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Abstract. We present a generic scheme for the declarative debugging
of functional programs modeled as term rewriting systems. We associate
to our programs a semantics based on a (continuous) immediate consequence operator, TR , which models the (values/normal forms) semantics
of R. Then, we develop an effective debugging methodology which is
based on abstract interpretation: by approximating the intended specification of the semantics of R we derive a finitely terminating bottom-up
diagnosis method, which can be used statically. Our debugging framework does not require the user to either provide error symptoms in
advance or answer questions concerning program correctness. We have
made available a prototypical implementation in Haskell and have tested
it on some non trivial examples.

1

Introduction

Finding program bugs is a long-standing problem in software construction. This
paper is motivated by the fact that the debugging support for functional languages in current systems is poor [31], and there are no general purpose, good
semantics-based debugging tools available. Traditional debugging tools for functional programming languages consist of tracers which help to display the execution [23,30] but which do not enforce program correctness adequately as they
do not provide means for finding bugs in the source code w.r.t. the intended
program semantics. Declarative debugging of functional programs [22,21,28] is a
semi-automatic debugging technique where the debugger tries to locate the node
in an execution tree which is ultimately responsible for a visible bug symptom.
This is done by asking the user, which assumes the role of the oracle. When debugging real code, the questions are often textually large and may be difficult to
answer. Abstract diagnosis [9,10,11] is a declarative debugging framework which
extends the methodology in [16,26], based on using the immediate consequence
operator TP , to identify bugs in logic programs, to diagnosis w.r.t. computed
?
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answers. The framework is goal independent and does not require the determination of symptoms in advance.
In this paper, we develop an abstract diagnosis method for functional programming which applies the ideas of [10] to debug a functional program w.r.t.
the semantics of normal forms and (ground) constructor normal forms (or values). We use the formalism of term rewriting systems as it provides an adequate
computational model for functional programming languages where functions are
defined by means of patterns (e.g., Haskell, Hope or Miranda) [4,18,25]. We associate a (continuous) immediate consequence operator TR to program R which allows us to derive an input-output semantics for R, as in the fixpoint finite/angelic
relational semantics of [12]. Then, we formulate an efficient debugging methodology, based on abstract interpretation, which proceeds by approximating the
TR operator by means of a depth(k) cut [10]. We show that, given the intended
specification I of the semantics of a program R, we can check the correctness of
κ
R by a single step of the abstract immediate consequence operator TR
and, by
a simple static test, we can determine all the rules which are wrong w.r.t. the
considered abstract property.
The debugging of functional programs via specifications is an important topic
in automated program development. For example, in QuickCheck [7], formal
specifications are used to describe properties of Haskell programs (which are
written as Haskell programs too) which are automatically tested on random
input. This means that the program is run on a large amount of arguments which
are randomly generated using the specification. A size bound is used to ensure
finiteness of the test data generation. A domain specific language of testable
specifications is imposed which is embedded in Haskell, and only properties which
are expressible and observable within this language can be considered. The major
limitation of Quickcheck is that there is no measurement of structural coverage
of the function under test: there is no check, for instance, that every part of the
code is exercized as it heavily depends on the distribution of test data.
The debugging methodology which we propose can be very useful for a functional programmer who wants to debug a program w.r.t. a preliminary version
which was written with no efficiency concern. Actually, in software development
a specification may be seen as the starting point for the subsequent program
development, and as the criterion for judging the correctness of the final software product. For instance, the executability of OBJ3 specifications supports
prototype-driven incremental development methods [17]. On the other hand,
OBJ languages have been provided with equational proving facilities such as a
Knuth-Bendix completion tool which, starting with a finite set of equations and
a reduction order, attempts to find a finite canonical system for the considered
theory by generating critical pairs and orienting them as necessary [8,13]. However, it might happen that the completion procedure fails because there is a
critical pair which cannot be oriented. Thus, in many cases, the original code
needs to be manipulated by hand, which may introduce incorrectness or incom3

By OBJ we refer to the family of OBJ-like equational languages, which includes
OBJ3, CafeOBJ, and Maude.

