Thereis atotal of four value functions iB(2):

one for the hard constraint an, two for the hard constraints on
ta — to andte — t1, and the reward?2(¢2) represented at the top.

Summary and Future Work

This paper provides proof of concept that bucket elimina-
tion can be used to optimize a rich model of temporal pref-
erences. The potential of this concept for scheduling with
preferences is twofold. First, a richer preference model
opens up generation of schedules that better reflect the de-
sires of the modeler; second, the alternate position of BE
in the space—time trade-off opens up a complementary ap-
proach compared to prior art.

After showing the relevance and soundness of the ap-
proach, we provided a grounded algorithm. A prototype im-
plementation is capable of solving a richer class of prolslem
than previous approaches. It has been run successfully on
problems involving non convex aridary constraints. Fig. 6
shows the result of one iteration of the witness algorithm on
the STPP of Fig. 5.

At this point, our implementation of the witness algorithm
suffers from two weaknesses: (i) simplistic grid-base pro-
cedure used to find a new witnes$ whereV; is not yet
defined, (ii) procedure used to simplify constraint setg tha
cannot handle more than unary constraints.

Our ongoing work is to improve the efficiency of the pro-
totype implementation, and to compare the BE approach
both theoretically and empirically to alternate approaghe
such as the use of repeated Linear Programming with a
branch-and-bound search.

In particular, because binary and convex STPPs is a sub-
class of problems that can be represented as linear caontstrai
optimization problems, it would be interesting to compare
our algorithm with the results in (Morrist al. 2004). BE
and LP approaches can both solve this subclass of problems,
but their complexity bears on different parameters. Our fu-
ture work will aim at showing experimentally that BE can
be a competitive approach for large problems with small
treewidth.
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