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Abstract. Matrix interpretations generalize linear polynomial interpre-
tations and have been proved useful in the implementation of tools for
automatically proving termination of Term Rewriting Systems. In view of
the successful use of rational coefficients in polynomial interpretations,
we have recently generalized traditional matrix interpretations (using
natural numbers in the matrix entries) to incorporate real numbers. How-
ever, existing results which formally prove that polynomials over the reals
are more powerful than polynomials over the naturals for proving termi-
nation of rewrite systems failed to be extended to matrix interpretations.
In this paper we get deeper into this problem. We show that, under some
conditions, it is possible to transform a matrix interpretation over the
rationals satisfying a set of symbolic constraints into a matrix interpre-
tation over the naturals (using bigger matrices) which still satisfies the
constraints.
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1 Introduction

Constraint solving is an essential technique for the implementation of automatic
verification systems. Many verification problems can be expressed as sets of
symbolic constraints which have to be tested for satisfaction or even solved to
give some explicit solution certifying their satisfaction. For instance, termina-
tion problems are often expressed as conjunctions of weak or strict symbolic
constraints like e = e’ or e > e’ between expressions e and e’ coming from (parts
of) the programs [6]. Automatic termination tools have to check these constraints
and eventually provide an appropriate certificate. A standard approach is using
algebraic interpretations which translate the symbolic constraints into some kind
of arithmetic constraints.

Ezample 1. Consider the following Term Rewriting System (TRS) R [1I2]:
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A proof of termination with dependency pairs can be easily obtained as follows
[B]: Consider the following rules (called dependency pairs) associated to R:

F(f(X)) = F(g(f(X))) 3)
F(f(X)) = F(X) (4)

The following polynomial intepretation with rational coefficients
[fl(z) = 2z +2 [g](z) = 32+ 3 [Fl(z) = =

can be used to prove termination of R by showing that [I] > [r] for the rules
@), @) (where [I] and [r] are the interpretations of terms [ and r which is obtained
by structural induction), and [u] > [v] for the dependency pairs (3], ).

A recent and fruitful approach is using matriz interpretations [10], where the
k-ary symbols f are given parametric matrix functions [f], e.g., Fiaxy + -+ +
Fray, + Fy, where the F}’s are (square) matrices of some fixed dimension n and
Fp is an n-tuple. The variables x1,...,x; are intended to range on n-tuples as
well. In [10], only natural numbers are used both in matrices and n-tuples.

Ezxample 2. The following matrix interpretation over the naturals

[fl(z) = (H)HG) l9)(2) = (8(1))93 [Fl(w) = ((1)1):”

can also be used for proving termination of R in Example[Il Both interpretations
have been automatically obtained by using MU-TERM [13].

In [I2], Endrullis et al.’s framework was extended to matrices containing real
numbers in the entries. The adaptation was motivated by a number of recent
theoretical works and experimental evaluations showing that polynomial inter-
pretations over the rationals can be advantageously used instead of polynomial
interpretations over the naturals [B[TTJT4]. In [I1], syntactic conditions ensuring
that, when dealing with linear polynomial interpretations, real coefficients must
be used for addressing the corresponding termination problem, were given for
the first time. The extension of these results to matrix interpretations over the
reals failed [112].

Thus, the following question arises: Are rational numbers somehow unnec-
essary when dealing with matrix interpretations? By examining the proofs of
termination contributed to the International Competition on Terminatior[] by
tools like Jambox [9], which makes extensive use of matrix interpretations over
the naturals, and comparing them to the corresponding ones generated by tools
like MU-TERM, which emphasizes the use of polynomials over the rationals [I5],
one may notice that, in many cases, proofs of termination with polynomials over
the rationals somehow correspond to proofs using matrix intepretations whose
matrices have specific shapes. Examples [Iland Blillustrate this connection, which
we substantiate in this paper: the bigger are the values of the (possibly rational)
coefficients in the polynomial interpretation the more non-null entries are in the

! Seehttp://termcomp.uibk.ac.at/termcomp/
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corresponding matrix coefficients. In this paper we investigate this phenomenon.
In Section 2 we develop a notion of numeric matriz representation which permits
a representation of a natural number as a matrix of (smaller) natural numbers.
This representation preserves the usual arithmetics of natural numbers (addi-
tion and product). Therefore, we can think of such matrices as having a value;
the value of the number from which they were obtained. Then, in Section [3] we
show how to extend this process to transform a matrix of natural numbers into
a (bigger) matrix of (smaller) natural numbers. As a consequence, we prove that
every matrix of natural numbers can be represented as a bit matrix with entries
in {0,1} which still preserves its ‘value’ and arithmetic behavior. In Section [
we address the problem of representing arbitrary rational numbers as matrices
of integer numbers. We argue that this is possible only for finite subsets of ratio-
nal numbers. We investigate the use of nilpotent matrices (i.e., square matrices
which become null after a finite number of selfproducts) as suitable devices for
achieving this. In Section B, we introduce a new generalization of matrix inter-
pretations, which we call block-based matrix interpretations. Essentially, we view
a matrix as structured into blocks of (sums of) constant or scalar matrices. In
Section [6] we investigate how the satisfaction of different kind of constraints
is preserved under the matrix transformations investigated in the previous sec-
tions. As a consequence of our results, we prove that TRSs which can be proved
terminating by using matrix interpretations over the naturals can also be proved
terminating by using a matrix interpretation based on bit matrices. Furthermore,
we show that, under some conditions, proofs of termination which are carried out
by polynomial or matrix intepretations over the rationals can also be obtained
by using matrix interpretations over the naturals (like in Example [2)). Section [l
summarizes our contribution and concludes.

