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Abstract

Strategy annotations are used in eager programming languages (e.g.,
OBJ2, OBJ3, CafeOBJ, and Maude) for improving efficiency and/or re-
ducing the risk of nontermination. Syntactically, they are given either as
lists of natural numbers or as lists of integers associated to function sym-
bols whose (absolute) values refer to the arguments of the corresponding
symbol. A positive index forces the evaluation of an argument whereas a
negative index means “evaluation on-demand”. Recently, we have devel-
oped a formal description of the operational meaning of such on-demand
strategy annotations which improves previous formalizations that were
lacking satisfactory computational properties. In this paper, we intro-
duce an automatic, semantics—preserving program transformation which
produces a program (without negative annotations) which can be then
correctly executed by typical OBJ interpreters. Moreover, to demonstrate
the practicality of our ideas, the program transformation has been imple-
mented and we compare the behavior of transformed programs with the
original ones on a set of representative benchmarks.

Keywords: functional programming, term rewriting, demandness, imple-
mentation, lazy evaluation, OBJ, on-demand strategy annotations, pro-
gram transformation

1 Introduction

Eager rewriting-based programming languages such as Lisp, OBJ*, CafeOBJ,
ELAN, or Maude evaluate expressions by innermost rewriting. Since nontermi-
nation is a known problem of innermost reduction, syntactic annotations (gen-
erally specified as sequences of integers associated to function arguments, called

*Work partially supported by MCyT under grants TIC2001-2705-C03-01, HA2001-0059
and HU2001-0019. This paper is a revised and improved version of [4].



local strategies) have been used in OBJ2 [12], OBJ3 [14], CafeOBJ [13], and
Maude [9] to improve efficiency and (hopefully) avoid nontermination. Local
strategies are used in OBJ programs! for guiding the evaluation strategy (abbr.
E-strategy): when considering a function call f(¢1,...,%), only the arguments
whose indices are present as positive integers in the local strategy for f are eval-
uated (following the specified ordering). If 0 is found, then the evaluation of f is
attempted. Whenever the user provides no local strategy for a given symbol, the
(Maude, OBJ*, CafeOBJ) interpreter automatically assigns a default E-strategy.
For instance, the default local strategy of Maude associates the list (1 2---k 0)
to each k-ary symbol f having no explicit strategy, i.e. all arguments are marked
as evaluable. We adopt the default local strategy of Maude.

Example 1 Consider the following program pi which codifies the well-known
infinite series expansion to approximate number w:

obj PI is
sorts Nat LNat Recip LRecip .
op 0 : -> Nat .
op s : Nat -> Nat .
op posrecip : Nat -> Recip .
op negrecip : Nat -> Recip .

op nil : -> LNat .
op cons : Nat LNat -> LNat .
op rnil : -> LRecip .

op rcons : Recip LRecip -> LRecip .
op from : Nat -> LNat .

op seriespos : Nat LNat -> LRecip .
op seriesneg : Nat LNat -> LRecip .
op pi : Nat -> LRecip .

vars N X Y : Nat . var Z : LNat .

eq from(X) = cons(X,from(s(X)))

eq seriespos(0,Z) = rnil .

eq seriespos(s(N),cons(X,cons(Y,Z)))
= rcons(posrecip(Y),seriesneg(N,Z))
eq seriesneg(0,Z) = rnil .

eq seriesneg(s(N),cons(X,cons(Y,Z)))
= rcons(negrecip(Y),seriespos(N,Z))
eq pi(X) = seriespos(X,from(0))

endo

A term? pi(2) approzimates the number /4 using 2 elements of the series
expansion, i.e. the intended behavior is

pi(2) —" rcons(posrecip(l),rcons(negrecip(3),rnil))

1By OBJ we mean OBJ2, OBJ3, CafeOBJ, or Maude.
2Naturals 1, 2, ... are used as shorthand to numbers s™(0) where n = 1,2,....



where posrecip(n) denotes the positive reciprocal 1/n and negrecip(n) de-
notes —1/n. Note that since the default local strategy is applied, all arguments
are marked as evaluable and the program is monterminating since innermost
evaluation diverges due to the equation defining symbol from:
pi(2) — seriespos(2,from(0))
— seriespos(2,cons(0,from(1)))
— seriespos(2,cons(0,cons(1,from(2)))) — ---

The evaluation of the term pi(2) as performed by a typical OBJ interpreter
such as Maude? is:

Maude> red pi(s(s(0))) .

reduce in PI : pi(s(s(0)))

Segmentation fault

In order to avoid nontermination, annotation 2 should be removed from the
(default) local strategy (1 2 0) for symbol cons.

Example 2 After removing annotation 2 from the (default) local strategy for
symbol cons in Fxample 1, the program becomes terminating under innermost
rewriting with the following resulting local strategy for symbol cons:

op cons : Nat LNat -> LNat [strat (1)]

Unfortunately, this restriction of rewriting has a negative impact in the abil-
ity to compute normal forms.

Example 3 The evaluation of pi(2) using the program of Example 2 yields the
following sequence:
pi(2)
— seriespos(2,from(0))
— seriespos(2,cons(0,from(1)))

Its evaluation performed by Maude is:

Maude> red pi(s(s(0)))

reduce in PI : pi(s(s(0)))

rewrites: 2 in Oms cpu (Oms real) (~ rewrites/second)

result LRecip: seriespos(s(s(0)), cons(0, from(s(0))))
The evaluation stops at this point since reductions on the second argument of
cons are disallowed. Indeed, note that a further step

seriespos(2,cons(0,from(1)))

— seriespos(2,cons(0,cons(1,from(2))))

is required in order to apply the second rule of seriespos which allows to obtain
the intended constructor normal form of Example 1.

The handicaps of using only positive annotations regarding correctness and
completeness of computations are discussed in [2, 3, 17, 18, 22, 23]: essentially,
the problem is that the absence of some indices in the local strategies can have
a negative impact in the ability of such strategies to compute normal forms.

3We use version 2.0 available at http://maude.cs.uiuc.edu/current/system/.



In [22, 23], negative indices are proposed to indicate those arguments that
should be evaluated only ‘on-demand’, where the ‘demand’ is an attempt to
match an argument term with the left-hand side of a rewrite rule [10, 14, 23].
For instance, subterm from(1) in Example 3 is demanded by the second rule of
seriespos. Thus, (1 -2) would be the appropriate local strategy for cons as
pointed out in [22]; i.e. the first argument is always evaluated but the second
argument is evaluated only “on-demand”. Then, the evaluation of the symbol
cons under strategy (1 -2) is able to normalize pi(2) to its intended normal
form without entering in a nonterminating evaluation, whereas evaluation only
with positive annotations enters an infinite derivation (as shown in Example 1)
or does not provide the intended normal form (as shown in Example 2).

It is worthy to note that the laziness provided by the calculus with on-
demand strategy annotations is simpler than typical functional lazy rewriting
and the appropriate (on-demand) strategy annotations for achieving suitable
normal forms can be inferred from the program (see [2, 3, 17, 18, 23, 22]).

However, on-demand strategy annotations have not been properly imple-
mented to date: even if negative annotations are (syntactically) accepted in
current OBJ implementations, namely OBJ3 and Maude, unfortunately they do
not have the expected (on-demand) effect over the computations.

Example 4 Consider the program of Example 1 where the local strategy for
cons includes the on-demand annotation -2 (this is the only change to the
program,):

op cons : Nat LNat -> LNat [strat (1 -2)]

The OBJ3 interpreter does not implement negative (on-demand) annotations
even if it does accept this program and the evaluation of pi(2) surprisingly
delivers the very same result as in Example 2. That s, the negative anno-
tation is just disregarded by the OBJ3 interpreter (which, in this case, causes
loss of completeness). Also, the Maude interpreter does not implement negative
annotations either but also does accept this program and the evaluation of the
considered expression diverges as in Example 1. This is because the negative
annotation -2 is interpreted as a positive one thus resulting in nontermination.

On the other hand, CafeOBJ is able to deal with negative annotations using the
on-demand evaluation model of [22] and is able to compute the intended value
rcons (posrecip(1) ,rcons(negrecip(3),rnil)) of input term pi(2). However, a
number of problems of the on-demand evaluation model of [22, 23] are pointed
out in [2], which we recall in the following example.

Example 5 [2] Consider the following OBJ program:

obj LENGTH is
sorts Nat LNat .

op O : => Nat .
op s : Nat -> Nat .
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (1)]
op from : Nat -> LNat .



op length : LNat -> Nat [strat (0)]

op length’ : LNat -> Nat [strat (-1 0)]

vars X Y : Nat . var Z : LNat .

eq from(X) = cons(X,from(s(X)))

eq length(nil) = 0 .

eq length(cons(X,Z)) = s(length’(Z)) .

eq length’(Z) = length(Z) .

endo

When considering the expression length’ (from(0)), this expression is rewrit-
ten (in one step) to the expression length(from(0)). No evaluation is de-
manded on the argument of length’ for enabling this step (the negative annota-
tion -1 is included for length’ but the corresponding rule includes a variable at
the first argument of length’ ) and no further evaluation on length(from(0))
should be performed (due to the local strategy (0) of length which forbids eval-
uation on any argument of length). However, the annotation -1 of function
length’ is treated in such a way by the operational model of [23, 22] that the
on-demand evaluation of the expression length’ (from(0)) yields an infinite
evaluation sequence (see [2] for a more detailed explanation,).

We proposed in [2] a solution to these problems which is based on a suit-
able extension of the E-evaluation strategy of OBJ-like languages (that only
considers annotations given as natural numbers) to cope with on-demand strat-
egy annotations. Our strategy incorporates a better treatment of demandness
and also enjoys good computational properties; in particular, we show how to
use it for computing (head-)normal forms and we prove it is conservative w.r.t.
other on-demand strategies: lazy rewriting [11] and on-demand rewriting [17].
A program transformation for proving termination of the on-demand evaluation
strategy was also formalized, which relies on standard techniques. Furthermore,
a direct implementation of the on-demand evaluation strategy of [2] has been
developed. The system is called OnDemandOBJ and is publicly available at
http://www.dsic.upv.es/users/elp/soft.html (see [5] for a description).

In this paper, we show how OBJ programs that use local strategies contain-
ing negative annotations (and hence could be correctly executed by using the
evaluation strategy proposed in [2]) can be (also) executed in the existing OBJ
implementations which only admit positive annotations (e.g. Maude). This is
done by means of an automatic program transformation which encodes the ‘on-
demand’ strategy instrumented by the negative annotations within new function
symbols (and corresponding program rules) that only use positive strategy an-
notations. Before entering into technical details, we give an example which
illustrates the power of our transformation.

