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1 Introduction

Conditional Term Rewriting Systems (CTRSs [5,
11]) play a fundamental role in algebraic specifica-
tion of abstract data types and in rule-based pro-
gramming languages such as Elan [1], Maude [4],
OBJ [10], CafeOBJ [7], Haskell [9], etc. The oper-
ational meaning of specifications in such sophisti-
cated languages, which support advanced features
such as evaluation strategies, rewriting modulo, use
of extra variables in conditions, partiality, higher-
order, and expressive type systems is often formal-
ized in a proof-theoretic style by means of an infer-
ence system (see, e.g., [2, 3, 14]) instead than just
by a rewriting relation. Thus, the corresponding
language interpreters should be better understood
as inference machines instead than just as rewriting
engines.

Current notions of CTRS termination do not fit
this framework: consider the single conditional rule

[15, Section 7.2.1],
a—=bif fla) =b

Since we have no unconditional rule, the relation —
is trivially empty, hence well-founded, i.e., no infi-
nite rewriting sequence with — is possible. More-
over, as remarked by Ohlebusch, it is also effectively
terminating in the sense of Marchiori & Ohlebusch,
discussed in Section 4 below. Although effective
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termination 1s intended to provide a notion of ter-
mination which (in Marchiori’s words) implies ef-
fective computability for CTRSs [13, Section 5.1],
an implementation will typically loop! when try-
ing to reduce a (!). So what is the right notion of
termination for CTRSs?

Our proposal in this paper (explained in Section
2) is to describe conditional rewriting by means of
an inference system and capture termination as the
absence of infinite inference: that is, all proof at-
tempts must either successfully terminate, or they
must fail in finite time. We call this notion opera-
tional termination. Our notion of operational ter-
mination is parametric on the inference system. In
our view this new notion has two key advantages:

1. It corresponds to what interpreters actually
do. Thus, it is a sound abstract notion of
termination of CTRSs which captures what
the users of such systems get. As shown by
the simple example above, the notions of well-
foundedness or of ‘effective termination’ fail to
capture actual termination.

2. On the other hand, by being parametric in the
inference system, it extends naturally to set-
tings in which new features are added, or even
to settings such as Horn logic without equal-
ity where the rewriting relation may be absent
[2, 3, 14]. By contrast, existing CTRS termina-
tion notions do not seem to be easily extensible
to such general settings.

In Section 3, we specialize this new notion to
CTRSs thus leading to the notion of operational
termination of CTRSs. We show that opera-
tional termination of TRSs (where no conditional
rules are present) coincide with the usual well-
foundedness notion of termination of TRSs. In

1We have tried versions of this CTRS both in Maude and

Haskell implementations.



Section 4, we compare our new notion with al-
ready existing notions of termination of CTRSs,
which were intended to provide suitable approx-
imations to effective termination (which is unde-
cidable). We prove that operational termination
of CTRSs 1s, in fact, equivalent to a very general
notion proposed for 3-CTRSs, namely the notion
of quasi-decreasingness [15], which is currently the
most general one which is intended to be checked
by comparing parts of the CTRS by means of term
orderings. Therefore, existing methods for prov-
ing quasi-decreasingness of CTRSs (see [15, Sec-
tion 7.2]) immediately apply to prove operational
termination of CTRSs. Another interesting aspect
of this result is that it shows the agreement between
two in principle quite different computational defi-
nitions of termination, one proof-theoretic, and the
other based on an ordering and very general, so
that both capture the same essential intuition in
Moreover, since it is known that
quasi-decreasingness implies effective termination
[15, Theorem 7.2.42], operational termination also
does. The converse does not hold, as shown by the

CTRS above.

different ways.