2 Numbers as Matrices

In the following, we use the standard notations and terminology for matrices
[12/17/18]. Given p,q € N5 and a set of numbers N (usually R, Q, or N), we
write A € NP*? to say that A is a matrix of p rows and ¢ columns with entries
A;; € N (a p x g-matrix for short). If p = ¢, then A is a square matrix.

We investigate the representation of (rational) numbers as matrices of integer
numbers satisfying some structural properties. Of course, we want to ensure that
the representation preserves (part of) the algebraic structure of the considered
numeric domain, in such a way that, for instance, the arithmetic operations and
orderings among numbers (of the considered kind) can be implemented by using
matrix operations and orderings.

We view a rational number as a product pi for an integer number p € Z
and a positive natural number ¢ € Nyq. First, we formalize a generic frame-
work for representing real numbers as matrices: mappings p : R — R™*™ and
p : R™*™ — R provide a representation of real numbers as matrices and vice
versa.

Definition 1 (Numeric matrix representation). Let N C R be a subset of
real numbers, p,q € Nsg, and M C RP*? be a subset of matrices. A numeric
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matrix representation s a pair (u, p) of mappings u: N — M (called a numeric
representation) and p: M — N (called a matrix valuation) such that po pu = id.

Let 1,%4 be the p x g-matrix all whose entries contain 1. A matrix C' = cl,y,
for some ¢ € R (i.e., whose entries are settled to c) is called a constant matrix.
The identity (square) matrix of size n is denoted I,,. A matrix S = cI,, for
some ¢ € R is called a scalar matrix. We consider the following numeric matrix
representation.

Definition 2. Let m,p,q € Nsg and A € RP*1. We let

1. p@Bx(x) = 221,44, i.e., each real number x is mapped to a constant p X g-

. ., P4 .
matriz with entries 2.

p q ..
2. pm(A) = w, i.e., each matriz A is mapped to the number which
is obtained by adding all entries in A and then dividing this number by m.

In the following, we prove some properties of p,, which are used below.

Proposition 1. Let m,p,q € Nsg and A,B € RP*?. Then, p,(A + B) =
Pm(A) + pm(B) and pm(ad) = apm(A) for all o € R.

Proposition 2. Let p,q,r € Nsg, A € RP*? agnd B € R?". If B (resp. A)
is scalar and ¢ < r (resp. ¢ < p), or B (resp. A) is a constant matriz, then

pp(AB) = py(A)py(B).
Propositions [1l and 2] entail the following.

Corollary 1. Let p,q,r € Nsg, A € RP*? agnd B € R?". If B (resp. A)
is an additive combination of scalar and constant matrices, then p,(AB) =

pp(A)Pq (B).

Corollary 2. Let n € Ny and A, B be n-square matrices. If B is an addi-
tive combination of scalar or constant matrices, then p,(AB) = pp(A)pn(B) =

pn(BA).

If we consider only n-square matrices for representations, then p! (x) = zI,
could also be used with p,, as a numeric matrix representation.

Remark 1 (Use of wvectors). Since vectors v can be seen as special matrices
v € R"¥! of n rows and a single column, the numeric matrix representation
in Definition [2] can also be used to represent real numbers as vectors. In partic-

(z) = x1, and p,(v) = —Z%l v

nxl1

ular, we get u;

3 Transforming Matrices of Numbers

We can extend any numeric representation g : R — RP*Y to a mapping pu :
R™>™ — R™PX"4 from m X n-matrices A into mp x ng-matrices u(A) by just
replacing the numeric entries A;; in A by the corresponding matrices p(A;;),
ie., u(A4) = (u(A”))i;"Jfln The new matrix can be viewed as a block matrix
whose blocks are p(A;;) for 1 <i<mand 1<j <n.
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Example 3. We can transform the matrix (g g) by using pPX? in Definition 2}

with m = p = ¢ = 3, we obtain:

1373 30 = u3*3(3) ugx:s(o) _ ([ 13x3 O3x3
3 03 pax3(0) ua*3(3) 03x3 13x3
The interesting feature of the matrix obtained in Example [l is that it is a bit

matrix whose entries are eitherl 0 or 1. Note that this is due to the use of ngg

which permits a representation of ‘3" as a constant matrix 1zx3 with 1’s only.
For the numeric matrix representation in Definition Bl we have the following.

Proposition 3. Letm,n,p,q,r,s € Nsg and A € R™*%. Then, ppmn (121 1(A)) =
pn(A).
Theorem 1. Let m,n,p,q,r,s,t,u € Nso. If A,B € R"™% then, pn(A) +

Pm(B) = prn (U1 (A)+ 15 9(B)) and pm(A) = apma(ph*4(A)) for all a € R.
If A€ R**" and B € R*™, then pp(AB) = ppn (b4 (A) pf*" (B)).