pleteness errors in program rules. Therefore, a debugging tool which is able to
locate bugs in the user’s program and provide validation of the user’s intention
becomes also important in this context. In general it often happens that some
parts of the software need to be improved during the software life cycle, for instance for getting a better performance. Then the old programs (or large parts
of them) can be usefully (and automatically) used as a specification of the new
ones.
The rest of the paper is organized as follows. Section 3 introduces a novel
immediate consequence operator TR for functional program R. We then define
a fixpoint semantics based on TR which correctly models the values/normal
forms semantics of R. Section 4 provides an abstract semantics which correctly
approximates the fixpoint semantics of R. In Section 5, we present our method of
abstract diagnosis. The diagnosis is based on the detection of incorrect rules and
uncovered equations, which both have a bottom-up definition (in terms of one
α
to the abstract
application of the “abstract immediate consequence operator” TR
specification). It is worth noting that no fixpoint computation is required, since
the abstract semantics does not need to be computed. We have developed a
prototypical implementation in Haskell (Debussy) which we use for running all
the examples we illustrate in this section. Section 6 concludes.

2

Preliminaries

Let us briefly recall some known results about rewrite systems [4,18]. For simplicity, definitions are given in the one-sorted case. The extension to many–sorted
signatures is straightforward, see [24]. In the paper, syntactic equality of terms is
represented by ≡. Throughout this paper, V will denote a countably infinite set
of variables and Σ denotes a set of function symbols, or signature, each of which
has a fixed associated arity. T (Σ, V) and T (Σ) denote the non-ground word (or
term) algebra and the word algebra built on Σ ∪ V and Σ, respectively. T (Σ)
is usually called the Herbrand universe (HΣ ) over Σ and it will be denoted by
H. B denotes the Herbrand base, namely the set of all ground equations which
can be built with the elements of H. A Σ-equation s = t is a pair of terms
s, t ∈ T (Σ, V), or true.
Terms are viewed as labelled trees in the usual way. Positions are represented
by sequences of natural numbers denoting an access path in a term. Given S ⊆
Σ ∪V, OS (t) denotes the set of positions of a term t which are rooted by symbols
in S. t|u is the subterm at the position u of t. t[r]u is the term t with the subterm
at the position u replaced with r. By Var (s) we denote the set of variables
occurring in the syntactic object s, while [s] denotes the set of ground instances
of s. A fresh variable is a variable that appears nowhere else.
A substitution is a mapping from the set of variables V into the set of terms
T (Σ, V). A substitution θ is more general than σ, denoted by θ ≤ σ, if σ = θγ for
some substitution γ. We write θ|`s to denote the restriction of the substitution
θ to the set of variables in the syntactic object s. The empty substitution is
denoted by ². A renaming is a substitution ρ for which there exists the inverse

ρ−1 , such that ρρ−1 = ρ−1 ρ = ². An equation set E is unifiable, if there exists
ϑ such that, for all s = t in E, we have sϑ ≡ tϑ, and ϑ is called a unifier of E.
We let mgu(E) denote ’the’ most general unifier of the equation set E [20].
A term rewriting system (TRS for short) is a pair (Σ, R), where R is a finite
set of reduction (or rewrite) rule schemes of the form l → r, l, r ∈ T (Σ, V),
l 6∈ V and Var (r) ⊆ Var (l). We will often write just R instead of (Σ, R). For
TRS R, r << R denotes that r is a new variant of a rule in R such that r contains
only fresh variables, i.e., contains no variable previously met during computation
(standardized apart). Given a TRS (Σ, R), we assume that the signature Σ is
partitioned into two disjoint sets Σ := C ] D, where D := {f | f (t1 , . . . , tn ) →
r ∈ R} and C := Σ \ D. Symbols in C are called constructors and symbols in
D are called defined functions. The elements of T (C, V) are called constructor
¯ where f /n ∈ D and d¯ is a n-tuple
terms. A pattern is a term of the form f (d)
of constructor terms. We say that a TRS is constructor–based (CB) if the left
hand sides of R are patterns.
A rewrite step is the application of a rewrite rule to an expression. A term s
rewrites to a term t, s →R t, if there exist u ∈ OΣ (s), l → r, and substitution
σ such that s|u ≡ lσ and t ≡ s[rσ]u . When no confusion can arise, we omit the
subscript R. A term s is a normal form, if there is no term t with s →R t. t is
the normal form of s if s →∗R t and t is a normal form (in symbols s →!R t). A
TRS R is noetherian if there are no infinite sequences of the form t1 →R t2 →R
t3 →R . . . A TRS R is confluent if, whenever a term s reduces to two terms t1
and t2 , both t1 and t2 reduce to the same term. The program R is said to be
canonical if R is noetherian and confluent [18].
In the following we consider functional languages and thus often will refer to
the corresponding TRS of a program with the term program itself.