2 Operational termination

Our notion of operational termination is paramet-
ric on the inference system. We assume a logic £
defined by inference rules. Given a logic £, one has
the notion of a theory or specification & in such
a logic, so that £’s inference system becomes spe-
cialized to each such specification § to derive its
provable theorems. Such provable theorems are ex-
actly the formulas ¢ in the syntax of § for which
we can derive a closed proof tree of the form

T ...
¥

1

using L’s inference system. We make this more
precise in the following:

Definition 1 Let S be a theory in a logic L en-
dowed with an inference system. Then, the set of
(finite) proof trees for S in L and the head of a proof
tree are defined inductively as follows. A proof tree
15 etther

e an open goal, simply denoted as G, where G is

a formula in 8. Then, we denote head(G) =
G.

e a derivation tree with G as its head, denoted
as T

1

A
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where G is a formula in §, A is a derivation
rule in L, and T1,... T, are proofs trees such
that

head(T1) head(T,)

G

1s an instance of the rule A.

We say that a proof tree is closed whenever it is
finite and contains no open goals. Notice the differ-
ence between G, an open goal, and G, a goal closed
by a rule without premises.

Definition 2 A proof tree T is a proper prefix of
a proof tree T if there are one or more open goals
Gi,...,Gn inT such T’ is obtained from T by re-
placing each G; by a deriwation tree T; having G
as its head. We denote this as T C T".

An infinite proof tree is an infinite increasing
chain of finite trees, that is, a sequence {T;};en
such that for all v, T; C Ti41.

We now assume that we have an interpreter for
the logic £, that is, an nference machine that,
given a theory § and a goal formula ¢ will try
to incrementally build a proof tree for ¢. Intu-
itively, we will call 8§ terminating if for any ¢ the
interpreter either finds a proof in finite time, or
fails in all possible attempts also in finite time.
The interpreter however should have some reason-
able strategy, since otherwise it could easily fail to
find a proof because it postpones some proofs for-
ever (see a concrete example in Section 3 below).
We now characterize the proof trees with compu-
tational meaning, by means of the notion of well-
formed proof tree.

Definition 3 (Well-formed proof tree) We
say that a proof tree T 1s well-formed if it 1s either
an open goal, or a closed proof tree, or a dertvation
tree of the form
I3
A
LN
where for each j T} is itself well-formed, and there
15 ¢ < n such that T; ts not closed, for any j < i T



15 closed, and each of the Tiyq1 ... T, is an open
goal. An infinite proof tree 1s well-formed if it is an
ascending chain of well-formed finite proof trees.

The above definition of well-formed proof tree tries
to capture in a formal way the operational behavior
of an interpreter: this is expressed by the left-to-
right way of chosing goals in the proof tree, so that,
if the interpreter has not finished its computation,
it has always a leftmost goal that it is working on.

Definition 4 (Operational termination) Let
S be a theory in a logic L endowed with an infer-
ence system. S s called operationally terminating
of no infinite well-formed tree for 8§ exists.

So operational termination means that, given an
initial goal, an interpreter will either succeed in fi-
nite time in producing a closed proof tree, or will
fail in finite time, not being able to close or ex-
tend further any of the possible proof trees, after
exhaustively searching all such proof trees.

3 CTRS logic and operational
termination of CTRSs

In this section, we show how the notions introduced
in Section 2 specialize to CTRSs and conditional
rewriting, thus leading to a notion of operational
termination of CTRSs. More expressive inference
systems dealing with sorts, order-sorted specifica-
tions, evaluation strategies, memberships, etc. (see
[2, 3, 6, 14]), can be managed similarly.

Conditional Term Rewriting

Systems

3.1

A conditional rule is as follows: | — r if s; =
t1, -, 8y, = tn, where [,r s1,t1, -, sn,t, are
terms [15]. As usual, [ and r are called the left-
and right-hand sides of the rule, and the sequence
s1 =t1, -+, 8y = t, (often denoted c¢) is the con-
ditional part of the rule. Rewrite rules { — » if ¢
are classified according to the distribution of vari-
ables among I, r, and ¢, as follows: type 1, if
Var(r)UVar(c) C Var(l); type 2, if Var(r) C Var(l);
type 3, if Var(r) C Var(l) U Var(e); and type 4, if
no restriction is given. An n-CTRS contains only
rewrite rules of type m < n.