Propositions [[] and 2] entail the following.

Corollary 3. Let m,n,p,q,r,s € Nsg, A € R™™ agnd B € R™*5. If A
is an additive combination of scalar and constant matrices, then p,(AB) =

Prn (B (A) g™ (B)) = prmn (15 (A)) prn (L& (B))-

3.1 Representing Integer Numbers as Matrices

In the following, we use p2*? in Definition [2] as a basis for the following repre-
sentation mapping for integer numbers.

Definition 3 (Representing integer numbers as matrices). Let n € N be
such that n > 1 and p, be given as follows: for all x € Z,

L1 ,xn if n divides x
— n
() { xI,, otherwise

We also define v, (x) = x1,, to represent a number x as a n-dimensional vector.
Ezample 4. The matrix po(4) = <; ;) represents 4 according to Definition [Bl

Note that, for all n € N, (g, pn) (with p,, as in Definition[2]) is a numeric matrix
representation for integer numbers. We obtain the following:

Proposition 4 (Decrease of natural entries in matrices). Every matrix
A € NPX49 such that n = maz(A) > 1 can be represented as a matriz A" € N"P*"4
such that, for all m € Nsg, pm(A) = pmn(4’) and maz(A) > mazx(A’).

Obviously, Proposition Ml entails the following.

Corollary 4 (Natural matrices as bit matrices). Every matriz A € NP*4
can be represented as a bit matriz A’ € {0,1}"P*" for some n € Nsg and for
all m € N, p(A) = prun(A').

2 Matrices with entries in {0, 1} are called (0, 1)-matrices in [I8, Section 8.2].
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4 Representation of Rational Numbers Below 1

In this section, we investigate matrix representations (over the naturals) which

can be used to deal with rational numbers % for some ¢ € Nyg. A g-square

matrix A1 which is almost null except for a single entry of value 1 can be
q

used to represent % because pg(AL) = %. By Corollary [, for A, = pI, we get
q
pq(ApAL) = pq(ALAp) = pe(Ap)pg(AL) = E. Therefore, we can represent a
q q q
rational number § as a g-square matrix with a single entry of value p. However,

we have to change the size of the matrix if a different number % with g # ¢ is
considered.

Remark 2. Note that there is no generic representation of all rational numbers by
using matrices over the naturals of a given dimension which is able to represent
their values and appropriate comparisons among them. Such a representation
should be able to represent a decreasing sequence 1 > % > % > > % > .- by
means of matrices A1 € NP*? for all n € N satisfying pm(A%) > pm(A#l)
for all n € Nyq. Equivalently, we should have mpm(A%) > mpm(A#l) for all
n € Nsg. Since mpm(A%),mpm(A#l) € N, this would imply the existence of
an infinite decreasing sequence of natural numbers, which is not possible.

Furthermore, the product of rational numbers g and %/ represented as the g¢-

square matrices indicated above is not preserved by the matrix product. Thus,
in the following, we look for better representations.

4.1 Use of Nilpotent Matrices

Nilpotent matrices are n-square matrices B satisfying B¥ = 0,4, for some
positive integer k € N5 [I8], Section 4.1] (which is called the degree of nilpotency
[12, page 12] or the index of nilpotency of B [I7, page 396]). The degree of
nilpotency k of a n-square matrix A is bounded by n: k < n [I7, Exercise 7.7.1].
Given n, the following n-square matrix (called a Jordan block [I'1, Page 579]):

0 1

1
0

(i.e., there are n — 1 ones in the superdiagonal of .J,, and all other entries in J,
are zeroes) is nilpotent of degree n, i.e., J7 = Opxn.

Write J, = [0,21,...,Z,—1], where Z; is an almost null vector containing
a single 1 in the i-th entry. For instance, Z; = (1,0,...,0)”. Then, it is not
difficult to see that JZ is obtained by introducing p — 1 columns of zeros from
the left side of the matrix and shifting columns Z; to the right just throwing
those which exceed the n-th position, i.e, JE =1[0,...,0,Z1,..., Zn_p].

Remark 3. J, Is also known as a shift matrix because, for an arbitrary matrix
A, J,A is obtained by shifting the rows of A upwards by one position and
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introducing a new bottom row of zeroes. Similarly A.J, shifts the columns of A
to the right and introduces a new leftmost column of zeroes.

Note that, for all p € N,

n—p

ot ={

ifp<n
ifp>n

The following result is obvious.

Proposition 5. Letm,n € Nyg and0 < p < q < n. Then, py,(JP) = pm((JT)P)
> o ((JD)) = p(J9). For all A € R™ ", p(JPA) > pn(J2A). For all
A e R™™ p,(AJE) > pp(AJT).