3

The semantic framework

The relational style of semantic description associates an input-output relation
to a program where intermediate computation steps are ignored [12]. In this
section, we consider the finite/angelic relational semantics of [12], given in fixpoint style. In order to formulate our semantics for term rewriting systems, the
usual Herbrand base is extended to the set of all (possibly) non-ground equations [14,15]. HV denotes the V-Herbrand universe which allows variables in its
∼
elements, and is defined as T (Σ, V)/∼
= , where = is the equivalence relation induced by the preorder ≤ of “relative generality” between terms, i.e. s ≤ t if there
exists σ s.t. t ≡ σ(s). For the sake of simplicity, the elements of HV (equivalence
classes) have the same representation as the elements of T (Σ, V) and are also
called terms. BV denotes the V-Herbrand base, namely, the set of all equations
s = t modulo variance, where s, t ∈ HV . A subset of BV is called a V-Herbrand
interpretation. We assume that the equations in the denotation are renamed
apart. The ordering ≤ for terms is extended to equations in the obvious way, i.e.
s = t ≤ s0 = t0 iff there exists σ s.t. σ(s) = σ(t) ≡ s0 = t0 .

The concrete domain E is the lattice of V-Herbrand interpretations, i.e., the
powerset of BV ordered by set inclusion.
In the sequel, a semantics for program R is a V-Herbrand interpretation. In
term rewriting, the semantics which is usually considered is the set of normal
forms of terms, Sem nf (R) := {s = t | s →!R t}. On the other hand, in functional
programming, programmers are generally concerned with an abstraction of such
semantics where only the values (ground constructor normal forms) that input
expressions represent are considered, Sem val (R) := Sem nf (R) ∩ T (Σ, V) × T (C).
Since our framework does not depend on the particular target semantics,
following [12], our definitions are parametric by the set of final/blocking state
pairs B. Then if we are interested, for example, in the semantics of values we can
take as final/blocking state pairs the set val := {t = t | t ∈ T (C)}. Moreover if we
are interested in the semantics of normal forms we can take B as nf := {t = t | t
is a normal form for R}.
We can give a fixpoint characterization of the shown semantics by means of
the following immediate consequence operator.
Definition 1. Let I be a Herbrand interpretation, B be a set of final/blocking
state pairs and R be a TRS. Then,
TR,B (I ) := B ∪ {s = t | r = t ∈ I , s →R r}
The following proposition allows us to define the fixpoint semantics.
Proposition 1. Let R be a TRS and B be a set of final/blocking state pairs.
The TR,B operator is continuous on E.
Definition 2. The least fixpoint semantics of a program R w.r.t. a set of
final/blocking state pairs B, is defined as FB (R) = TR,B ↑ ω.
The following result relates the (fixpoint) semantics computed by the TR
operator with the semantics val and nf.
Theorem 1 (soundness and completeness). Let R be a TRS. Then,
Sem nf (R) = Fnf (R) and Sem val (R) = Fval (R).
Example 1. Let us consider now the following (wrong) program R expressed in
OBJ for doubling.
obj ERRDOUBLE is
sort Nat .
op 0 : -> Nat .
op s : Nat -> Nat .
op double : Nat -> Nat .
var X : Nat .
eq double(0) = 0 .
eq double(s(X)) = double(X) .
endo

The intended specification is given by the following OBJ program I which uses
addition for doubling:
obj ADDDOUBLE is
sort Nat .
op 0 : -> Nat .
op s : Nat -> Nat .
op double : Nat -> Nat .
op add : Nat Nat -> Nat .
vars X Y : Nat .
eq add(0,X) = X .
eq add(s(X),Y) = s(add(X,Y)) .
eq double(X) = add(X,X) .
endo
According to Definition 2, the val fixpoint semantics of R is4 (we omit the
equations for the auxiliary function add):
Fval (R) = {0=0, double(0)=0, double(s(0))=0, double(s2 (0))=0,
double(s3 (0))=0, double(s4 (0))=0, . . . , s(0)=s(0),
s(double(0))=s(0), s(double(s(0)))=s(0),
s(double(s2 (0)))=s(0), s(double(s3 (0)))=s(0),
s(double(s4 (0)))=s(0), . . . , s2 (0)=s2 (0),
s2 (double(0))=s2 (0), s2 (double(s(0)))=s2 (0),
s2 (double(s2 (0)))=s2 (0), s2 (double(s3 (0)))=s2 (0),
s2 (double(s4 (0)))=s2 (0), . . .

