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Abstract. We define an efficient rewriting strategy for general term
rewriting systems. Several strategies have been proposed over the last
two decades for rewriting, the most efficient of all being the natural
rewriting strategy of Escobar. All the strategies so far, including natural
rewriting, assume that the given term rewriting system is left-linear and
constructor-based. Although these restrictions are reasonable for some
functional programming languages, they limit the expressive power of
equational programming languages, and they preclude certain applications of rewriting to equational theorem proving and to languages combining equational and logic programming. In [5], we proposed a conservative generalization of the natural rewriting strategy that does not require
the previous assumptions for the rules and we established its soundness
and completeness.
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Introduction

A challenging problem in modern programming languages is the discovery of
sound and complete evaluation strategies which are: (i) optimal w.r.t. some efficiency criterion, (ii) easily implementable, and (iii) applicable for a large class
of programs. This was first addressed in a seminal paper by Huet and Levy [10],
where the strongly needed reduction strategy was proposed. Several refinements
of this strategy have been proposed over the last two decades, the most significant ones being Sekar and Ramakrishnan’s parallel needed reduction [11], and
Antoy, Echahed and Hanus’ (weakly) outermost-needed rewriting [1]. Recently,
(weakly) outermost-needed rewriting has been improved by Escobar by means
of the natural rewriting strategy [6,7]. Natural rewriting is based on a suitable
refinement of the demandedness notion associated to (weakly) outermost-needed
rewriting.
However, a typical assumption of the above rewriting strategies, including the natural rewriting strategy, is that the rewrite rules are left-linear and
constructor-based. These restrictions are reasonable for some functional programming languages, but they limit the expressive power of equational languages
such as OBJ [9], CafeOBJ [8], ASF+SDF [4], and Maude [3], where non-linear

left-hand sides are perfectly acceptable. This extra generality is also necessary
for applications of rewriting to equational theorem proving, and to languages
combining equational and logic programming, since in both cases assuming leftlinearity is too restrictive. Furthermore, for rewrite systems whose semantics is
not equational but is instead rewriting logic based, such as rewrite rules in ELAN
[2], or Maude system modules, the constructor-based assumption is unreasonable
and almost never holds.
In summary, generalizing natural rewriting to general rewriting systems will
extend the scope of applicability of the strategy to more expressive equational
languages and to rewriting logic based languages, and will open up a much wider
range of applications. In the following, we give the reader an intuitive example
of how the generalized natural rewriting strategy works.
Example 1. Consider the following TRS for proving equality of arithmetic expressions built using division (÷), modulus or remainder (%), and subtraction
(−) operations on natural numbers.
(1)
(2)
(3)
(4)

0 ÷ s(N) → 0
s(M) ÷ s(N) → s((M−N) ÷ s(N))
M % s(N) → (M−s(N)) % s(N)
(0 − s(M)) % s(N) → N − M

(5) M − 0 → M
(6) s(M) − s(N) → M−N
(7) X ≈ X → True

Note that this TRS is not left-linear because of rule (7) and it is not constructorbased because of rule (4). Therefore, it is outside the scope of all the strategies
mentioned above. Furthermore, note that the TRS is neither terminating nor
confluent due to rule (3).
Consider the term t1 = 10! ÷ 0. If we only had rules (1), (2), (5) and
(6), the natural rewriting strategy of [6] would be applicable and no reductions
on t1 would be performed, since t1 is a head-normal form. In contrast, other
strategies such as outermost-needed rewriting [1] would force4 the evaluation of
the computationally expensive subterm 10!. Hence, we would like to generalize
natural rewriting to a version that enjoys this optimality and that can also handle
non-left-linear and non-constructor-based rules such as (7) and (4).
Further, consider the term t2 = 10! % (1−1) ≈ 10! % 0. We would like
the generalized natural rewriting strategy to perform only the optimal computation:
10! % (s(0)−s(0)) ≈ 10! % 0 → 10! % (0−0) ≈ 10! % 0
→ 10! % 0 ≈ 10! % 0 → True

that avoids unnecessary reduction of the subterm 10! % 0 at the final rewrite
step and avoids also reductions on any term 10!.
In [5], we proposed a conservative generalization of the demandedness notion of [6,7] that drops the assumptions that the rewrite rules are left-linear
and constructor-based, while retaining soundness and completeness w.r.t. headnormal forms. In the following, we provide some useful insights about this generalization and refer the reader to [5] for further details.
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See [6, Example 21] for a formal justification of this fact.
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Generalized Natural Rewriting