In general it is not true that p,,(JPA) = ppy(AJP) for square matrices A. Due
to Proposition [l and Corollary [0 for additive combinations A of constant and
scalar matrices we have the following:

Corollary 5. Letm,n € Nyg and0 <p < q<n.IfAeR"™" (resp. A € R"*")
is an additive combination of constant and scalar matrices, then pm(JEA) =
pr(JR)om(A) > pm(J7)pm(A) = pm(J1A) (resp. pm(ATR) = pm(A)pm(J7) >
pm(A)pm(Jg) = pm(AJg))

Thus, the following property of rational numbers r = % for some n € Nyg is
simulated by the representation of integer numbers as (additive combinations
of) constant or scalar matrices, and rational numbers % as powers of Jordan
blocks: for all n € N and positive rational number r, 0 < r < 1, we have

n>nr>nre>.--.

Example 5. We can use Jy to represent %: p2(J2) = % However, JZ, which is
expected to correspond to 1 does not fit this expectation: pa(J3) = p2(02) = 0.

Theorem 2. If Ay, .-, An are n-square matrices such that, for all i, 1 <i <
N, either

1. A; is scalar or constant, or
2. A; = JPi for some p; € N and then both A;—1 (ifi > 1) and A;41 (if i < N)
are constant matrices,

then pn(Hﬁil Ai) = sz\il pn(Ai).

As remarked above, it is not possible to use matrices of natural numbers of a
fixed size n to represent all fractions % for ¢ € N5g. Instead, we will consider
the problem of representing finite subsets Q C {% | ¢ € Nso} by using n-square
(nilpotent) matrices in such a way that the following property is fulfilled by the
representation (p, p): for all z,y € Q such that zy € Q, p(u(x)u(y)) = zy =
plu(x))p(u(y)), ie., the number p(u(x)u(y)) which corresponds to the matrix
product pu(z)u(y) of matrices p(x) and u(y) representing x € Q and y € Q is
exactly zy € Q. In Section [6] we discuss how to take benefit from this.

The dimension n of the matrices involved in the representation of Q is de-
termined by the least element in Q. For instance, we can fix n such that % is
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the least number in Q. Then, an obvious representative for % is J,’f_l because
pn(J271) = L (see Example [). However, the feasibility of this simple approach
depends on the other values in Q.

Ezample 6. Let Q = {3, 1}. If we fix J} to be the representation of 1, then the
representatlon of 3 should be JZ (because ps(J3) = 3). However, p4((J4) ) is
not 1 as one could expect; instead, p4((JF)?) = 0. The following block matrices
of sme 4 whose blocks are combinations of (transposed) Jordan blocks can be
used to represent Q as required:

0 = Jo  JE Q. = 0252 JoJT
2 02x2 022 1 0252 O2x2
Note that ps(Qy1) = +1+ = 3, pa(Q1) = 5 = §, and Q,Q; = Q1.
Example 7. Let Q = {%, i, %} The following matrices of size 8:
Ql — J4 Jf Ql — JZ O4><4 Ql — <]43 O4><4
2 04><4 04><4 4 04><4 04><4 8 04><4 04><4

can be used to represent Q. Note that ps(Q1) = = 1 ps(Q1) = 2o —

ps(Q1) = 5 M= L Q1Q1 =Q1 and Q1Q: *Q QL =Qy, as requlred

=

Ezample 8. Let Q = {1, 1, £}. The following (block) matrices of size 6 can be
used to represent Q:

Qs < Js (J§)T> 2, < J2 Jg(Jg)T> 2 - <03X3 Jg(Jg)T)

033 O3x3 03x3 O3x3 03x3 Osx3

Note that pe(Q1) = 3+ = 3, pe(Q1) = Bl = 1 and pe(Q1) = &L = 1.

6

Again, it is not difficult to see that Q Q1 = Q Q = Qé Note, however, that

if we add 1 to Q, then we could not use these matrlces for representlng . In
partlcular 1=0Q1, e , p6(Q3) # 1 as should be the case.
2 2

5 Matrix Interpretations Revisited

As remarked above, termination problems in term rewriting are usually trans-
lated into conjunctions of weak or strict symbolic constraints like s =t or s =t
between terms s and ¢ coming from (parts of) the TRS. In order to check the
satisfaction of these constraints, we need to use term (quasi-)orderings. Such
term orderings can be obtained by giving appropriate interpretations to the
function symbols of a signature. Given a signature F, an F-algebra is a pair
A = (A, Fa), where A is a set and Fa is a set of mappings f4 : A¥ — A for
each f € F where k = ar(f). For a given valuation mapping « : X — A, the
evaluation mapping [a] : 7(F,X) — A is inductively defined by [a](z) = a(x)
if x € X and [o)(f(t1,...,tk)) = fal[a](t1),...,[a](tg)) for x € X, f € F,
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t1,...,tx € T(F,X). Given a term ¢ with Var(t) = {z1,...,2,}, we write [{]
to denote the function Fy : A — A given by Fy(ai,...,an) = [(a,,....an)](t)
for each tuple (a1,...,a,) € A", where g, .. a,)(2i) = a; for 1 < i < n. We
can define a stable quasi-ordering > on terms given by t > s if and only if
[a](t) =a [a](s), for all & : X — A, where =4 is a quasi-ordering on A. We can
define a stable strict ordering 1 on terms by ¢ O s if [o](t) >a [o](s), for all
a: X — A, where >, is a strict ordering on A.