}

whereas the nf fixpoint semantics of I is:
Fnf (I ) = {0=0,X=X,s(0)=s(0),s(X)=s(X), double(0)=0,
double(X)=add(X,X), s2 (0)=s2 (0), s2 (X)=s2 (X),
s(double(0))=s(0), s(double(X))=s(add(X,X)),
double(s(0))=s2 (0), double(s(X))=add(s(X),s(X)),
double2 (0)=0, double2 (X)=add(add(X),add(X)), s3 (0)=s3 (0),
s3 (X)=s3 (X), s2 (double(X))=s2 (add(X,X)),
s(double(s(0)))=s3 (0), s(double(s(X)))=s(add(s(X),s(X))),
s(double2 (0))=s(0), s(double2 (X))=s(add(add(X),add(X))),
double(s2 (0))=s4 (0), double(s2 (X))=s2 (add(X,s2 (X))), . . . }
Now, we can “compute in the fixpoint semantics Fval (R)” the denotation of
the term t ≡ double(s(0)), which yields s ≡ 0, since the denotation Fval (R)
contains the equation t = s; note that this value is erroneous w.r.t. the intended
semantics of the double operation.

4

Abstract semantics

In this section, starting from the fixpoint semantics in Section 3, we develop
an abstract semantics which approximates the observable behavior of the pro4

We use the notation f n (x) as a shorthand for f (f (. . . f (x))), where f is applied n
times.

gram and is adequate for modular data-flow analysis, such as the analysis of
unsatisfiability of equation sets.
We will focus our attention now on a special class of abstract interpretations
which are obtained from what we call a term abstraction τ : T (Σ, V) → AT .
We start by choosing as abstract domain A := P({a = a0 | a, a0 ∈ AT }),
ordered by a set ordering v. We will call elements of A abstract Herbrand interpretations. The concrete domain E is the powerset of T (Σ, V)×T (Σ, V), ordered
by set inclusion.
Then we can lift τ to a Galois Insertion of A into E by defining
α(E) := {τ (s) = τ (t) | s = t ∈ E}
γ(A) := {s = t | τ (s) = τ (t) ∈ A}
The only requirement we put on τ is that α(Sem (R)) is finite.
α
Now we can derive the optimal abstract version of TR simply as TR
:=
α ◦ TR ◦ γ. By applying the previous definition of α and γ this turns out to be
equivalent to the following definition.
Definition 3. Let τ be a term abstraction, X ∈ A be an abstract Herbrand
interpretation and R be a TRS. Then,
α
TR,B
(X) = {τ (s) = τ (t) | s = t ∈ B} ∪ {τ (s) = τ (t) | τ (r) = τ (t) ∈ X, s →R r}
α
Abstract interpretation theory assures that TR,B
↑ ω is the best correct
α
approximation of Sem B (R). Correct means TR,B ↑ ω v α(Sem B (R)) and best
means that it is the maximum w.r.t. v of all correct approximations.
Now we can define the abstract semantics as the least fixpoint of this (obviously continuous) operator.

Definition 4. The abstract least fixpoint semantics of a program R w.r.t. a set
α
α
of final/blocking state pairs B, is defined as FB
(R) = TR,B
↑ ω.
By our finiteness assumption on τ we are guaranteed to reach the fixpoint in a
finite number of steps, that is, there exists a finite natural number h such that
α
α
TR,B
↑ ω = TR,B
↑ h.
4.1

A case study: The domain depth(k)