Example 6 The program of Example 4 is transformed by using our method into
the following OBJ program without negative annotations.
obj PINoNeg is
sorts Nat LNat Recip LRecip .
op O : -> Nat .
op s : Nat -> Nat [strat (1)]
op posrecip : Nat -> Recip [strat (1)]



op negrecip : Nat -> Recip [strat (1)]
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (0)]

op consyo : Nat LNat -> LNat [strat (2)] .
op conSroot : Nat LNat -> LNat [strat (1 0)]
op rnil : -> LRecip .

op rcons : Recip LRecip -> LRecip [strat (1 2)]
op from : Nat -> LNat [strat (1 0)]
op seriespos : Nat LNat -> LRecip [strat (1 2 0)]
op seriesposis : Nat LNat -> LRecip [strat (2 0)]
op seriesneg : Nat LNat -> LRecip [strat (1 2 0)]
op seriesneg o : Nat LNat -> LRecip [strat (2 0)]
op pi : Nat -> LRecip [strat (1 0)]
ops quote ondemand : Nat -> Nat [strat (0)] .
ops quote ondemand : LNat -> LNat [strat (0)]

ops quote ondemand : Recip -> Recip  [strat (0)]
ops quote ondemand : LRecip -> LRecip [strat (0)]
vars N X Y : Nat . var Z : LNat .

var R W : Recip . var L V : LRecip .

eq from(X) = quote(cons(X,from(s(X))))

eq seriespos(0,Z) = quote(rnil)

eq seriespos(s(N),cons(X,Z))

= seriespost2(s(N),consi2(X,ondemand(Z)))

eq seriesposya(s(N),consia(X,cons(Y,Z)))

= quote(rcons(posrecip(Y),seriesneg(N,Z)))

eq seriesneg(0,Z) = quote(rnil)

eq seriesneg(s(N),cons(X,Z))

= seriesneg42(s(N),cons2(X,ondemand(Z)))

eq seriesneg2(s(N),cons;2(X,cons(Y,Z)))

= quote(rcons(negrecip(Y),seriespos(N,Z)))

eq pi(X) = quote(seriespos(X,from(0)))

eq quote(0) = 0 .

eq quote(s(N)) = s(quote(N))

eq quote(nil) = nil .

eq quote(cons(X,Z)) = cons,eot (quote(X),Z)

eq quote(from(X)) = from(quote(X))

eq quote(posrecip(X)) = posrecip(quote(X))

eq quote(negrecip(X)) = negrecip(quote(X))

eq quote(rnil) = rnil .

eq quote(rcons(W,V)) = rcons(quote(W),quote(V))
eq quote(seriespos(X,Z)) = seriespos(quote(X),quote(Z))
eq quote(seriesneg(X,Z)) = seriesneg(quote(X),quote(Z))
eq quote(pi(X)) = pi(quote(X))

eq consroot(X,2) = cons(X,Z)

eq quote(seriespos;2(X,Z)) = seriesposy2(X,Z)

eq quote(cons;2(X,Z)) = consi2(X,Z)

eq quote(seriesnegi2(X,Z)) = seriesnegy2(X,Z)

eq ondemand(0) = 0 .

eq ondemand(s(N)) = s(N)

eq ondemand(nil) = nil .

eq ondemand(cons(X,Z)) = cons(X,Z)

eq ondemand (from(X)) = from(quote(X))

eq ondemand(posrecip(X)) = posrecip(X)



eq ondemand(negrecip(X)) = negrecip(X) .

eq ondemand(rnil) = rnil .

eq ondemand(rcons(W,V)) = rcons(W,V) .

eq ondemand(seriespos(X,Z)) = seriespos(quote(X),quote(Z)) .

eq ondemand(seriesneg(X,Z)) = seriesneg(quote(X),quote(Z)) .

eq ondemand(pi(X)) = pi(quote(X)) .

eq ondemand(seriesposi2(X,Z)) = seriesposy2(X,Z) .

eq ondemand(cons 2(X,Z)) = consy2(X,Z) .

eq ondemand(seriesnegi2(X,Z)) = seriesnegi2(X,Z) .

endo

Informally, new symbols seriesposs, seriesneg.o and consis are intro-
duced to enable the evaluation of the second argument of cons in those positions
which could be eventually evaluated on-demand. Note that the Tules for symbols
seriespos and seriesneg in Example 4 are the only ones which could demand
the evaluation of the second argument of cons. The extra symbols quote and
ondemand are introduced to preserve correctness w.r.t. reductions with positive
indices and on-demand computations, respectively.

Roughly speaking, for each constructor symbol ¢ with a negative annotation
—1i, we remove all strategy annotations for ¢ and introduce an auziliary construc-
tor symbol cy; with positive annotation i. Also, we introduce a defined symbol
Croot Without the negative annotations but with the positive ones plus 0 and we
introduce a new rule which is used to translate the new symbol croor back to c.
Then, we add new rules which re—define symbols using constructor c in terms of
C, Croot, and cy;. Finally, for each program rule | — r, we introduce a symbol
quote in r and add a number of new rules for symbols quote and ondemand
which transform c into croor and help to appropriately (head)-normalize terms.

Now, term pi(2) is correctly evaluated using the Maude interpreter (which
simulates the on-demand evaluation of [2])

Maude> red quote(pi(s(s(0)))).
reduce in PINoNeg : quote(pi(s(s(0)))) .
rewrites: 80 in -1ms cpu (Oms real) (~ rewrites/second)

result LRecip: rcons(posrecip(s(0)),
rcons(negrecip(s(s(s(0)))), rnil))

After some preliminaries in Section 2, we recall the on-demand evaluation of
[2] in Section 3. Then, Section 4 introduces the program transformation together
with completeness and correctness results. In Section 5, we experimentally
demonstrate that the program transformation pays off in practice. Section 6
concludes. Proofs of all technical results can be found at the Appendix A.

2 Preliminaries

We follow the standard framework of term rewriting for developing our results
(see [8, 24] for missing definitions). Given a set A, P(A) denotes the set of all
subsets of A. Let R C A x A be a binary relation on a set A. We denote the
reflexive closure of R by R™, its transitive closure by RT, and its reflexive and
transitive closure by R*. An element a € A is an R-normal form, if there exists



no b such that a R b. We say that b is an R-normal form of a (written a R'b),
if b is an R-normal form and a R*b. We say that R is terminating iff there is no
infinite sequence a; R as R az---.

Throughout the paper, X denotes a countable set of variables and F denotes
a signature, i.e. a set of function symbols {f,g, ...}, each having a fixed arity
given by a function ar : F — N. We denote the set of terms built from F and
X by T(F,X). A term is said to be linear if it has no multiple occurrences
of a single variable. Terms are viewed as labelled trees in the usual way. Let
Subst(T (F, X)) denote the set of substitutions. We denote by id the “identity”
substitution: id(z) = z for all x € X. Positions p,q,... are represented by
chains of positive natural numbers used to address subterms of t. We denote
the empty chain by A. By Pos(t) we denote the set of positions of a term ¢.
Given a set S C FU X, Posg(t) denotes positions in ¢ where symbols in S
occur. When no confusion arises, we denote Posyyy(t) as Posy(t) for a symbol
f € FUX. Given positions p, g, we denote its concatenation as p.q. Positions
are ordered by the standard prefix ordering <. Positions can also be ordered
by the lexicographical ordering: p <;., ¢ iff p < q or p = w.i.p/, ¢ = w.j.¢,
i,j € N, and ¢ < j. Given a set of positions P, minimal<(P) is the set of
minimal positions of P w.r.t. <. If p is a position, and @ is a set of positions,
p.Q is the set {p.q | ¢ € Q}. The subterm at position p of ¢ is denoted as |,
and t[s], is the term ¢ with the subterm at position p replaced by s. The symbol
labelling the root of ¢ is denoted as root(t).

A rewrite rule is an ordered pair (I,r), written | — r, with I,r € T(F, X),
I ¢ X and Var(r) C Var(l). The left-hand side (lhs) of the rule is I and r is
the right-hand side (rhs). A TRS is a pair R = (F, R) where R is a set of
rewrite rules. L(R) denotes the set of lhs’s of R. A TRS R is left-linear if for
alll € L(R), [ is a linear term. Given R = (F, R), we take F as the disjoint
union F = CW D of symbols ¢ € C, called constructors and symbols f € D,
called defined functions, where D = {root(l) | | — r € R} and C = F — D. We
say that a rule | — r defines f € D if root(t) = f. A TRS R = (C¥WD,R)
is a constructor system (CS) if for all f(l1,...,lk) € L(R), ; € T(C,X), for
1<i<k Atermte T(F,X) rewrites to s (at position p), written ¢t 2 s (or
just t — ), if t|, = o(l) and s = t[o(r)],, for some rule | — r € R, p € Pos(t)
and substitution o.

A mapping ¢ : F — P(N) is a replacement map (or F-map) if Vf €
F, u(f) C{1,...,ar(f)} [16]. Let Mz be the set of all F-maps. The ordering C
on My, the set of all F-maps, is: p C p if for all f € F, p(f) C /' (f). Let p%"
be the canonical replacement map, i.e. the most restrictive replacement map
which ensures that the non-variable subterms of the left-hand sides of the rules
of R are replacing, which is easily obtained from R: Vf € F, i € {1,...,ar(f)},
iepgn(f) it 3 e L(R),p € Posg(l), (root(l|,) = f Ap.i € Posg(l)). Let
CMgr = {p € Mr | p%™ C p} be the set of replacement maps which are less or
equally restrictive than p%".



3 On-demand evaluation strategy

A local strategy for a k-ary symbol f € F is a sequence ¢(f) of integers taken
from {—k,...,—1,0,1,...,k} which are given in parentheses. A mapping ¢
that associates a local strategy (f) to every f € F is called an E-strategy
map [21, 22]. The E-strategy maps are used to correctly guide the evaluation
strategy of OBJ-like languages in order to evaluate expressions. In the following,
we recall the on-demand FE-evaluation strategy of [2].

Let L be the set of all lists consisting of integers. We define an (embedding)
ordering C between sequences of integers as: nil © L, VL € L; (i1 ig -+ im) C
(J1 g2 -+ gn) if 41 = j1 and (i -+ im) C (J2 -+ Jn); Or (i1 92 -+ im) C
(j1j2 <+ jn)ifiy # j1 and (i1 42 -+ im) E (j2 -+ jn). An ordering C between
strategy maps is defined: ¢ C ¢’ if, for all f € F, o(f) C ¢'(f). Roughly
speaking, o C ¢’ if for all f € F, ¢'(f) is ¢(f) except by the introduction of
some additional indices. Sometimes, it is interesting to get rid of the ordering
on (non-nullary) indices in a given local strategy; for this reason, given an F-
strategy map ¢, we introduce the following replacement map p¥(f) = {|i| | i €
o(f) Ni# 0}

Let L, be the set of all lists of integers whose absolute value does not
exceed n € N. Given a FE-strategy map ¢, we use the signature* .7-"5 =
U{fL1|L25fL1|L2 | f e FA Ll,LQ S ]Lar(f)'(Ll—"_—i_LQ E @(f))} and labeled
variables X! = {Zpijna | © € X} for marking ordinary terms ¢t € T(F, X) as
terms t € T (.7-'3,, Xﬁ). Overlining the root symbol of a subterm means that no
evaluation is required for that subterm and the control goes back to the parent;
the auxiliary list L; in the subscript L; | Lo is interpreted as a kind of memory
of previously considered annotations. The main idea is that annotations move
from Ly to Ly once they have been processed.