A matrix interpretation for a k-ary symbol f is a linear expression Fizi +
-+« + Fpxp + Fo where the Fy,..., Fj are (square) matrices of n X n natural
numbers and the variables x1,...,x; (and also the constant term Fy) are n-
tuples of natural numbers [10]. An expression like F'x, where F' is an n-square
matrix and « is an n-tuple of numbers, is interpreted as the usual matrix-vector
product, i.e., the i-th component y; of y = Fx is y; = Z?:l Fijx;. Matrices
and vectors are compared by using an entrywise ordering: for A, B € RP*9 we
write A > B if A;; > By; forall1 <i <p, 1< j<gq [I2, Chapter 15]. We also
write A > B if A > B and Ay; > By [10]. Note that this also describes how to
compare tuples of numbers. In [II2], Endrullis et al.’s approach was extended to
matrix interpretations with real numbers in matrix entries.

Here, we generalize the notion of matrix interpretation in the following
ways:

1. We consider a domain T}, ,(N) of block-based tuples over N, i.e., n-tuples
consisting of 3 = ¥ tuples of size b € N> which are constant tuples c1, for
some number ¢ € N. If we take b =1 and N = N or N = Ry, then we are
in the original approaches [10] and [1I2], respectively. Note, however, that
given n € N5, only divisors b of n can be used to establish blocks within
n-tuples of numbers.

2. Matrices F' in matrix expressions interpreting symbols f € F will be block

Fip -+ Fig
matrices such that F;; = Cj; + Si; is a sum of a b-square
Fgy--- Igg
constant matrix C;; = ¢;;1pxp, where ¢;; € N, and a b-square scalar matrix
Sij = 8;jIy, where s;; € N, for all 1 < 4,5 < B. This is necessary for
soundness of the obtained algebraic interpretation: the product of one of
such matrices by a block-based tuple as above produces a block-based tuple
as above, i.e., Fv € T}, ,(N) for all v € T,, (V). Furthermore, such matrices
are closed under addition and matrix product. This is essential to obtain
matrices of this kind during the interpretation of the terms, where nested
symbols yield products and sums of matrices after interpreting them. Again,
if b =1, we are in the usual case for matrix interpretations.

3. Given a matrix valuation p, and matrices A, B, we let A >, B if p(A) >n
p(B), where >y is an ordering over N. Given § > 0, the following ordering
over (real) numbers is used [I5]: z >s y if  —y > 0. If § = 1 and =,y are
natural numbers, we obtain the usual well-founded ordering among natural
numbers >y. Now, the following (strict and well-founded) ordering >, s (or
just >, or even > if it is clear from the context) on n-tuples of nonnegative
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numbers is considered: x >, 5 y if p(x) >5 p(y). Clearly, (T, 5(N), >, 1) and
(Tn,5(Rg),>,,5) are well-founded orderings.

The previous orderings do not take into account the block structure of
matrices or tuples. The following one does: for matrices A, B with blocks A;;
and B;; for 1 <14,5 < 3, we write A 2’; Bif Aj; >, By forall 1 <4,5 < 6.
Similarly, A >l;75 B if Aq; >p.6 B, and Aij Zp Bij for all 1 < i,5 < G.
These definitions are adapted to tuples in the obvious way.

Definition 4 (Block-based matrix interpretation). Let F be a signature,
n,b € Nsg be such that b divides n, and 3 = . An (n,b)-block-based matrix
interpretation is an F-algebra A = (A, Fa) such that

1. A=T,(N) for N=N or N =Ry, and
2. Fa consists of matriz functions [f|(z1,...,zr) = Fia; + -+ + Frap + Fo
which are closed in A and where, for all f € F, 1 <i <k,

(a) F; is an n-square matriz of B x B blocks of b-square matrices Cis + Sje
such that Cjp is a constant matriz, and Sje is a scalar matriz for all
1<j<pfandl<l<p.

(b) Fy = (eI -- 'cg)T consists of B b-tuples c; = ¢;1; for some ¢; € N.

We make the orderings which are going to be used explicit by adding them to the
pair (A, F.a), thus specifying an ordered algebra: (A, Fa,>,.), (A, Fa, Zgb), etc.

6 Solving and Transforming Matrix Constraints

In the following, we consider two kinds of constraint solving problems which are
relevant in proofs of termination.

6.1 Testing Universally Quantified Symbolic Constraints

Proofs of termination in term rewriting involve solving weak or strict symbolic
constraints s = t or s J t between terms s and ¢ coming from (parts of) the
rules of the TRS where the variables in s and ¢ are universally quantified in
the corresponding constraint. Here, = and O are (quasi-)orderings on terms
satisfying appropriate conditions [3J6Ig].