Now we show how to approximate an infinite set of computed equations by means
of a depth(k) cut [29], i.e., by using a term abstraction τ : T (Σ, V) → T (Σ, V ∪ V̂)
which cuts terms having a depth greater than k. Terms are cut by replacing each
subterm rooted at depth k with a new variable taken from the set V̂ (disjoint from
V). depth(k) terms represent each term obtained by instantiating the variables
of V̂ with terms built over V.
First of all we define the term abstraction t/k (for k ≥ 0) as the depth(k) cut
of the concrete term t. We denote by T /k the set of depth(k) terms
(T (Σ, V ∪ V̂)/k ). The abstract domain A is thus P({a = a0 | a, a0 ∈ T /k })

ordered by the Smyth extension of ordering ≤ to sets, i.e. X ≤S Y iff
∀y ∈ Y ∃x ∈ X : (x ≤ y) [27]. The resulting abstraction α is κ(E) := {s/k =
t/k | s = t ∈ E}.
We provide a simple and effective mechanism to compute the abstract fixpoint semantics.
κ
Proposition 2. For k > 0, the operator TR,B
: T /k ×T /k → T /k ×T /k obtained
κ
κ
(X) ≤S TR,B
(X) w.r.t. the following
by Definition 3 holds the property TeR,B
operator:
κ
TeR,B
(X) = κ(B) ∪ {σ(u[l]p )/k = t | u = t ∈ X, p ∈ OΣ∪V (u),

l → r << R, σ = mgu(u|p , r)}
Definition 5. The effective abstract least fixpoint semantics of a program R
κ
κ
w.r.t. a set of final/blocking state pairs B, is defined as FeB
(R) = TeR,B
↑ ω.
Proposition 3 (Correctness). Let R be a TRS and k > 0.
κ
1. FeB
(R) ≤S κ(FB (R)) ≤S FB (R).
κ
2. For all e ∈ Feval
(R) that are ground, e ∈ Fval (R).
κ
e
3. For all e ∈ Fnf (R) such that Var (e) ∩ V̂ = ∅, e ∈ Fnf (R).

Example 2. Consider the correct (i.e., intended) version I of program in Example 1 and take k = 2. We have:
val/2 = {0=0, s(0)=s(0), s(s(x̂))=s(s(x̂))}
According to the previous definition, the fixpoint abstract semantics is (without
equations for add):
2
Feval
(I ) = {0 = 0, s(0) = s(0), s(0) = s(0), s(s(x̂)) = s(s(x̂)),
double(0) = 0, s(double(x̂)) = s(0),
s(double(x̂)) = s(s(ŷ)), double(s(x̂)) = s(0),
double(s(x̂)) = s(s(ŷ)), double(double(x̂)) = 0,
double(double(x̂)) = s(0), double(double(x̂)) = s(s(ŷ)) }

In particular, note that all ground equations
{0=0, s(0)=s(0), double(0)=0 }
2
in Feval
(I ) belong to the concrete semantics Fval (I ).

5

Abstract diagnosis of functional programs

Program properties which can be of interest are Galois Insertions between the
concrete domain (the set of Herbrand interpretations ordered by set inclusion)
and the abstract domain chosen to model the property. The following Definition
6 extends to abstract diagnosis the definitions given in [26,16,19] for declarative
diagnosis. In the following, I α is the specification of the intended behavior of a
program w.r.t. the property α.

Definition 6. Let R be a program and α be a property.
1. R is partially correct w.r.t. I α if I α v α(Sem (R)).
2. R is complete w.r.t. I α if α(Sem (R)) v I α .
3. R is totally correct w.r.t. I α , if it is partially correct and complete.
It is worth noting that the above definition is given in terms of the abstraction
of the concrete semantics α(Sem (R)) and not in terms of the (possibly less
precise) abstract semantics Sem α (R). This means that I α is the abstraction
of the intended concrete semantics of R. In other words, the specifier can only
reason in terms of the properties of the expected concrete semantics without
being concerned with (approximate) abstract computations. Note also that our
notion of total correctness does not concern termination. We cannot address
termination issues here, since the concrete semantics we use is too abstract.
The diagnosis determines the “basic” symptoms and, in the case of incorrectness, the relevant rule in the program. This is captured by the definitions of
abstractly incorrect rule and abstract uncovered equation.
Definition 7. Let r be a program rule. Then r is abstractly incorrect if I α 6v
α
T{r}
(I α ).
Informally, r is abstractly incorrect if it derives a wrong abstract element from
the intended semantics.
Definition 8. Let R be a program. R has abstract uncovered elements if
α
TR
(I α ) 6v I α .
Informally, e is uncovered if there are no rules deriving it from the intended
semantics. It is worth noting that checking the conditions of Definitions 7 and
α
8 requires one application of TR
to I α , while the standard detection based on
symptoms [26] would require the construction of α(Sem (R)) and therefore a
fixpoint computation.
In this section, we are left with the problem of formally establishing the
properties of the diagnosis method, i.e., of proving which is the relation between
abstractly incorrect rules and abstract uncovered equations on one side, and
correctness and completeness, on the other side.
It is worth noting that correctness and completeness are defined in terms of
α(Sem (R)), i.e., in terms of abstraction of the concrete semantics. On the other
hand, abstractly incorrect rules and abstract uncovered equations are defined
directly in terms of abstract computations (the abstract immediate consequence
α
operator TR
). The issue of the precision of the abstract semantics becomes therefore relevant in establishing the relation between the two concepts.
Theorem 2. If there are no abstractly incorrect rules in R, then R is partially
correct w.r.t. I α .
Theorem 3. Let R be partially correct w.r.t. I α . If R has abstract uncovered
elements then R is not complete.