We use f! to denote f or f for a symbol f € F. We define the list of active
indices of a labeled symbol fgl‘ L, 88

actwe(le‘Lz) = { Ly if Ly = nil

The operator ¢ is extended to a mapping from 7 (F, X) to T(fg, Xé) as follows:

Tnil|ni ift=20eX
<)0(15) _ { nil|nil .
fnil|<p(f)(§0(t1)7~-~7%0(tk)) if t = f(tl,...,tk)

Also, the operator erase : ’T(}"j},, Xg) — T(F,X) drops labelings from terms.

Given terms t,l € T(F,X), we let Posx(t,1) = {p € Posx(t) N Posz(l) |
root(l],) # root(t|,)}. We define the set of demanded positions of ¢ € T (F, X)
w.r.t. { (a lhs of a rule defining ro0t(t)), i.e. the set of (positions of) maximal
disagreeing subterms as:

DPRi(t) = minimal<(Pos,(t,1)) if minimal<(Posx(t,1)) € Posp(t)
A otherwise

4The function ++ defines the concatenation of two sequences of integers.



Note that the restriction of disagreeing positions to positions that correspond to
defined symbols (by using Posp(t)) disables the evaluation of subterms which
could never produce a redex (see [2, 6, 15, 20]).

Example 7 Let us consider the following lhs’s i = seriespos(0,Z) and ly =
seriespos(s(N),cons(X,cons(Y,Z))), where C = {cons,nil,s,0} and D =
{seriespos, from}. Consider t; = seriespos(s(0),cons(0,nil)), then
DP,(t1) = DP,(t1) = @, i.e. no position is demanded by l; or lo because
of a constructor clash: with subterm s(0) at position 1 for Iy and with subterm
nil at position 2.2 for lo. Let to = seriespos(s(0),cons(0,from(s(0)))),
we have DPy, (t2) = @ and DPy,(t2) = {2.2}, i.e. position 2.2 is demanded by
ly since it is function-rooted.

We define the set of positive positions of a term s € T(ff,, Xg) as Posp(s) =
{A} U {i.Posp(s|;) | ¢ > 0 and active(root(s)) contains i} and the set of active
positions as Posa(s) = {A} U {i.Posa(s|;) | i > 0 and active(root(s)) contains
i or —i}. We also define the set of positions with empty annotation list as
Posnii(s) = {p € Pos(s) | root(s|y) = frni}- Then, the set of active demanded
positions of a term ¢ € T(ff,, Xf,) w.r.t. [ (alhs of a rule defining root(erase(t)))
is defined as follows:

DPNPoss(t) if DP € Posp(t)UPosp(t)
ADP(t) = where DP = DP)(erase(t))
1] otherwise

and the set of active demanded positions of ¢t € T(}"g,)(g) w.r.t. TRS R as
ADPr(t) = U{ADP(t) | Il — r € R Aroot(erase(t)) = root(l)}.

Note that the restriction of active demanded positions to non-positive and
non-empty positions is consistent w.r.t. the intended meaning of strategy an-

notations since positive or empty positions should not be evaluated on-demand
(see [2]).

Example 8 Consider lhs | = seriespos(s(N),cons(X,cons(Y,Z))) from Ex-
ample 4. Let

t1 = seriespos y) (o) (Snit|(1) (Onitjnit);
cons (i 2)jnit (Onitfnit, TT0Mps1 (1 0) (Snit|(1) (Onit|nit))))
we have DP(erase(t1)) = {2.2} (as the term ty in Example 7) but ADP;(t1) =

&, i.e. position 2.2 is demanded by | but it is a positive position (see index 2 in
the memoizing list of symbol cons). Let

lo = SerieSPOS(Q)\(o)(Snil|(1)(0m’l|m‘l)7
cons(1 —2)nit (Onitfnits £X0Myit nit (Snit| (1) (Onit|nit))))

we have ADP,(t3) = @, i.e. position 2.2 is still demanded by | but it is rooted
by a symbol with an empty annotation list (see list nil in the strategy list of
symbol from). Let

t3 = seriespos y)|(g)(Snil|(1) (Onitjnit),
cons (1)[nit (Onit|nit, om0 (1 0)(Snit| (1) (Onitjnit))))
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we have ADP,(t3) = @, i.e. position 2.2 is again demanded byl but it is not an
active position (see the absence of index 2 or =2 in the memoizing and strategy
lists of symbol cons). Finally, let

ty = seriespos g (o) (Snit|(1) (Onitinit);
cons (i —2)nit(Onit|nits £r0Myi11(1 0y (Snit)(1) (Onitjni))))

we have ADP)(ty) = {2.2}.

When different active demanded positions are available in the set ADP,(s),
we use an ordering <, which is based on the user’s annotations to select the
position (see the use of min<_ below). Given a term s € T(}'&, Xé), the total
ordering <, between active positions of s is defined as (1) A <; p for all p €
Posa(s); (2)ifi.p,i.qg € Posa(s)and p <y, ¢, theni.p <, i.q; and (3) if i.p, j.q €
Posa(s), i # j, and i (or —i) appears before j (or —j) in active(root(s)), then
1.p <5 j.q. Now, we are able to define the set of demanded positions which
would be considered for reduction. We define the set ODx(s) of on-demand
positions of a term s € T(]—'&7 Xﬁ) w.r.t. TRS R as follows:

if ADPg(s)=0 then ODg(s)=0 else ODg(s)={min< (ADPx(s))}

Example 9 Consider [ = seriespos(s(N),cons(X,cons(Y,Z)))
from Example 4 together with an extra function symbol inf and the term

t = seriespos _; 2)|(0)(infm”(0),
cons(—; —2)|nil(onil|nila fromni”(l O)(Onil|nil)))

We have ODyy(t) = {1} where ADPg;(t) = {1,2.2}, since index -1 appears
before index 2 in the memoizing list of symbol seriespos and, hence, 1 <; 2.2.

We use symbols f to mark non-evaluable positions, which helps the evaluation
of a demanded position to come back to the position which demanded the evalu-
ation. Given a term t € T(]—'g, Xg) and a position p € Pos(t), mark(t,p) is the
term s with all symbols above p (except the root) marked as non-evaluable, in
symbols Pos(s) = Pos(t) and Vg € Pos(t), if A < g < p and root(tly) = fr,|L,>
then root(s|y) = ?Ll\LQv otherwise root(s|q) = root(t|y).

Example 10 Consider the program of Example 4 and the term t =

seriespos ; 9)(g)(Snit|(1) (Onitfnit);
cons(; —2)nit (Onitjnits £r0Myi11(1 0)(Snitj(1) (Onitjnir))))

We have that mark(t,2.2) =

seriespos ; o) (o) (Snit|(1) (Onitfnit),
cons (1 —2)|nit (Onitjnits £T0Myi11(1 0)(Snit)(1) (Onitjnit))))

11



Given a TRS R and an FE-strategy map ¢, we formulate the on-demand
strategy via the eval? function, which returns the set of terms achievable from
a given term thorough the strategy map ¢. In the following definition, the
symbol @ denotes appending an element at the end of a list.

Definition 1 Given a TRS R = (F, R) and an arbitrary E-strategy map ¢ for
F, we define:

evaly (t) = {erase(s) € T(F,X) | (¢(t),A) —u>i9 (s,A)}

The binary relation i>%R on T(]{‘jp,Xg) x N is defined as follows:
(t,p) —n>%R (s,q) if and only if p € Pos(t) and either

1. tlp = frpmalty, ... tx), s =t and p = q.i for some i; or
2. t|p = le\i:LQ(tla e ,tk), 7> O, s = t[le@i\Lg(tl, c. ,tk)]p and q :p.i; or

3. tlp = fry—io (1, str), © >0, s = t[fr,a—ijn, (t1, - - tr)]p and ¢ = p;
or

4. tlp = frijor. (1, ..o t) = o(l'), erase(l’) =1, s = t[o(e(r))], for some
l — r € R and substitution o, ¢ = p; or

5. tlp = frijon.(t1, ... tr), erase(t|,) is not a redex, ODg(t],) = @, s =
t[fL1|L2 (tla s 7tk)]17) and q=Dp;or

6. tlp = frij0:0,(t1, - tr), erase(t],) is not a redex, ODg(t],) = {p'}, s =
t{mark(t|,,p")lp, ¢ =p.p'; or

7 tl, = ?L1|L2(t1, cootr), s =t o, (try - tr)]p and p = q.i for some i.

Case 1 denotes that no more annotations are provided and the evaluation is
completed. Case 2 indicates that a positive argument index is provided and the
evaluation proceeds by selecting the subterm at this argument (note that the
index is stored). Case 3 only stores the negative index for further use. Cases
4, 5, and 6 consider the attempt to match the term against the left-hand sides
of the program rules. Case 4 applies if the considered (unlabeled) subterm is a
redex (which is, then, contracted). If the subterm is not a redex, cases 5 and
6 are considered (possibly involving some on-demand evaluation). We use the
lists of indices labeling the symbols for fixing the concrete positions on which it
is safe to allow on-demand evaluations; in particular, the first (memoizing) list is
crucial for achieving this (by means of the function active and the order < used
in the definition of the set ODg(s) of on-demand positions of a term s). Case 5
applies if no demanded evaluation is allowed (or required). Case 6 applies if the
on-demand evaluation of the subterm ¢|, , is required, i.e. ODg(t|,) = {p'}. In
this case, the symbols lying on the path from |, to t|,, (excluding the ending
ones) are overlined. Then, the evaluation process continues on term t|, ,» (with
the overlined symbols above it). Once the evaluation of ¢|, s is completed, the

12



Figure 1: Sketch of the on-demand evaluation of term pi(2).

(P, 0)(Snitj1) (Snitj1) (Onitjnit))), A)
i{; (seriespos(1 2)|(O)(S(l)\m'l(S(1)|ml(0nil|m‘l))v
cons(1 —2)[nit (Onit|nits
fromy,ii|(1 0)(Snit|(1) (Onit|nit))))s A)
lq, (seriespos(1 2)|(0)(S(l)\mz(S<1)|mz(0mz|ml))»
cons(1 —2)|nit (Onitnit
fromp|1 0)(Snit|(1) (Onitjnit)))), 2.2)
5% (rconsy 2)[nil (POSTECLP (1) 1,1 (8(1) nit (Onit|nit)),
TCons(1 2)[nit (REGTECIP (1) i (S(1)nit (S(1) nit (S(1)[nit (Onitinit)))),
rnilnil|nil))7A>

only possibility is the repeated (but possibly idle) application of steps issued
according to the last case 7 which sends the evaluation process back to position
p (which originated the on-demand evaluation) using overlined symbols f.