Ezxample 9. The following symbolic constraints must be checked in order to guar-
antee termination of the TRS R in Example [T}

VX(f(f(X)) = fg(f(X)))) (5)
VX (f(g(f(X))) = X) (6)
VX(F(f(X)) 3 F(g(f(X)))) (7)
VX(F(f(X)) 3 F(X)) (8)

Here, variables X range on terms in 7 (F,X), = and 1 are intended to be
interpreted as a monotonic and stable quasiordering on terms, and a well-founded
and stable ordering on terms, respectively.
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In the so-called interpretation method for checking symbolic constraints as the
ones in Example [ we use appropriate ordered F-algebras to generate the nec-
essary orderings (see Section[]). In our setting, we are interested in investigating
the use of matrix algebras. The following result shows how to decrease the value
of some of the entries in a block-based matrix algebra over the naturals to obtain
an equivalent block-based matrix algebra which uses bigger matrices.

Theorem 3. Let F be a signature and c be a symbolic constraint V(s > t)
for terms s,t € T(F,X). Let A = (T,,s(N),Fa,>>) be an (n,b)-block-based

—Pb
matriz interpretation over the naturals and N be the maximum of all entries
occurring in any matriz or vector in A. Let B = (B, Fg, Z%x\;) be an (Nn, Nb)-

block-based matriz interpretation where B = Ty no(N) and for all f € F,

[fls(@1,. .. ok) = pn(F1)z1 + - + pn (Fi)zk + v (Fo) iff [fla(z, ..., op) =
Fizy + -+ Frxp + Fy. Then, A satisfies c if and only if B satisfies c.

Ezample 10. Consider the following TRSs [10, Example 3]:

R: fla,9(y), 2) — f(a,y,9(y)) 9)
f(b,9(y),2) — fla,y,2) (10)
a—b (11)

)

S f(w,y,2) = f(2,y,9(2)) (12

In order to prove termination of R relative to S (written SN(R/S)), we have to
check that Vz(l = r) holds for all rules I — r € R US. Endrullis et al. use the
following matrix interpretation for that:

[a]:(})) Nawa= (oo )+ ég)ﬁ@g)”(g)
[b]<8> l9](2) = 1(1) T+ (1))

By using Theorem Bl we conclude that the following block-based matrix inter-
pretation with bit matrices of dimension 4 can also do the work.

_ (12 _ Iz 0O2x2 I la2x2 Iz O2x2 02
[a] = <02) Ay, 2) = EO2X2 02><2> ot <02><2 02><2) v+ <02><2 02><2) 2t <02)

w=(8)  wew= (Ro%)e+ (D)

6.2 Solving Existentially Quantified Arithmetic Constraints

In many applications, when algebraic interpretations have to be generated rather
than given by the user, it is usual to work with parametric interpretations.

Ezample 11. For the symbols occurring in R in Example[I] we can consider the
following linear parametric interpretation:

[f(x) = fiz + fo [9](z) = g1z + go [Fl(z) = Fix + Fy
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where f1, g1, and Fy are expected to be n-square matrices for some n € N5 (the
case n = 1 corresponds to a linear polynomial intepretation) and fy, go, Fo are
n-tuples. The satisfaction of the following arithmetic constraint

fifi 2 fignf (13)

fifo+ fo = figrfo+ frgo + fo (14)

figifi =21 (15)

figrfo+ figo+ fo >0 (16)
Fifi =2 Figifr (17)

Fifo+ Fo > Fig1fo+ Figo + Fo (18)

Fifi > R (19)

Fifo+Fo >0 (20)

is necessary to ensure that R is terminating.

By a parametric matrix interpretation we mean a matrix intepretation where
the entries in matrices are not numbers but rather parametric coefficients, i.e.,
variables for which we have to provide a numeric value, depending on some
(existential) constraints.

In general, given a set of variables X', we consider here symbolic arithmetic
constraints of the form s > ¢ for b € {>,>}, where s is of the form ) " s;
for ms > 0 and s; = 541 -+ Sjm, ;, With mg; > 0 for all 1 < i < o, and s;; €
X (t would have an analogous structure). Furthermore, we assume existential
quantification over all variables occurring in s and ¢. Note in Example [[I] that
we use constants like 0 and 1. They are handled as ‘special’ variables which will
receive the intended interpretation.

Consider a valuation n : X — N for the variables in X’ as numbers in N. Here,
we consider N = N U Q for some finite subset of rational numbers @ C Q — N
satisfying some conditions. We are interested in representing numbers n(z) as
matrices p(n(x)) as discussed above. Note that we cannot represent arbitrary
rational numbers by using matrices over the naturals (Remark [2). Still, when
dealing with finite sets C of arithmetic restrictions, we can restrict the attention
to those rational numbers which are required to check its satisfaction for a given
valuation n. This includes not only rational numbers n(z) which are assigned to
x € X, but also those which could occur during the evaluation of an arithmetic
expression due to products n(z)n(y) of rational numbers n(x) and n(y) which
have been associated to variables x and y. The idea is that Q should contain
such rational numbers.