Abstract incorrect rules are in general just a hint about a possible source
of errors. Once an abstract incorrect rule is detected, one would have to check
on the abstraction of the concrete semantics if there is indeed a bug. This is
obviously unfeasible in an automatic way. However we will see that, by adding
to the scheme an under-approximation of the intended specification, something
worthwhile can still be done.
Real errors can be expressed as incorrect rules according to the following
definition.
Definition 9. Let r be a program rule. Then r is incorrect if there exists an
equation e such that e ∈ T{r} (I ) and e 6∈ I .
Definition 10. Let R be a program. Then R has an uncovered element if there
exist an equation e such that e ∈ I and e 6∈ TR (I ).
The following theorem shows that if the program has an incorrect rule it is also
an abstractly incorrect rule.
Theorem 4. Any incorrect rule is an abstractly incorrect rule.
The check of Definition 9 (as claimed above) is not effective. This task can
be (partially) accomplished by an automatic tool by choosing a suitable underapproximation I c of the specification I , γ(I c ) ⊆ I (hence α(I ) v I c ), and
checking the behavior of an abstractly incorrect rule against it.
Definition 11. Let r be a program rule. Then r is provably incorrect using α
α
if I α 6v T{r}
(I c ).
Definition 12. Let R be a program. Then R has provably uncovered elements
α
using α if TR
(I α ) 6v I c .
The name “provably incorrect using α” is justified by the following theorem.
Theorem 5. Let r be a program rule and I c such that (αγ)(I c ) = I c . Then if
r is provably incorrect using α it is also incorrect.
Thus by choosing a suitable under-approximation we can refine the check
for wrong rules. For all abstractly incorrect rules we check if they are provably
incorrect using α. If it so then we report an error, otherwise we can just issue a
warning.
As we will see in the following, this property holds (for example) for our case
study. By Proposition 3 the condition (αγ)(I c ) = I c is trivially satisfied by any
ground subset of the over-approximation. Thus we will consider the best choice
which is the biggest ground subset of the over-approximation.
Theorem 6. Let R be a program. If R has a provably uncovered element using
α, then R is not complete.

Abstract uncovered elements are provably uncovered using α. However, Theorem 6 allows us to catch other incompleteness bugs that cannot be detected by
using Theorem 3 since there are provably uncovered elements using α which are
not abstractly uncovered.
The diagnosis w.r.t. approximate properties is always effective, because the
abstract specification is finite. As one can expect, the results may be weaker than
those that can be achieved on concrete domains just because of approximation.
Namely,
– absence of abstractly incorrect rules implies partial correctness,
– every incorrectness error is identified by an abstractly incorrect rule. However
an abstractly incorrect rule does not always correspond to a bug. Anyway,
– every abstractly incorrect rule which is provably incorrect using α corresponds to an error.
– provably uncovered equations always correspond to incompleteness bugs.
– there exists no sufficient condition for completeness.
The results are useful and comparable to those obtained by verification techniques (see, for example, [3,2]). In fact, if we consider the case where specifications consist of post-conditions only, both abstract diagnosis and verification
provide a sufficient condition for partial correctness, which is well-assertedness
in the case of verification and absence of incorrect rules in abstract diagnosis.
For both techniques there is no sufficient condition for completeness. In order to
verify completeness, we have to rely on a fixpoint (the model of a transformed
program or the abstraction of the concrete semantics), which, in general, cannot be computed in a finite number of steps. As expected, abstract diagnosis
(whose aim is locating bugs rather than just proving correctness) gives us also
information useful for debugging, by means of provably incorrect rules using α
and provably uncovered equations using α.
5.1