Example 11 Continuing Example 4. Figure 1 provides a sketch of the evalu-
ation sequence for the term pi(s(s(0))) where the on-demand evaluation step
associated to symbol seriespos is shown. Roughly speaking, the following term

rewriting sequence is performed:

pi(2)
seriespos(2,from(0))
seriespos(2,cons(0,from(1)))
seriespos(2,cons(0,cons(1,from(2))))
rcons (posrecip(1) ,seriesneg(l,from(2)))
rcons (posrecip(1) ,seriesneg(l,cons(2,from(3))))
rcons (posrecip(1),seriesneg(l,cons(2,cons(3,from(4)))))
rcons (posrecip(1) ,rcons(negrecip(3),seriesneg(0,from(4))))
rcons (posrecip(1) ,rcons(negrecip(3) ,rnil))

A

4 The Program Transformation

In the following, we formalize a program transformation which translates OBJ
programs with arbitrary indices into OBJ programs with positive indices alone.
We first explain the awkward points associated to the evaluation with negative
indices in order to discern how to transform these indices into positive ones.

Example 12 Consider the following OBJ program which is mainly borrowed
from a CafeOBJ program in [23] where we consider negative indices for cons:

obj Ex3rd is
sorts Nat LNat .

op O : => Nat .
op s : Nat -> Nat [strat (1)]
op nil : -> LNat .

13



op cons : Nat LNat -> LNat [strat (1 -2)]
op from : Nat -> LNat [strat (1 0)]
op 3rd : LNat -> Nat [strat (1 0)]
vars X Y Z : Nat . var Zs : LNat .
eq 3rd(cons(X,cons(Y,cons(Z,Zs)))) = Z .
eq from(X) = cons(X,from(s(X)))
endo
Let us introduce an auziliary function symbol inf, which returns an infinite
sequence of symbols s (note that the evaluation of the call inf is nonterminating
since the strategy annotation for the constructor s above is 1):
op inf : -> Nat .
eq inf = s(inf)
Consider the term t = 3rd(cons(0,cons(inf,cons(s(0),nil)))). The on-
demand E-evaluation of t terminates and returns s(0), since the term inf is
not under a positive (reducible) position nor is demanded by the rule defining
3rd.

Let us consider a naive approach for transforming negative indices into pos-
itiwe indices which duplicates the symbols containing negative indices into new
symbols containing the positive counterparts (as in the program transformation
showed in [2] for approzimating termination). The raw application of such pro-
gram transformation to the previous example delivers the following rules:

eq 3rd(cons(X,Zs)) = 3rd(consy2(X,Zs))

eq 3rd(consia(X,cons(Y,Zs))) = 3rd(consio(X,consi2(Y,Zs)))

eq 3rd(consi2(X,consy2(Y,cons(Z,Zs)))) = Z .
together with the following definitions for symbols cons and conso:

op cons : Nat LNat -> LNat [strat (1)]

op consyp : Nat LNat -> LNat [strat (2)]
However, the evaluation of the previous call t w.r.t. this new program enters
in an infinite reduction sequence, since the term inf will be under a positive
(reducible) position after transforming the leftmost symbol cons of t into cons .
In order to avoid this problem, the solution is to remove all positive annota-
tions of symbol cons, i.e. we obtain®:

op cons : Nat LNat -> LNat [strat (0)]

op consyo : Nat LNat -> LNat [strat (2)]
However, occurrences of symbol cons appearing at positive positions of the origi-
nal program rules do not behave correctly now, e.g.
3rd(cons(inf,from(s(0))) does not have an infinite reduction sequence as
i the original program because the subterm inf does not appear now under a
positive position.

Nevertheless, we can define a new symbol cons,,,: which behaves as the
original symbol cons (i.e. the positive indices of cons), and consistently rename
the symbols in the TRS by rewriting special symbols quote and ondemand before
evaluating a given term at a positive (or reducible) position or at a negative

5Since Maude does not accept the empty strategy list nil, we give the strategy list (0) to
symbol cons. This is not a problem since cons is a constructor symbol.
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(or on-demand) position, respectively. Moreover, we introduce a new rule for
translating cons ot back to cons. We finally obtain the program:

obj Ex3rdA is
sorts Nat LNat .

op O : => Nat .
op s : Nat -> Nat [strat (1)]
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (0)]
Oop consroot : Nat LNat -> LNat [strat (1 0)]
op consys : Nat LNat -> LNat [strat (2)]
op from : Nat -> LNat [strat (1 0)]
op 3rd : LNat -> Nat [strat (1 0)]
op quote ondemand : Nat -> Nat [strat (0)].
op quote ondemand : LNat -> LNat [strat (0)].
vars X Y Z : Nat . var Zs : LNat .
eq 3rd(cons(X,Zs)) = 3rd(cons.2(X,ondemand(Zs)))
eq 3rd(consi2(X,cons(Y,Zs)))
= 3rd(consys (X,cons;2(Y,ondemand(Zs))))
eq 3rd(consi2(X,consy2(Y,cons(Z,Zs)))) = quote(Z)
eq from(X) = quote(cons(X,from(s(X))))
eq quote(3rd(Zs)) = 3rd(quote(Zs))
eq quote(s(X)) = s(quote(X))
eq quote(0) = 0 .
eq quote(from(X)) = from(quote(X))
eq quote(cons(X,Zs)) = consroot (quote(X),Zs)
eq quote(nil) = nil .
eq consroot (X,Zs) = cons(X,Zs) .
eq ondemand(3rd(Zs)) = 3rd(quote(Zs))
eq ondemand(s(X)) = s(X)
eq ondemand(0) = 0 .
eq ondemand (from(X)) = from(quote(X))
eq ondemand(cons(X,Zs)) = cons(X,Zs)
eq ondemand(nil) = nil .
endo

Howewver, in order to speed up the evaluation, we use more fy; symbols from the
root of the left hand side traversing the on-demand path (see Section 4.2).

We define the complete transformation for a TRS by two different transform-
ers which tackle the two difficulties described above. That is, the transformation
starts by applying the first transformer which introduces symbols f;.,,: and sym-
bols quote and ondemand in order to set the stage for the second transformer.
Then, the second transformer is applied iteratively, which turns the negative
indices into positive ones by introducing symbols f;;. This transformer finally
removes all negative annotations together with positive annotations of conflic-
tive symbols (such as symbol cons in the previous example).

4.1 Transformation for fixing rules

Let R = (F,R) be a TRS, and ¢ be an E-strategy map. We define the set
of positions which are active (but not reducible) of a term ¢ € T (]-"i,é’(ﬁ) as
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Posa—p(t) = Posa(t) — Posp(t). Given a strategy map ¢, ¢ denotes the
result of removing all negative indices from .

Let us define the set of symbols of the original TRS at positions active but
not reducible which have positive indices which can be lost as Fz = {f € F |
ar(f) > 0N @i(f) #nil A3l € L(R) : Poss(l) N Posa_p(p(l)) # @}. Note
that if R is a CS, then F5 C C. In the following, we define the two sets of
auxiliary rules Quoter FE and OnDemandr to appropriately (head)-normalize
terms. Intuitively, quote translates a symbol f € F7 at a positive position into
the new symbol f,,,+ and ondemand uses quote for function-rooted terms which
are evaluated on-demand.

_ quote(f(T)) — froot(ps(T))if f € Ff
Quoter, rz = Uyser {quote(f()) - f(ﬂf(fj)c) if f ¢ “T%
7 ondemand(f(T)) — f(T) if feC
OnDemandr = ;e r {ondemand( [(@) — flps(@)if f€D
D) if (4 I
e

We define the first transformer for fixing strategy annotations R' = (F', RT)
and ¢! as follows: ' = F U {froot | f € Ff} U{quote, ondemand}, and

R'={l — quote(r) |l = 7 € R} U {froot(@T) — f(@) | f € Fr}
U QuoteR)Eg U OnDemandgr

Also, ©'(f) = @(f) for all f € F, &' (froot) = @+ (f)@Q0 for all f € Ff, and
¢'(quote) = ¢'(ondemand) = (0).

Example 13 Consider the TRS R and the E-strategy map ¢ of Example 12.
The TRS R together with ¢! is:

obj Ex3rdI is
sorts Nat LNat .

op O : => Nat .
op s : Nat -> Nat [strat (1)]
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (1 -2)] .

op conSroot : Nat LNat -> LNat [strat (1 0)] .
op from : Nat -> LNat [strat (1 0)] .

op 3rd : LNat -> Nat [strat (1 0)] .

op quote ondemand : Nat -> Nat [strat (0)]

op quote ondemand : LNat -> LNat [strat (0)] .
vars X Y Z : Nat . var Zs : LNat .

eq 3rd(cons(X,cons(Y,cons(Z,Zs)))) = quote(Z) .
eq from(X) = quote(cons(X,from(s(X)))) .

eq quote(3rd(Zs)) = 3rd(quote(Zs)) .

eq quote(s(X)) = s(quote(X)) .

eq quote(0) =

eq quote(from(X)) = from(quote(X)) .

eq quote(cons(X,Zs)) = cons,eot(quote(X),Zs) .
eq quote(nil) = nil .
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eq consroot (X,Zs) = cons(X,Zs) .
eq ondemand(3rd(Zs)) = 3rd(quote(Zs)) .
eq ondemand(s(X)) = s(X) .
eq ondemand(0) = 0 .
eq ondemand (from(X)) = from(quote(X)) .
eq ondemand(cons(X,Zs)) = cons(X,Zs) .
eq ondemand(nil) = nil .

endo

4.2 Transformation for eliminating negative indices

We formulate the transformer for switching negative indices into positive ones.
Intuitively, we transform a rule | — r with a position p which is active but not
reducible into the rules /[z], — !'[x], and I’ — r, where each symbol f in [ from
the root to p has been replaced in I’ by the new symbol f; whose strategy list
is (1) (or (i 0) if it is a function symbol).