Definition 5 (Compatible domain of rational numbers). Let n : X —
NUQ be a valuation for some Q@ C Q—N and C be a set of arithmetic constraints.
Given a multiplicative component s = s1---Sm of an arithmetic expression in a
constraint in C, let Iy = {i1,...,ir} be the set of indices of variables in s whose

3 By lack of space, we cannot explain how these constraints are obtained. Full details
about this standard procedures can be found elsewhere, see, e.g., [ZUI0IT5YT6].
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valuation is a rational (and noninteger) number, i.e., for alli € I, n(s;) € Q—N.
We say that Q is compatible with C and n if [[;c yn(si) € Q for all multiplicative
components s in C and J C I, such that J # &.

Ezxample 12. The numeric valuation which corresponds to the poynomial inter-
pretation in Example [ is:

n)=1  n0)=0 n(fi)=2 n(fo)=2
ng1)=3% nlgo)=2% nF)=1 nF)=0

The set Q = {%} is compatible with this valuation and with the constraints C in
Example [Tl Consider C' = C U {fig1f1 > f191f191}- Now, Q is not compatible
with C’ and 7 because we have that n(g1)n(g1) = 3 € Q. If we add 1 to Q, then
we get compatibility with C’.

A valuation 7 is extended to terms and constraints by n(s b t) = n(s) g 7(s),
n(si+ -+ sm) =ns1) + -+ +nsm), and 9@y - 2m) = n(@1) - 0(@m).

Remark 4. In general, we assume that + is commutative, but (as happens with
the matrix product) we do not assume commutativity of the product in arith-
metic expressions or their valuations.

Now we have to extend pu, in Definition [3 to deal with rational numbers in Q.

Remark 5. In contrast to natural numbers, we have no systematic way to asso-
ciate matrices to rational numbers yet. In Section [ we have investigated some
partial solutions to this problem. In particular, Examples Bl [6 [, and [] show
that the dimension n of the considered matrices and tuples heavily depend on
the numbers in Q. On the other hand, these examples also provide useful en-
codings for rational numbers which are frequently used in automatic proofs of
termination with polynomial or matrix interpretations [SITIIT6].

Assume that pu, has been extended to each z € Q in such a way that: for all
z,y € Q such that zy € Q, pn(pn (@) in(y)) = 2y = pn(tin (2))pn (tin (y))-

In our setting, variables in X" are interpreted not only as matrices but some of
them as vectors. Assume that Xy C X’ must be interpreted in this way and that
the constraints in C are consistent with this, i.e., whenever a variable g € Aj
occurs in a constraint ¢ € C of the form s < ¢, each multiplicative term in s and
t must contain a single variable yo € Xy which must be at the end of the term.

Ezample 13. For the constraints in Example [T} we have Xy = { fo, Fo, 90,0}
The vectorial (or n-tuple) representation of x € NU Q by iy, is pn(2)1,.
Ezxample 1. The matrices over the naturals which correspond to n and @ in

Example [[2is (with the encoding of 3 in Example ) are:

HOI() = Taxz = }}) m(fO))le(g) u(,,(gl))b(g(l)

uintan) =tz = (o)t == () wtntF) =012 = ()

un) == (9)  wtnon =012 = (7)
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Accordingly, the matrix interpretation over the naturals which corresponds to
the polynomial interpretation over the rationals in Example [ is:

A= (11)e+(3) W= (h0)e+(0) W= (3))s

This matrix interpretation induced from the polynomial interpretation over
the rationals in Example [I] can also be used to solve the constraints in the
example.

Our technique could be used to translate matrix interpretations over the ratio-
nals into matrix interpretations over the naturals by just applying the previous
translation to the entries of the matrix interpretation over the rationals instead
to the coefficients of the polynomial interpretation.

7 Conclusions

We have investigated matrix representations of natural and rational numbers
which can be used to simulate the arithmetics of natural and rational numbers,
respectively. We have introduced the notion of numeric matriz representation
(Definition [Il) which associates a number to a matrix and viceversa and proved
that, by using some specific representations (Definitions 2] and [B]), the arith-
metic of natural numbers is preserved. Furthermore, we have proved that every
matrix interpretation over the naturals has an associated bit matrix interpre-
tation of (usually) bigger size of the same associated value (Corollary [)). We
have investigated the representation of rational numbers by using matrices of
natural numbers. We have proved that this problem has no general solution but
we have found some suitable trade-offs for finite subsets of rational numbers by
using nilpotent matrices consisting of Jordan blocks. Then we have introduced
the notion of block-based matrix interpretation (Definition []) which generalizes
existing approaches to matrix interpretations. We use it to transform matrix in-
terpretations over the naturals into matrix interpretations over {0, 1}, and also
to transform matrix interpretations over the rationals into matrix interpretations
over the naturals.

The question posed in the introduction: are rational numbers somehow un-
necessary when dealing with matriz interpretations? could not be answered in
full generality due to the lack of a general procedure for building matrix rep-
resentations for arbitrary finite sets of rational numbers. Of course, this is a
main topic of further research and we think that we have settled a good starting
point in considering the use of combinations of Jordan blocks as in Examples
Bl 6 [ and Bl Nevertheless, our results suggest that the use of matrices over
the naturals of big size can somehow play the role of rational numbers in inter-
pretations of smaller size, and in particular in linear polynomial intepretations
over the rationals. This does not mean that implementing polynomial or matrix
intepretations over the rationals is not useful anymore and that natural numbers
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should be used everywhere. In fact, working with matrix interpretations of big
size is computationally expensive. Another interesting consequence of our anal-
ysis is the connection between dimension of matrices over the naturals and value
of their entries via Proposition [ and Corollary @l Roughly speaking, these re-
sults can be interpreted by saying that bigger dimensions of matrices permit the
use of smaller entries. In practice, most tools put strong numeric bounds to the
coeflicients or entries of the interpretations. Our results suggest that increasing
such bounds could have a similar effect to increasing the size of the matrices. A
more precise analysis about the trade-offs in design and efficiency which these
considerations could lead to is also subject for future work.