Our case study

We can derive an efficient debugger which is based on the notion of overapproximation and under-approximation for the intended fixpoint semantics that
we have introduced. The basic idea is to consider two sets to verify partial correctness and determine program bugs: I α which over-approximates the intended
semantics I (that is, I ⊆ γ(I α )) and I c which under-approximates I (that is,
γ(I c ) ⊆ I ).
Now we show how we can derive an efficient debugger by choosing suitable instances of the general framework described above. We consider as α the depth(k)
abstraction κ of the set of values of the TRS that we have defined in previous
κ
section. Thus we choose I κ = Fval
(I ) as an over-approximation of the values
of a program. We can consider any of the sets defined in the works of [6,10] as
an under-approximation of I . In concrete, we take the “ground” abstract equations of I κ as I c . This provides a simple albeit useful debugging scheme which
is satisfactory in practice.

The methodology enforced by previous results (in particular Theorem 5) has
been implemented by a prototype system Debussy, which is available at
http://www.dsic.upv.es/users/elp/soft.html
The systems is implemented in Haskell and debugs programs written in OBJ
style w.r.t. a formal specification also written in OBJ. The current version only
considers the evaluation semantics Sem val (R). The tool takes advantage from
the sorting information that may be provided within the programs to construct
the (least) sets of blocking terms and equations which are used to generate the
approximation of the semantics. The user interface uses textual menus which are
(hopefully) self-explaining. A detailed description of the system can be found at
the same address.
Let us illustrate the method by using the guiding example.
Example 3. Let us reconsider the TRS R (program ERRDOUBLE) and the intended
specification I (program ADDDOUBLE) in Example 1 and let us see how it can be
debugged by Debussy. The debugging session returns:
Incorrect rules in ERRDOUBLE :
double(s(X)) -> double(X)
Uncovered equations from ADDDOUBLE :
add(0,0) = 0
where the second rule is correctly identified as erroneous.
In this example, we also show the over and under-approximation computed
by the system. Here, we consider a cut at depth 2.
2
1. Over-approximation I α = I 2 = Feval
(I ) = TeI2,val ↑ ω.

TeI2,val ↑ 0 = val = { 0 = 0, s(0) = s(0), s(s(x̂)) = s(s(x̂)) }
TeI2,val ↑ 1 = TeI2,val ↑ 0 ∪ { add(0,0) = 0, add(0,s(x̂)) = s(0),
s(add(x̂,ŷ)) = s(0), add(0,s(x̂)) = s(s(ŷ)),
s(add(x̂,ŷ)) = s(s(ẑ)) }
TeI2,val ↑ 2 = TeI2,val ↑ 1 ∪ { double(0) = 0, add(0,add(x̂,ŷ)) =
0, add(add(x̂,ŷ),0) = 0, add(0,add(x̂,ŷ)) = s(0),
add(add(x̂,ŷ),s(ẑ)) = s(0), s(double(x̂)) = s(0),
add(s(x̂),ŷ) = s(0), add(0,add(x̂,ŷ)) = s(s(ẑ)),
add(add(x̂,ŷ),s(ẑ)) = s(s(ŵ)), s(double(x̂)) = s(s(ŷ)),
add(s(x̂),ŷ) = s(s(ẑ)) }