Let R = (F,R) be a TRS, and ¢ be an E-strategy map. Given | € L(R),
we define the set of positions of a lhs [ which are active but not reducible as
Z¥(l) = Posa—p(e(l)) NPosg(l). Assume that Z#(l) # @ forarulel — r € R,
the position to be transformed is p.i = mar<_,, (Z#(l)) for p.i € Pos(l) and
i € N (note that A ¢ Z%(l) by definition), and the set of symbols involved in the
transformation are f2, ..., f? such that root(l|,) = f9 € F for ¢ < p. Then, the
transformer for eliminating negative indices R = (F™¢9, R™*9) and ¢ is as
follows: F™¢Y9 = fo; where .7-'; = {ff':jA7 .. .,fﬁjp} such that ja,...,j5, € N
and ¢.j, < p.i for ¢ < p. Also,

R"™ = R —{l — r}U{l[ylpi — I'[ondemand(y)],.;, ' — 7}
U{quote(fY; (7)) — f1;, (@) | f{;, € )}
U{ondemand(f1; (7)) — f%, (@) ] f1;, € 7}

where y is a fresh variable and I’ is obtained from [ such that Vg € Pos(l’):

q .
’ _ f+jq ifg<p
root(lly) {root(l|q) otherwise

We let ¢"9(f) = p(f) for f € F and

SI(f, ) {(j 0) if (=3 0 Cp(f)V (G 0) E o(f)
J (j)  otherwise
Example 14 Consider the TRS R = R and the E-strategy map ¢ = ¢ in
Ezxample 13. The application of the transformer, i.e. the TRS R™9 together
with ™9 is:
obj Ex3rdINeg is
sorts Nat LNat .

op O : —> Nat .
op s : Nat -> Nat [strat (1)]
op nil : -> LNat .
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op cons : Nat LNat -> LNat [strat (1 -2)]
op consroot : Nat LNat -> LNat [strat (1 0)]
op consys : Nat LNat -> LNat [strat (2)]

op from : Nat -> LNat [strat (1 0)]
op 3rd : LNat -> Nat [strat (1 0)]
op 3rd4; : LNat -> Nat [strat (1 0)]

op quote ondemand : Nat -> Nat [strat (0)]
op quote ondemand : LNat -> LNat [strat (0)]
vars X Y Z : Nat . var Zs : LNat .
eq 3rd(cons(X,cons(Y,Zs)))
= 3rdyi (cons4o(X,cons;2(Y,ondemand(Zs))))
eq 3rd4i(consio(X,consy2(Y,cons(Z,Zs)))) = quote(Z)
eq from(X) = quote(cons(X,from(s(X))))
eq quote(3rd(Zs)) = 3rd(quote(Zs))
eq quote(3rdyi(Zs)) = 3rdiq(Zs)
eq quote(s(X)) = s(quote(X))
eq quote(0) = 0 .
eq quote(from(X)) = from(quote(X))
eq quote(cons(X,Zs)) = cons,oot(quote(X),Zs)
eq quote(cons;2(X,Zs)) = cons;2(X,Zs)
eq quote(nil) = nil .
eq consroet (X,Zs) = cons(X,Zs)
eq ondemand(3rd(Zs)) = 3rd(quote(Zs))
eq ondemand(s(X)) = s(X)
eq ondemand(0) = 0 .
eq ondemand (from(X)) = from(quote(X))
eq ondemand(cons(X,Zs)) = cons(X,Zs)
eq ondemand(nil) = nil .
endo

Note the relevant changes in the rule for symbol 3rd:

eq 3rd(cons(X,cons(Y,Zs)))
= 3rd4;(consy2(X,consy2(Y,ondemand(Zs))))
eq 3rd4i(consio(X,consy2(Y,cons(Z,Zs)))) = quote(Z)

The second transformation process starts from R! and ¢! and applies as
many transformation steps R"9 and ¢™% for removing negative indices as nec-
essary to obtain R’ = (F', R’) and ¢’ such that no negative index is necessary,
ie. Z¢(l) = @ for all | € L(R').

The final TRS R™ = (F™, R™) and ¢™ is obtained as F' = 7/, R' = R,
and ©"(f) = ¢/ (f) for f € F' — Ff and o"(f) = nil® for f € Ff.

Example 15 Continuing with Example 14. The final TRS R together with

(PH is:

obj Ex3rdII is
sorts Nat LNat .

op O : => Nat .
op s : Nat -> Nat [strat (1)]
op nil : -> LNat .
op cons : Nat LNat -> LNat [strat (0)]

6Since Maude does not accept the empty strategy list nil, we give the strategy list (0).
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Op conSroot : Nat LNat -> LNat [strat (1 0)]
op consyo : Nat LNat -> LNat [strat (2)]

op from : Nat -> LNat [strat (1 0)]
op 3rd : LNat -> Nat [strat (1 0)]
op 3rd4; : LNat -> Nat [strat (1 0)]

op quote ondemand : Nat -> Nat [strat (0)] .
op quote ondemand : LNat -> LNat [strat (0)]
vars X Y Z : Nat . var Zs : LNat .
eq 3rd(cons(X,Zs))
= 3rd;; (consyz(X,ondemand(Zs)))) .
eq 3rd4i(consyo(X,cons(Y,Zs)))
= 3rdy;(cons;o(X,consy2(Y,ondemand(Zs))))
eq 3rdi(consyo(X,consy2(Y,cons(Z,Zs)))) = quote(Z)
eq from(X) = quote(cons(X,from(s(X)))) .
eq quote(3rd(Zs)) = 3rd(quote(Zs))
eq quote(3rd4q(Zs)) = 3rdyq(Zs)
eq quote(s(X)) = s(quote(X)) .
eq quote(0) = 0 .
eq quote(from(X)) = from(quote(X))
eq quote(cons(X,Zs)) = cons,oet(quote(X),Zs) .
eq quote(cons;2(X,Zs)) = cons;2(X,Zs)
eq quote(nil) = nil .
eq consroot(X,Zs) = cons(X,Zs) .
eq ondemand(3rd(Zs)) = 3rd(quote(Zs))
eq ondemand(s(X)) = s(X)
eq ondemand(0) = 0 .
eq ondemand(from(X)) = from(quote(X))
eq ondemand(cons(X,Zs)) = cons(X,Zs) .
eq ondemand(nil) = nil .
endo

We would like to emphasize that the transformation defined in this paper
is able to deal with the general case where more than one negative annotation
exist for the same function symbol and different demandness paths are possible;
which are just ordered using the ordering <, between positive and negative
annotations and managed by using symbols f; which traverse the path from
the root. This is not illustrated in our main example due to space restrictions,
though we give some hints in the following example.

Example 16 Consider the following program rule:
min(s(X),0,s(0),s(s(Y))) =0

with the strategy map o(min) = (-3 -2 1 -4 0), ¢(s) = (1), and v(0) = nil.

The transformation of this rule produces (without considering symbol quote ):
min(s(X),Z,W,Y) = miny3(s(X),Z,ondemand (W),Y)
miny3(s(X),Z,s(W),Y) = min;3(s(X),Z,st1(ondemand (W)),Y)
ming3(s(X),Z,s41(0),Y) = minyo(s(X),ondemand(Z),s(0),Y)
minyo(s(X),0,s(0),Y) = minta(s(X),0,s(0),ondemand(Y))
ming4(s(X),0,s(0),s(Y)) = mini4(s(X),0,s(0),s;1(ondemand(Y)))
miny4(s(X),0,s(0),s+1(s(Y))) = quote(0)

and the strategy map ¢T(min) = (1 0), ¢(ming,) = (2 0),

¢(ming3) = (3 0), p(minys) = (4 0), ¢'(s) = nil, ¢"(s41) = (1), and
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©"(0) = nil. This transformed program reproduces the ordering between the
different on-demand paths of the left-hand side.

4.3 Properties

In the following, we establish the main results of the program transformation.
We define a standard E-strategy map ¢ as an E-strategy map where only one
index O is allowed at the end of each strategy list. Given a strategy map ¢
for F, we say that a TRS R = (F, R) is ¢-terminating if, for all ¢t € T (F, X),
there is no infinite % _ , -rewrite sequence starting from (p(t),A). Note that
termination of the program pi of Example 4 is formally proved in Appendix
C using the technique of [2]. Furthermore, Example 12 can be also proved ¢-
terminating using the technique developed in [2]. Termination is preserved by
the transformation.

Theorem 1 (Termination) Let R = (F,R) = (CWD,R) be a CS and ¢ be a
standard E-strategy map. R is o-terminating iff R™ is p'-terminating.

In the following theorem we prove completeness of the transformation, i.e.
that the transformation preserves normal forms.

Theorem 2 (Completeness) Let R = (F,R) = (CWD,R) be a CS and ¢ be
a standard E-strategy map such that R is @-terminating. Let R™ = (F™, R™)
and Q. For allt € T(F,X) and s € T(C,X), if s € evalg(t), then s €

I
eval? (quote(t)).
Correctness of the transformation is also proved without any condition on
termination of the TRS.

Theorem 3 (Correctness) Let R = (F,R) = (CWD,R) be a CS and ¢ be
a standard E-strategy map. Let R™ = (F™ R™) and ¢™. For allt € T(F,X)

and s € T(C,X), if s € eval%ﬂfﬂ(quote(t)), then s € evalig (t).

5 Experiments

A prototype implementation of the transformation proposed in this paper has
been integrated into the OnDemandOBJ system [5]. The system is publicly
available at

http://wwuw.dsic.upv.es/users/elp/soft.html

Tables 1, and 2, show the runtimes” in milliseconds and the number of evalu-

ation steps of the benchmarks for the different OBJ-family systems. The OnDe-
mandOBJ interpreter is the on-demand prototype interpreter of the on-demand
evaluation of [2]. CafeOBJ® is developed in Lisp at the Japan Advanced Inst.
of Science and Technology (JAIST); OBJ3?, also written in Lisp, is maintained

"The average of 10 executions measured in an AMD XP machine running redhat 9.0.
8 Available at http://www.ldl.jaist.ac.jp/Research/Cafe0BJ/system.html.
9 Available at http://www.kindsoftware.com/products/opensource/obj3/0BJ3/.
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by the University of California at San Diego; Maude!? is developed in C4++ and
maintained by the Department of Computer Science Lab at the University of
[linois, Urbana-Champaign. OBJ3 and Maude provide only computations with
positive annotations whereas CafeOBJ provides computations with negative an-
notations as well, using the on-demand evaluation of [23, 22]. OnDemandOBJ
computes with negative annotations using the on-demand evaluation of [2]. Note
that CafeOBJ and OBJ3 implement sharing of variables whereas Maude and On-
DemandOBJ do not; thus, the number of evaluation steps in Table 2 is pairwise
equivalent: CafeOBJ and OBJ3 in one hand and Maude and OnDemandOBJ in
the other hand. The mark overflow in Table 2 indicates that execution raised
a memory overflow and normal form was not achieved; whereas the mark un-
available in Tables 1 and 2 indicates that the program can not be executed in
such OBJ implementation.

The benchmark pi_noneg consists of the application of the program transfor-
mation described in this paper to program pi of Example 4. Table 1 compares
the evaluation of expression pi(square(square(4))) using pi and pi_noneg.
Note that the right input expression for the program pi_noneg is
quote (pi(square(square(4)))). It witnesses that negative annotations are
extremely useful in practice and that the program transformation enables the
execution of negatively annotated programs in all OBJ implementations. On the
other hand, Table 1 also evidences that the implementation of the on-demand
evaluation strategy in other systems such as Maude is quite promising.