We are interested in a lazy strategy that, to the extent possible, performs only
those reductions that are essential for reaching head-normal forms, which is
consistent with a lazy behavior of functional programs. We adopt the approach
of computing a demanded set of redexes in t such that at least one of the redexes
in the demanded set has to be reduced before any rule can be applied at the root
position in t; this is a common idea in lazy evaluation strategies for programming
languages.
The basic approach is that if a term t is not a head-normal form, then we
know that after a (possibly empty) sequence of rewrites at positions below the
root, a rule l → r can be applied at the root. Thus, we compare the term t with
each left-hand side l in the TRS and obtain the least general context between
t and l, i.e., the maximal common parts between the terms t and l, in order to
bound what we called disagreeing positions between t and l. In [5], we defined
an operator Pos6= (T ) for a set of terms T that returns the set of disagreeing
positions between all the terms in T . Also, we defined an operator DPl (t) that
returns the set of disagreeing positions between t and l and which uses Pos6= (T )
in order to deal with non-linear variables in l.
Example 2. Consider the left-hand side l7 = X ≈ X of the rule (7) and the term
t2 = 10! % (1−1) ≈ 10! % 0 of Example 1. The least general context of
l7 and t2 is s = W ≈ Y. Now, while computing DPl7 (t2 ), we obtain the set of
disagreeing positions between the subterms in t2 corresponding to the non-linear
variable X in l7 , i.e. the set Pos6= (10! % (1−1), 10! % 0) = {2}. And thus we
conclude that DPl7 (t2 ) = {1, 2}.{2} = {1.2, 2.2}.
Moreover, in [5], we filtered some disagreeing positions using the notion that
t is failing w.r.t. the left-hand side l, denoted by l J t. We say t is failing w.r.t.
l if there is no rewrite sequence starting from t such that the first reduction in
the sequence at the root position uses the rule l→r. This notion is ultimately
related to the notion of constructor clash between a term and a left-hand side,
which is also common in lazy evaluation strategies for programming languages.
Example 3. Consider the terms t = 10! % 0 and l3 = M % s(N) from Example
1. We have that l3 J t because the position 2 ∈ DPl3 (t) has two different symbols
at l3 and t and no possible reduction can make them equal; similarly l4 J t. Now,
consider the terms t0 = s(Z) ≈ 0 and l7 = X ≈ X, again from Example 1. In
this case, which considers non-linear variables in l7 , we have l7 J t0 , since no
reduction can make positions 1 and 2 in DPl7 (t0 ) equal.
Then, in [5], we collected all the demandedness information obtained from the
left-hand sides that are not failing and built a set of demanded redexes, denoted
by DR(t), which recursively calls itself on the demanded positions obtained by
each DPl (t), for all l in the TRS, and their positions above them. However,
a further refinement was included in [5], since not all the demanded positions
are inspected by DR(t), but only those positions which are the most frequently
demanded positions and which cover all the rules in the TRS.
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Example 4. Continuing all the previous Examples, consider the computation of
the set DR(t2 ). We have that DPl7 (t2 ) = {1.2, 2.2} for the left-hand side l7
of the rule (7). Then DR(t2 ) calls itself recursively on positions 1.2, 2.2, and
their positions above them, i.e., positions 1 and 2. Position 2.2 is rooted by a
constructor symbol and no rule is applicable, so DR(t2 |2.2 ) = ∅. By Example 3,
subterm at position 2 is failing w.r.t. the TRS, so DR(t2 |2 ) = ∅. Position 1.2 is
already a redex, so we say DR(t2 |1.2 ) = {hΛ, (6)i}. Now, consider the subterm
t2 |1 = 10! % (1−1) and the left-hand sides of the rules (3) and (4). We have
that DPl3 (t2 |1 ) = {2} and DPl4 (t2 |1 ) = {1, 2}. However, the set P = {2} covers
DPl3 (t) and DPl4 (t) and then, position 2 is considered as the most frequently
demanded position for t2 |1 in the TRS. Then, DR(t2 |1 ) will call recursively to
DR(t2 |1.2 ), which was computed before, and finally we conclude DR(t2 |1 ) =
{h2, (6)i} and, obviously, DR(t2 ) = {h1.2, (6)i}. That is, we have avoided any
unnecessary reduction, following the optimal sequence of Example 1.
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