TeI2,val ↑ 3 = TeI2,val ↑ 2 ∪ { add(0,double(x̂)) = 0, double(add(x̂,ŷ))
= 0, add(add(x̂,ŷ),add(ẑ,ŵ)) = 0, add(double(x̂),0) =
0, add(0,double(x̂)) = s(0), add(add(x̂,ŷ),add(ẑ,ŵ))
= s(0), add(double(x̂),s(ŷ)) = s(0), double(s(x̂))
= s(0), add(add(x̂,ŷ),ẑ) = s(0), add(0,double(x̂))
= s(s(ŷ)), add(add(x̂,ŷ),add(ẑ,ŵ)) = s(s(v̂)),
add(double(x̂),s(ŷ)) = s(s(ẑ)), double(s(x̂)) =
s(s(ŷ)), add(add(x̂,ŷ),ẑ) = s(s(ŵ)) }
TeI2,val ↑ 4 = TeI2,val ↑ 3
∪
{
add(add(x̂,ŷ),double(ẑ))
=
0,
double(double(x̂)) = 0, add(double(x̂),add(ŷ,ẑ)) = 0,
add(add(x̂,ŷ),double(ẑ)) = s(0), double(add(x̂,ŷ))
=
s(0),
add(double(x̂),add(ŷ,ẑ))
=
s(0),
add(double(x̂),ŷ) = s(0), add(add(x̂,ŷ),double(ẑ))
=
s(s(ŵ)),
double(add(x̂,ŷ))
=
s(s(ẑ)),
add(double(x̂),add(ŷ,ẑ)) = s(s(ŵ)), add(double(x̂),ŷ)
= s(s(ŵ)) }
2
e
TI ,val ↑ 5 = TeI2,val ↑ 4 ∪ { add(double(x̂),double(ŷ)) = 0,
add(double(x̂),double(ŷ)) = s(0), double(double(x̂))
= s(0), add(double(x̂),double(ŷ)) = s(s(ẑ)),
double(double(x̂)) = s(s(ŷ)) }
TeI2,val ↑ ω = TeI2,val ↑ 5
2. Under-approximation I c , which is the ground part of I α . Note that I c =
(αγ)(I c ).
I c ={ 0 = 0, s(0) = s(0), add(0,0) = 0, double(0) = 0 }
The selection of the appropiate depth for the abstraction is a sensitive point of
our approach. The following theorem shows that a threshold depth k exists such
that smaller depths are unfeasible to consider.
Theorem 7. Let l → r be a program rule and k > 0, If r/k 6∼
= r, then l → r is
not provably incorrect using k.
Definition 13. Let R be a TRS. Depth k is called admissible to diagnose R if
for all l → r ∈ R, r/k ∼
= r.
Obviously, admissible depths do not generally guarantee that all program bugs
are recognized, since the abstraction might not be precise enough, as illustrated
in the following example. The question of whether an optimal depth exists such
that no additional errors are detected by considering deeper cuts is an interesting
open problem in our approach which we plan to investigate as further work.
Example 4. Consider the following (wrong) OBJ program R for doubling and
the specification of the intended semantics (program ADDDOUBLE) of Example 1.
obj ERRDOUBLE2 is
sort Nat .

op 0 : -> Nat .
op s : Nat -> Nat .
op double : Nat -> Nat .
var X : Nat .
eq double(0) = s(0) .
eq double(s(X)) = s(double(X)) .
endo
The execution of Debussy for program ERRDOUBLE2 and specification ADDDOUBLE
is:
Incorrect rules in ERRDOUBLE2 :
double(0) -> s(0)
Uncovered equations from ADDDOUBLE :
add(0,0) = 0
double(0) = 0
Note that 2 is the smaller admissible depth for this program. When depth k = 1 is
considered, rule double(0) → s(0) can not be proven to be incorrect using the
under-approximation I c = {0 = 0} since equation s(0) = s(0) does not belong
to I c . For instance, by using k = 2, the debugger is not able to determine that
rule double(s(X)) → s(double(X)) is incorrect.
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Conclusions

We have presented a generic scheme for the declarative debugging of functional programs. Our approach is based on the ideas of [10,1] which we apply
to the diagnosis of functional programs. We have presented a fixpoint semantics TR for functional programs. Our semantics allows us to model the (evaluation/normalization) semantics of the TRS in a bottom-up manner. Thus, it
is a suitable basis for dataflow analyses based on abstract interpretation as we
illustrated. This methodology is superior to the abstract rewriting methodology of [5], which requires canonicity, stratification, constructor discipline, and
complete definedness for the analyses. We have developed a prototype Haskell
implementation of our debugging method for functional programs, and we have
used it for debugging the examples presented in this work. Nevertheless, more
experimentation is needed in order to assess how our methodology performs in
comparison to other tools for revealing errors in functional programs such as
QuickCheck [7].
Some topics for further research are to develop specialized analyses for particular languages, such as those in the OBJ family. We also plan to endow Debussy
with some inductive learning capabilities which allow us to repair program bugs
by automatically synthesizing the correction from the examples which can be
generated as an outcome of the diagnoser.
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