On the other hand, Table 2 illustrates the interest of using negative anno-
tations to improve the behavior of programs: the benchmark msquare_eager
codifies the functions square, minus, times, and plus over natural numbers
using only positive annotations. Every k-ary symbol f is given a strategy
(1 2 ---k 0) (this corresponds to default strategies in Maude). Note that
the program is terminating as a TRS (i.e., without any strategy annotation).
The benchmark msquare_apt is similar to msquare_eager, but canonical pos-
itive strategies are provided: the i-th argument of a symbol f is annotated
if there is an occurrence of f in the left-hand side of a rule having a non-
variable i-th argument; otherwise, the argument is not annotated (see [7]). The
benchmark msquare neg is similar to msquare_eager, though canonical arbi-
trary strategies are provided: now (from left-to-right), the i-th argument of
a defined symbol f is annotated if all occurrences of f in the left-hand side
of the rules contain a non-variable i-th argument; if all occurrences of f in
the left-hand side of the rules have a variable i-th argument, then the argu-
ment is not annotated; in any other case, annotation —i is given to f (see
[7]). The benchmark msquare noneg represents the application of the program
transformation to msquare neg. Note that the right input expressions for
the program msquare_noneg are preceded by
the symbol quote, i.e. quote(minus (0, square(square(5)))) and
quote (minus (square (square(5)),square(square(4)))). Then, for instance,
program msquare_neg runs in less time and requires a smaller number of rewrite

10 Available at http://maude.cs.uiuc.edu/current/system/.

21



Table 1: Execution of call pi(square(square(4)))

ms. /rewrites pi pi-noneg
OnDemandOBJ 20/1087  6390/402917
CafeOBJ 20/1087  6770/402917
0OBJ3 unavailable  overflow
Maude unavailable 100/402917
Table 2: Execution of terms minus(0,square(square(5))) and

minus (square (square(5)) ,square(square(4)))
ms./rewrites  msquare_eager msquare_apt msquare neg msquare_noneg

OnDemandOBJ 10/ 715 18/ 1640 0/ 1 0/ 4
23/ 1287 30/ 2628 28/ 2628  5080,/292966
CafeOBJ 10/ 715 12/ 715 0/ 1 0o/ 4
25/ 1287 27/ 1287 26/ 1287 320/ 27726
OBJ3 0/ 715 overflow  unavailable 0/ 4
10/ 1287 overflow unavailable overflow
Maude 0/ 715 0/ 1640  wunavailable 0/ 4

0/ 1287 3/ 2628 unavailable 50/292966

steps than msquare_eager or msquare_apt, which do not include negative an-
notations. Note the difference in the number of rewrite steps of benchmarks
msquare_eager and msquare_apt for the Maude and OnDemandOBJ systems,
which is due to the absence of variable sharing. Moreover, note that the
program transformation is also very useful since execution of the expression
minus (0, square(square(5))) is improved. The OBJ source programs can be
found at the Appendix B.

6 Conclusions

The paper presents a contribution to the extension of evaluation strategies for
functional languages of the OBJ family with evaluation on demand, thereby
introducing a flavour of laziness into such languages. Our proposal is based
on a program transformation for OBJ programs which achieves correctness and
works well in current OBJ interpreters. The main technical results of this work
are as follows:

e The proposed transformation preserves the termination of the original
program which uses (positive and) negative annotations. That is, if the
original program terminates under the evaluation strategy of [2], then the
transformed program terminates also.

e Correct and completeness of the transformation holds w.r.t. the seman-
tics of strategy annotations given in [2]. That is, the semantics of input
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expressions in the original program (under the on-demand FE-strategy of
[2]) and in the transformed program (under the E-strategy) do coincide.

Moreover, our transformation is useful both for

1. making possible the use of arbitrary strategy annotations in languages

that (syntactically) allow them but that still do not provide the necessary
operational support (e.g., OBJ3).

2. providing a notion of negative strategy annotation (somewhat laziness)

for languages that does not allow them (e.g., Maude).

and hence we think that our work contributes to foster the use of OBJ in pro-
gramming. As future work, we plan to formally determine the overhead associ-
ated to the evaluation in the transformed program.
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A  Proofs

Theorem 1 Let R = (F,R) = (CWD,R) be a CS and ¢ be a standard
E-strategy map. R is o-terminating iff R is -terminating.

Proof The first transformer R! preserves termination of the program since only
introduces symbols quote and ondemand which have strategy (0) and symbols
froot which keep the same indices that the respective symbol f. For the second
transformation, we prove it by induction on the number n of transformation
steps R™€9. The case n = 0 is trivial. If n > 0, then it is not difficult to see
that the splitting of rule | — r into rules {[z],; — {'[ondemand(z)],; and I’ — r
does preserve termination since rule [ — r is applicable iff rule I’ — r becomes
applicable after applying rule ![z],; — '[ondemand(z)],.;. O

Given two strategy lists L, L' € L, the restriction of L to L, denoted as L,
is the maximal sublist L” such that L” T L and L” T L’. In the follow-
ing, we define three different translations of terms in ’T(]{g77 Xf,) into terms of

T(]-'Hiuu,)ﬁiﬂ): without considering extra symbols f.,o: and fi; (translation

tn), considering the insertion of symbols freo (translation pos, z«(t)), or
considering the insertion of symbols f; (translation neg,(t)). Note that for all

feF, &f)Eelf)

Definition 2 Let ¢ and ¢’ be strategy maps over signature F. Lett € T(}:ﬁp, Xg).

We define the translation of t into a term T(fi,,)(i/) as t|,r = s where
Pos(s) = Pos(t) and Yq € Pos(t).root(t|y) = fr,|L,, T00t(s|y) = fr;|L, where
Lll = Lllﬂp/ and le = LQL‘P"

Definition 3 Let ¢ be a strategy map over signature F and ¢’ be a strat-
eqy map over signature F' = F U {froot | [ € Froot} for a set Froor T F.
Let t € T(fg,/'\?ﬁ) and p € Posa(t). We define the translation of t into
terms T(f’fo,,Xi,) as posp r....(t) = s where Pos(s) = Pos(t) and Vg €
Pos(t).root(tly) = fr,|L., we have:

frootL/1|L/2@O pr € POSP(t)a q < D, and f € -Froot;

where L/1 = Llliﬁ/(front) and LIQ = LQlwl(fToot)
A otherwise;

where Ly = Ly () and Ly = La | 4 (p)

root(s|q) =

Definition 4 Let ¢ be a strategy map over signature F and ¢’ be a strategy
map over signature F' = F U {fﬁr\jA,...,fﬁjp} such that root(tly) = f9 € F,
JAs--sdp €N, and q.jq < pi for g < p. Lett € T(]—"g,)(g) and p € Posa(t).
We define the translation of t into terms T(}"'?p,,Xg,) as negy(t) = s where
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Pos(s) = Pos(t) and Vq € Pos(t).root(t|y) = fr,|L,, we have:

f+iL'1|L’2 if p € Posa_p(t) and q.i < p;

where Ly = (1) and L = (0) |, (f,.)
fryr,  otherwise;

where Lll = Lliga’(f)? and LIQ = L2lw’(f)

root(s|q) =

The following proposition shows that each evaluation step with negative
annotations can be simulated by the transformed program.

Proposition 1 Let R = (F,R) = (CW D,R) be a CS and ¢ be a stan-
dard E-strategy map such that R is p-terminating. Let R™ = (F R™) and
. For all t,s € T(FL,XL), and q € Posals), if (t,A) _n)%R (s,q), then
(posp 7z (1), A) l);H,RH“ (s',q) where either (1) s = quote(s ,n),

(2) 8" = posy 7z (s), (3) 8" = negy(s), or (4) s and s’ are £ “normal forms
with a defined symbol at root position.

Proof We consider the different cases for _n)%R .

1. The cases t = frjni(t1,...,tx) ort = ?L1|L2 (t1,...,tx) are impossible.

2. Let t = le\i:L2(t17-~~atk)> > 0, q = i7 and s = le@i\Lg(tlwwutk)'
If f & Fy, then root(posa(s)) = fr,a@ir, and the conclusion follows. If
[ € F%, then root(posa(s)) = froot L1 @i|Ly@o Such that Ly and Lj do not
contain negative annotations. Thus, the conclusion follows and condition

(2) is fulfilled.

3. Let t = le\—i:Lr_,(tlauwtk), 1>0,qg=A, and s = le@—i\Lg(t1,'~-;tk)~
In this case, the index —i would not appear in posa(t). Thus, condition
(2) is fulfilled and s’ = posa (s).

4. Let t = frj0:0,(t1,...,t) = o(l'), erase(l’) = 1 for | — r € R and
substitution o, s = o(¢(r)), and ¢ = A. Note that since R is a CS and
f €D, f¢&Fj and posp(t) =t u.
If | — r € R™ then the conclusion follows and condition (1) is fulfilled.
Consider | — 7 ¢ R, Then, there is a set of rules I} — 71,...,1l, —
7, € RY such that I; = I[Z]q for a set of positions @ and 7, = quote(r).
Moreover, when these rules are applied sequentially to term posy(t), they

produce term s’ = quote(o(¢™(r))). Hence, the conclusion follows and
condition (1) is fulfilled.

5. Let t = fr,j0:0,(t1, ..., 1), erase(t) is not a redex w.r.t. R, ODg(t) = 2,
s = fryL,(t1, ..., tx), and ¢ = A. If erase(t) is not a redex neither w.r.t.
RY, then the conclusion follows and condition (2) is fulfilled.

Consider erase(t) is aredex w.r.t. R ie. erase(t) = o(l) forl — r € RL.
First, note that since Risa CSand f € D, f ¢ Fz and posy (t) =t u. By
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definition of the transformation R™¢9 (which is the only one that modifies
lhg’s), A’ — 1’ € R s.t. [ differs from I’ in a set of variables positions,
3Q C Pos(l') s.t. 1 =1'[Z]q for a set T of free variables. Then, there is a
set of rules I; — ri1,...,l, — 7, € R such that {; = and r,, = quote.
Moreover, when these rules are applied sequentially to term posa(t), they
produce a term ¢’ which differs from ¢ in a set of symbols {f*, ..., f4'} for
a position ¢’ € Pos(t) such that ¢’ = t[f*, ..., fq,}{A’m)q/}. Note that since
erase(t) is not a redex w.r.t. R, the sequence of rules l; — ry,..., 0, — r,
will not be able to evaluate t to r, at it will stop at some intermediate
step, which is just the expression t’ with symbols f*?.

Note that since ODg(t) = &, there must be a constructor clash between
t and each lhs in R or a positive or empty position is demanded. Then,
since the pattern matching is sequentially performed by the rules I —
1, ... ln — 1 € R some evaluations could be started w.r.t. R™ which
would not be performed in the original program R. However, since R is
-terminating, by Theorem 1, the term ¢’ (with symbols f) can be safely
produced. Hence, condition (4) is fulfilled.

6. Let t = fr,j0:0,(t1,...,tx), erase(t) is not a redex w.r.t. R, ODg(t) =
{p'}, s = mark(t,p’) and ¢ = p'.
First, since Risa CSand f € D, f & Ff and posa(t) = t|,». Again, there

is a set of rules l; — 71,...,l, — 7, € R such that [; = [[Z]¢ for a set of
positions @Q and [,, differs from [ in a set of symbols { f*, ..., fp/l} for a po-
sition p” € Pos(l) s.t. p’ia = p for ¢+ € N and

I, = o [F, . .,f””}{A7___,p//} for another set of positions @’. That is,
these rules are auxiliary rules introduced to stepwise the pattern matching
process until position p’ (which is the demanded position) is reached and
its evaluation started. Hence, condition (3) is fulfilled.

O

We denote by pos(t) the extension of posy(t) to include symbols froor w.I.t.
all positive positions in ¢, i.e. root(pos(t)|p) = frootrs|ry, if p € Posp(t) N
Posf%(t), where t|, = fr,|,, L1 = Lion(y,...), and Ly = Laj,ny,, . ,y; and
root(pos(t)|,) = fr;L, otherwise, where t[, = fr,|1,, L} = Lij,u(s), and
Ly = Laj,n¢y). The following lemma ensures that normalization from a term
quote(t) is equivalent to from a term pos(t).