References

1. Alarcén, B., Lucas, S., Navarro-Marset, R.: Proving Termination with Matrix In-
terpretations over the Reals. In: Proc. of WST 2009, pp. 12-15 (2009)

2. Alarcén, B., Lucas, S., Navarro-Marset, R.: Using Matrix Interpretations over the
Reals in Proofs of Termination. In: Proc. of PROLE 2009, pp. 255-264 (2009)

3. Arts, T., Giesl, J.: Termination of Term Rewriting Using Dependency Pairs. The-
oretical Computer Science 236, 133-178 (2000)

4. Baader, F., Nipkow, T.: Term Rewriting and All That. Cambridge University Press,
Cambridge (1998)

5. Borralleras, C., Lucas, S., Navarro-Marset, R., Rodriguez-Carbonell, E., Rubio, A.:
Solving Non-linear Polynomial Arithmetic via SAT Modulo Linear Arithmetic. In:
Schmidt, R.A. (ed.) CADE 2009. LNCS (LNAI), vol. 5663, pp. 294-305. Springer,
Heidelberg (2009)

6. Borralleras, C., Rubio, A.: Orderings and Constraints: Theory and Practice of Prov-
ing Termination. In: Comon-Lundh, H., Kirchner, C., Kirchner, H. (eds.) Jouan-
naud Festschrift. LNCS, vol. 4600, pp. 28-43. Springer, Heidelberg (2007)

7. Contejean, E., Marché, C., Tomaés, A.-P., Urbain, X.: Mechanically proving termi-
nation using polynomial interpretations. Journal of Automated Reasoning 34(4),
325-363 (2006)

8. Dershowitz, N.: Termination of rewriting. Journal of Symbolic Computation 3,
69-115 (1987)

9. Endrullis, J.: Jambox, Automated Termination Proofs For String and Term Rewrit-
ing, http://joerg.endrullis.de/jambox.html

10. Endrullis, J., Waldmann, J., Zantema, H.: Matrix Interpretations for Proving Ter-
mination of Term Rewriting. Journal of Automated Reasoning 40(2-3), 195-220
(2008)

11. Fuhs, C., Navarro-Marset, R., Otto, C., Giesl, J., Lucas, S., Schneider-Kamp, P.:
Search Techniques for Rational Polynomial Orders. In: Autexier, S., Campbell, J.,
Rubio, J., Sorge, V., Suzuki, M., Wiedijk, F. (eds.) AISC 2008, Calculemus 2008,
and MKM 2008. LNCS (LNAI), vol. 5144, pp. 109-124. Springer, Heidelberg (2008)

12. Lancaster, P., Tismenetsky, M.: The Theory of Matrices, 2nd edn. With Applica-
tions. Academic Press, London (1985)

13. Lucas, S.: MU-TERM: A Tool for Proving Termination of Context-Sensitive
Rewriting. In: van Oostrom, V. (ed.) RTA 2004. LNCS, vol. 3091, pp. 200-2009.
Springer, Heidelberg (2004), http://zenon.dsic.upv.es/muterm


http://joerg.endrullis.de/jambox.html
http://zenon.dsic.upv.es/muterm

14.

15.

16.

17.

18.

Polynomial Interpretations over the Rationals 131

Lucas, S.: On the relative power of polynomials with real, rational, and integer co-
efficients in proofs of termination of rewriting. Applicable Algebra in Engineering,
Communication and Computing 17(1), 49-73 (2006)

Lucas, S.: Polynomials over the reals in proofs of termination: from theory to
practice. RAIRO Theoretical Informatics and Applications 39(3), 547-586 (2005)
Lucas, S.: Practical use of polynomials over the reals in proofs of termination. In:
Proc. of PPDP 2007, pp. 39-50. ACM Press, New York (2007)

Meyer, C.D.: Matrix Analysis and Applied Linear Algebra. In: Society for Industrial
and Applied Mathematics. SIAM, Philadelphia (2000)

Zhang, F.: Matrix Theory. Springer, Berlin (1999)



	From Matrix Interpretations over the Rationals to Matrix Interpretations over the Naturals
	Introduction
	Numbers as Matrices
	Transforming Matrices of Numbers
	Representing Integer Numbers as Matrices

	Representation of Rational Numbers Below 1
	Use of Nilpotent Matrices

	Matrix Interpretations Revisited
	Solving and Transforming Matrix Constraints
	Testing Universally Quantified Symbolic Constraints
	Solving Existentially Quantified Arithmetic Constraints

	Conclusions



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