Lemma 1 Let R = (F,R) be a TRS and ¢ be a standard strategy map. Let
RY = (FUR™) and " Let t,s € T(]—"Him,é’fim). Then,

(quote(t), A> i>;H,Rﬂﬂ <p08(t), A>‘

Proof Straightforward because pos and quote, modify the same symbols in
Posp(t) N Posgg (t) and, since ¢ is a standard strategy map, positive indices
are always reduced before the root symbol. m|
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In the following theorem we prove completeness of the transformation, i.e.
that the transformation preserves normal forms (while they can include extra
symbols at some inner positions).

Definition 5 (Maximal constructor context) Let R = (F,R) = (C¥D, R)
be a TRS and ¢ be an E-strategy map. The maximal constructor context C| |
of a termt € T(ff,,)(é) is defined as: Ci[ ] = O if root(erase(t)) ¢ C; Ci[] =
c(Cyy[]s---,Ce [ ]) if root(erase(t)) = c € C.

Theorem 4 Let R = (F,R) = (C W D,R) be a CS and ¢ be a
standard E-strategy map such that R 18 p-terminating.
Let RY = (FLRT) and " For all t,s € T(fji,Xg), if
(t,A) —%,772 (s,A), then (pos(t),A) i{pm,RM (s',A) where Cs = Cy and

Vp € minimal<(Poszu_x(s)), s'|p is a > -normal form.

Proof (Sketch) By induction on the length of the sequence
(t,A) Liﬁﬁ (s,A) and considering Proposition 1 and Lemma 1. O

Theorem 2 Let R = (F,R) = (CWD,R) be a CS and ¢ be a standard E-
strategy map such that R is o-terminating. Let R™ = (F%, R™) and ¢™. For

allt e T(F,X) and s € T(C, X), if s € evalix(t), then s € eval%ﬂr(quote(t)),
Proof By Theorem 4 and Lemma 1. O

On the other hand, to prove correctness, we provide a translation of the
labeling of terms in T(inHH,Xf;M) back to the labeling of 7(F%, X%). Given

two strategy lists L, L’ € L, we denote by L;zs the maximal sublist L” such
that LC L"” and L C L'.

Definition 6 Let ¢ be a strategy map over signature F. Let o be a strategy
map over signature F'\. Let t € T(]—“Him Xiﬂ). We define the translation of t
into terms T(]—'ﬁ,, Xg) as rem(t) = s where Pos(s) = Pos(t) and Vg € Pos(t),

friy iftlg = friiL.;
where Ly = Luyo(s), Ly = Late(s),
and Ly + +Ls C o(f)
fL'1|L/2 ift|q = frootLl\LQ;
where Ly = Lity(s), Ly = Lagg(s),
and L1 + +La T o(f)
fryny if tle = frin, ny
; (_i)Tw(f) Zf (-1) C gO(f)
where Ly = {(imm if (O T o(f)
LIQ = LQTW(J‘)’ and L1 + +L2 E (p(f)

root(s|q)
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Proposition 2 Let R = (F,R) = (CWD,R) be a CS and ¢ be a standard E-
strategy map. Let R™ = (F™, R™) and ™. For allt,s € T(fmi,uu, Xim) without

symbols quote, and ¢q €  Posa(s), if (t,A) $¢>MRM (s,q), then

(rem(t), A) L:’R (rem(s), q).

Proof Straightforward since cases of —» for positive strategy annotations are
only considered. O

Theorem 5 Let R = (F,R) = (CWD,R) be a CS and ¢ be a standard E-
strateqy  map. Let RI = (FR™Y  and ™. For all

t,s € T(}'Him,Xim) without symbols quote, and q € Posa(s), if
(quote(t), A) i)!w“ i (8, A), then (rem(t), A) —ﬁ>!%R (s',q) where Cs = Cy and

Vp € minimal<(Poszi_x(s)), 8|, is a = -normal form.

Proof Similar to Theorem 4 but using Proposition 2 and without any condition
on termination. O

Theorem 3 Let R = (F,R) = (CWD,R) be a CS and ¢ be a standard
E-strategy map. Let R™ = (FU R™) and o™. For allt € T(F,X) and s €

T(C,X), ifs€ evalggu(quote(t)), then s € evali (t).

Proof By Theorem 5 and Lemma 1. ]

B Benchmarks code

B.1 Program pi

This program codifies the well-known infinite series expansion to approximate
1 1 1 S
the 7 number: —Z =1 —T—I—T—?—l—- --. To make the program terminating
and complete, the strategy for symbol cons must include annotation -2. The
rest of strategy annotations are positive since termination of the whole program
can be proved. Note that the auxiliary functions plus, times and square for
natural numbers are also included.
obj PI is
sorts Nat LNat Recip LRecip .
op O : -> Nat .

op s : Nat -> Nat [strat (1)]
op posrecip : Nat -> Recip [strat (1)]
op negrecip : Nat -> Recip [strat (1)]
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (1 -2)]

30



op rnil : -> LRecip .

op rcons : Recip LRecip -> LRecip [strat (1 2)]
op from : Nat -> LNat [strat (1 0)]
op seriespos : Nat LNat -> LRecip [strat (1 2 0)]
op seriesneg : Nat LNat -> LRecip [strat (1 2 0)]

op pi : Nat -> LRecip [strat (1 0)]
op plus : Nat Nat -> Nat [strat (1 2 0)]
op times : Nat Nat -> Nat [strat (1 2 0)]
op square : Nat -> Nat [strat (1 0)]

vars N X Y : Nat . var Z : LNat .
eq from(X) = cons(X,from(s(X)))
eq seriespos(0,Z) = rnil .
eq seriespos(s(N),cons(X,cons(Y,Z)))
= rcons(posrecip(Y),seriesneg(N,Z))
eq seriesneg(0,Z) = rnil .
eq seriesneg(s(N),cons(X,cons(Y,Z)))
= rcons(negrecip(Y) ,seriespos(N,Z))
eq pi(X) = seriespos(X,from(0))
eq plus(0,Y) =Y .
eq plus(s(X),Y) = s(plus(X,Y))
eq times(0,Y) =0 .
eq times(s(X),Y) = plus(Y,times(X,Y))
eq square(X) = times(X,X)

endo

B.2 Transformed program pi_noneg

The application of the program transformation for removing negative annota-
tions presented in this paper to the program pi produces the following program
(this is obtained automatically in our implementation). Note that annotation
(0) for symbol cons is necessary due to problems in Maude for representing and
interpreting an empty strategy.
obj PINoNeg is
sorts Nat LNat Recip LRecip .
op O : -> Nat .

op s : Nat -> Nat [strat (1)]
op posrecip : Nat -> Recip [strat (1)]
op negrecip : Nat -> Recip [strat (1)]
op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (0)]
op cons-+2 : Nat LNat -> LNat [strat (2)] .
op cons-root : Nat LNat -> LNat [strat (1 0)]
op rnil : -> LRecip .

op rcons : Recip LRecip -> LRecip [strat (1 2)]
op from : Nat -> LNat [strat (1 0)]

op seriespos : Nat LNat -> LRecip [strat (1 2 0)]
op seriespos-+2 : Nat LNat -> LRecip [strat (2 0)]
op seriesneg : Nat LNat -> LRecip [strat (1 2 0)]
op seriesneg-+2 : Nat LNat -> LRecip [strat (2 0)]

op pi : Nat -> LRecip [strat (1 0)]
ops quote ondemand : Nat -> Nat [strat (0)]
ops quote ondemand : LNat -> LNat [strat (0)]
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ops quote ondemand : Recip -> Recip [strat (0)]
ops quote ondemand : LRecip -> LRecip [strat (0)]

op
op
op

plus : Nat Nat -> Nat [strat (1 2 0)]
times : Nat Nat -> Nat [strat (1 2 0)]
square : Nat -> Nat [strat (1 0)]

vars N X Y : Nat . var Z : LNat .
var R W : Recip . var L V : LRecip .

eq
eq
eq
€q
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq
eq

from(X) = quote(cons(X,from(s(X))))
seriespos(0,Z) = quote(rnil)
seriespos(s(N),cons(X,Z))
seriespos-+2(s(N),cons-+2(X,ondemand(Z)))
seriespos-+2(s(N),cons-+2(X,cons(Y,Z)))
quote (rcons (posrecip(Y),seriesneg(N,Z)))
seriesneg(0,Z) = quote(rnil)
seriesneg(s(N),cons(X,Z))

seriesneg-+2(s(N) ,cons-+2(X,ondemand(Z)))
seriesneg-+2(s(N),cons-+2(X,cons(Y,Z)))
quote (rcons(negrecip(Y),seriespos(N,Z)))
pi(X) = quote(seriespos(X,from(0)))
plus(0,Y) = quote(Y)

plus(s(X),Y) = quote(s(plus(X,Y)))
times(0,Y) = quote(0)

times(s(X),Y) = quote(plus(Y,times(X,Y)))
square(X) = quote(times(X,X))

quote(0) = 0 .

quote(s(N)) = s(quote(N))

quote(nil) = nil .

quote(cons(X,Z)) = cons-root(quote(X),Z)
quote (from(X)) = from(quote (X))

quote (posrecip(X)) = posrecip(quote(X))
quote(negrecip(X)) = negrecip(quote(X))
quote(rnil) = rnil .

quote(rcons(W,V)) = rcons(quote(W),quote(V))
quote(seriespos(X,Z)) = seriespos(quote(X),quote(Z))
quote(seriesneg(X,Z)) = seriesneg(quote(X),quote(Z))
quote(pi(X)) = pi(quote(X))

quote (plus(X,Y)) = plus(quote(X),quote(Y))
quote(times(X,Y)) = times(quote(X),quote(Y))
quote(square(X)) = square(quote(X))
cons-root(X,Z) = cons(X,Z)
quote(seriespos-+2(X,Z)) = seriespos-+2(X,Z)
quote(cons-+2(X,Z)) = cons-+2(X,Z)
quote(seriesneg-+2(X,Z)) = seriesneg-+2(X,Z)
ondemand(0) = 0 .

ondemand (s (N)) = s(N)

ondemand (nil) = nil .

ondemand(cons(X,Z)) = cons(X,Z)

ondemand (from(X)) = from(quote(X))

ondemand (posrecip(X)) = posrecip(X)

ondemand (negrecip (X)) = negrecip(X)
ondemand(rnil) = rnil .

ondemand (rcons(W,V)) = rcons(W,V)

ondemand (seriespos(X,Z)) = seriespos(quote(X),quote(Z))
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eq
eq
eq
eq
€q
eq
€q
eq
endo

B.3

ondemand (seriesneg(X,Z)) = seriesneg(quote(X),quote(Z))
ondemand (pi(X)) = pi(quote(X))

ondemand (plus(X,Y)) = plus(quote(X),quote(Y))
ondemand(times(X,Y)) = times(quote(X),quote(Y))
ondemand (square (X)) = square(quote(X))

ondemand (seriespos-+2(X,Z)) = seriespos-+2(X,Z)
ondemand (cons-+2(X,Z)) = cons-+2(X,Z)

ondemand (seriesneg-+2(X,Z)) = seriesneg-+2(X,Z)

Program msquare_eager

This program uses functions minus, square, times, and plus over natural num-
bers; they are common to several examples included in this Appendix. The key
point of this program is that it is terminating using only positive annotations
and including the indices of all symbols.

obj MINUS-SQUARE is

sort Nat .

op O : -> Nat .

op s : Nat -> Nat [strat (1)1 .
op plus : Nat Nat -> Nat [strat (1 2 0)]
op times : Nat Nat -> Nat [strat (1 2 0)]
op square : Nat -> Nat [strat (1 0)]

op

minus : Nat Nat -> Nat [strat (1 2 0)]

vars M N : Nat .

eq
eq
eq
€q
eq
€q
eq
€q
endo

B.4

plus(O,N) = N .

plus(s(M),N) = s(plus(M,N))
times(O,N) = 0 .

times(s(M),N) = plus(N,times(M,N))
square(N) = times(N,N)

minus(O,N) = 0 .

minus(s(M),0) = s(M)
minus(s(M),s(N)) = minus(M,N)

Program msquare_apt

This program is identical to msquare_eager but only the annotations which are
necessary to make the program complete are included, i.e. we use only canonical
positive strategies.

obj MINUS-SQUARE is

sort Nat .

op O : -> Nat .

op s : Nat -> Nat [strat (1)]
op plus : Nat Nat -> Nat [strat (1 0)]
op times : Nat Nat -> Nat [strat (1 0)]
op square : Nat -> Nat [strat (0)]

op

minus : Nat Nat -> Nat [strat (1 2 0)]

vars M N : Nat .

eq

plus(0,N) = N .
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eq
eq
eq
eq
€q
eq
€q
endo

B.5

plus(s(M) ,N) = s(plus(M,N))
times(O,N) = 0 .

times(s(M),N) = plus(N,times(M,N))
square(N) = times(N,N)

minus(0,N) = 0 .

minus(s(M),0) = s(M)
minus(s(M),s(N)) = minus(M,N)

Program msquare_neg

This program is identical to msquare_apt but negative annotations are included,
i.e. we consider canonical arbitrary strategies.
obj MINUS-SQUARE is

sort Nat .

op O : -> Nat .

op s : Nat -> Nat [strat (1)] .
op plus : Nat Nat -> Nat [strat (1 0)]

op
op
op

times : Nat Nat -> Nat [strat (1 0)]
square : Nat -> Nat [strat (0)]
minus : Nat Nat -> Nat [strat (1 -2 0)]

vars M N : Nat .

eq
eq
eq
eq
eq
eq
€q
eq
endo

B.6

plus(0,N) = N .

plus(s(M),N) = s(plus(M,N))
times(O,N) = 0 .

times(s(M),N) = plus(N,times(M,N))
square(N) = times(N,N)

minus(O,N) = 0 .

minus(s(M),0) = s(M)
minus(s(M),s(N)) = minus(M,N)

Transformed program msquare neg noneg

The application of the program transformation for removing negative annota-
tions presented in this paper to the program msquare neg produces the following
program. Note that annotation O in strategy for symbol s is necessary due to
problems in Maude for representing and interpreting an empty strategy.

obj MINUS-SQUARE is

sort Nat .

op 0 : -> Nat .

op s : Nat -> Nat [strat (0)] .
op s-root : Nat -> Nat [strat (1 0)]
op plus : Nat Nat -> Nat [strat (1 0)]
op times : Nat Nat -> Nat [strat (1 0)]
op square : Nat -> Nat [strat (0)] .
op minus : Nat Nat -> Nat [strat (1 0)]
op minus-+2 : Nat Nat -> Nat [strat (2 0)]

ops quote ondemand : Nat -> Nat [strat (0)]
vars X Y : Nat .
eq plus(0,Y) = quote(Y)
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eq plus(s(X),Y) = quote(s(plus(X,Y)))

eq times(0,Y) = quote(0)

eq times(s(X),Y) = quote(plus(Y,times(X,Y)))

eq square(Y) = quote(times(Y,Y))

eq minus(0,Y) = quote(0)

eq minus(s(X),Y) = minus-+2(s(X),ondemand(Y))

eq minus-+2(s(X),0) = quote(s(X))

eq minus(s(X),Y) = minus-+2(s(X),ondemand(Y))

eq minus-+2(s(X),s(Y)) = quote(minus(X,Y))

eq quote(0) = 0 .

eq quote(s(X)) = s-root(quote(X))

eq quote(plus(X,Y)) = plus(quote(X),Y)

eq quote(times(X,Y)) = times(quote(X),Y)

eq quote(square(X)) = square(X)

eq quote(minus(X,Y)) = minus(quote(X),Y)

eq s-root(X) = s(X)

eq quote(minus-+2(X,Y)) = minus-+2(X,Y)

eq ondemand(0) = 0 .

eq ondemand(s(X)) = s(X)

eq ondemand (plus(X,Y)) = plus(quote(X),Y)

eq ondemand(times(X,Y)) = times(quote(X),Y)

eq ondemand(square(X)) = square(X)

eq ondemand(minus(X,Y)) = minus(quote(X),Y)

eq ondemand (minus-+2(X,Y)) = minus-+2(X,Y)
endo

C Termination Proof of program pi

Consider the program of Section B.1. After applying the transformation in-
cluded in [2] for proving termination, we obtain the following program:
obj PItr is
sorts Nat LNat Recip LRecip .
op 0 : -> Nat .

op s : Nat -> Nat [strat (1)]

op posrecip : Nat -> Recip [strat (1)]

op negrecip : Nat -> Recip [strat (1)]

op nil : -> LNat .

op cons : Nat LNat -> LNat [strat (1)]

op cons2 : Nat LNat -> LNat [strat (2)]

op rnil : -> LRecip .

op rcons : Recip LRecip -> LRecip [strat (1 2)]
op from : Nat -> LNat [strat (1 0)]
op seriespos : Nat LNat -> LRecip [strat (1 2 0)]
op seriesneg : Nat LNat -> LRecip [strat (1 2 0)]
op pi : Nat -> LRecip [strat (1 0)]
op plus : Nat Nat -> Nat [strat (1 2 0)]
op times : Nat Nat -> Nat [strat (1 2 0)]
op square : Nat -> Nat [strat (1 0)]

vars N X Y : Nat . var Z : LNat .
eq from(X) = cons(X,from(s(X)))
eq seriespos(0,Z) = rnil .
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eq seriespos(s(N),cons(X,Z)) = seriespos(s(N),cons2(X,Z))
eq seriespos(s(N),cons2(X,cons(Y,Z)))
= rcons(posrecip(Y),seriesneg(N,Z))
eq seriesneg(0,Z) = rnil .
eq seriesneg(s(N),cons(X,Z)) = seriesneg(s(N),cons2(X,Z))
eq seriesneg(s(N),cons2(X,cons(Y,Z)))
= rcons(negrecip(Y) ,seriespos(N,Z))
eq pi(X) = seriespos(X,from(0))
eq plus(0,Y) =Y .
eq plus(s(X),Y) = s(plus(X,Y))
eq times(0,Y) = 0 .
eq times(s(X),Y) = plus(Y,times(X,Y))
eq square(X) = times(X,X)
endo

Following [17], in order to prove termination of PItr (which only contains posi-
tive annotations), we can use the techniques for proving termination of context-
sensitive rewriting (see [19] for a survey of these techniques). The application
of Zantema’s transformation ([25]) to remove positive annotations, yields the
following TRS (in a generic syntax not bound to OBJ programs):
from(X) — cons(X,n__from(s(X)))
seriespos(0,Z) — rnil
seriespos(s(N),cons(X,Z))
— seriespos(s(N),cons2(X,activate(Z)))
seriespos(s(N),cons2(X,cons(Y,Z)))
— rcons(posrecip(Y),seriesneg(N,activate(Z)))
seriesneg(0,Z) — rnil
seriesneg(s(N),cons(X,Z))
— seriesneg(s(N),cons2(X,activate(Z)))
seriesneg(s(N),cons2(X,cons(Y,Z)))
— rcons(negrecip(Y),seriespos(N,activate(Z)))
pi(X) — seriespos(X,from(0))
plus(0,Y) — Y
plus(s(X),Y) — s(plus(X,Y))
times(0,Y) — O
times(s(X),Y) — plus(Y,times(X,Y))
square(X) — times(X,X)
from(X) — n__from(X)
activate(n_from(X)) — from(X)
activate(X) — X

Termination of this program can be proved with the CIME 2.0 system (avail-
able at http://cime.lri.fr/) by using dependency graphs and simple-mized
interpretations:

CiME> termination R;

Entering the termination expert. Verbose level = 0O
checking each of the 3 strongly connected components :
checking component 1 (disjunction of 1 constraints)
[rnil] = 0;

[0] = 0;

[activate] (X0) = XO;

[n__from] (X0) = 0;
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[square] (X0) = X02;
[pi] (X0) = 0;
[negrecip] (X0) = 0;
[posrecip] (X0) = 0;
[s]1(X0) = X0 + 1;
[from] (X0) = 0;

[times] (X0,X1) = X1%XO0;
[plus] (X0,X1) = X1 + XO;
[seriesneg] (X0,X1) = 0;
[rcons] (X0,X1) = 0;
[cons2] (X0,X1) = 0;
[seriespos] (X0,X1) = 0;
[cons] (X0,X1) = 0;
[’plus‘] (X0,X1) = XO0;

checking component 2 (disjunction of 1 constraints)
[rnil] = 0;

[0] = 0;

[activate] (X0) = XO;
[n__from] (X0) = 0;
[square] (X0) = X02;

[pil (X0) = 0;
[negrecip] (X0) = 0;
[posrecip] (X0) = 0;
[s]1(X0) = X0 + 1;

[from] (X0) = 0;

[times] (X0,X1) = X1*XO0;
[plus] (X0,X1) = X1 + XO;
[seriesneg] (X0,X1) = 0;
[rcons] (X0,X1) = 0;
[cons2] (X0,X1) = 0;
[seriespos] (X0,X1) = 0;
[cons] (X0,X1) = 0;
[’times‘] (X0,X1) = XO;

checking component 3 (disjunction of 2 constraints)
[rnil] = 0;

[0] = 0;

[activate] (X0) = XO;

[n__from] (X0) = 0;

[square] (X0) = X02;

[pil(X0) = 0;
[negrecip] (X0)
[posrecip] (X0)
[s]1(X0) = X0 + 1;

[from] (X0) = 0;

[times] (X0,X1) = X1*XO0;
[plus] (X0,X1) = X1 + XO0;
[seriesneg] (X0,X1) = 0;
[rcons] (X0,X1) = 0;

0;
0;
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[cons2] (X0,X1) = 0;
[seriespos] (X0,X1) = 0;
[cons] (X0,X1) = 0;

[’seriesneg‘] (X0,X1)
[’seriespos‘] (X0,X1)

X0;
X0;

Termination proof found.

Execution time: 4.200000 sec

- : unit = ()
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