(Refl) t ="t
t%‘l t/ t/ %* t//

(Tran) S

Ujg —>1 u;
(Cong)  flu1,. - uiy...,un) -1 Flur, oyul, oo un)

where f € F and 1 < ¢ < ar(f)
Ao ... Avo
(Repl) to =1 to
where t—t' if Aj.. 4, inR

Figure 1: Inference rules for conditional rewriting

It 1s well-known that the conditions s; = ¢; for
1 < ¢ < n can be interpreted in a number of dif-
ferent ways [5]. As in [15], we are mainly con-
cerned with oriented CTRSs, i.e., those whose (con-
ditional) rules are written as follows:

l—=rif sy >t 80 =1,
indicating that the conditions s; —¢; for 1 <i<n
are intended to express the reachability of (in-
stances of) ¢; from (instances of) s;. An oriented
3-CTRS R is called deterministic if for each rule
Il - rif sy = t,...,sp, — t, in R and each
1 < i < n, we have Var(s;) C Var(l)UU}_:l1 Var(t;).

Let R be a CTRS. We inductively define uncon-
ditional TRSs R, forn € Nby Ry = # and R, 41 =
{lo - re |l = rif s1 = 41,...,8, > 1, €R
and s;joc —% tio for all j € {1,...,n}}. The
rewrite relation — g associated with a CTRS R is
UnEN R,

A CTRS R is terminating if —g is a well-
founded relation. A deterministic 3-CTRS is quasi-
decreasing if there is a well-founded partial ordering
= on T (F,X) satisfying - C =, > C = (where
B> is the strict subterm relation), and for every rule
Il — rif 55 — t1,...,8, = t,, substitution o,
and index ¢, 0 < ¢ < n, if s;0 =} t;0 for every
1 <j <, then lo = s;j110.

3.2 Operational termination  of

CTRSs

We can define the rewriting relation associated to a
CTRS R by means of the inference rules of Figure 1.
Note the refinement of the rewrite relation ¢ — ¢/




into two relations, namely ¢t —' ¢/ and t =* /. For
each atom A = u — v appearing in a condition of a
conditional rule in R we use the meta-notation A*
to denote u =™ v.

Given a CTRS R, we write R F t —! u, resp.
R+t =* u, whenever t =' u, resp. t —* u are
derivable using the inference rules in Figure 1. The
following proposition shows that our inference rules
capture conditional rewriting in the usual sense of
Section 3.1.

Proposition 1 Let R be a CTRS, and t,s be
terms. Then s —p t if and only if R+ 5 =' t,
and s =5 t if and only if RF s =% 1.

Proor. The if part can be proved by induction
of proof trees; the only if part by induction on the
n such that s =g, t. d

When £ is the CTRS logic in Figure 1 and § is a
CTRS R, the notion of operational termination in
Definition 4 specializes to the concept of operational
termination of C'TRSs. Now we can motivate our
choice of well-formed proof tree (Definition 3) on
the basis of a concrete (although representative)
case. Consider the CTRS inference system. Notice
that 1t is always possible to build trivial infinite
proof trees using only Transitivity:

i3 —)1 (7
i3 =%t
to =%t
2] =%t

to —)1 i3

2] —)1 to

This infinite tree i1s not well-formed and would
never be built by a reasonable interpreter, because
the interpreter will resolve one goal at a time, be-
fore attempting the next, whereas in the above tree,
goals t; =1 t;11 are left open.

Now, we can see that the CTRS in Section 1 is
not operationally terminating, because we have an
infinite proof tree

Note also that, since TRSs are a particular case of
1-CTRSs where no conditional rule is allowed, term

rewriting with TRSs is also captured by the infer-
ence system of Figure 1 and Proposition 1. More-
over, if R is a TRS, then it is not difficult to see
that R is operationally terminating if and only if
R is terminating, that is, if and only if — g is well-
founded.

In the following section, we explore the relation-
ship between the notion of operational termination
and other well-known CTRS termination notions.

4 [Effective termination,
quasi-decreasingness, and

operational termination of
CTRSs

Kaplan noticed that, in sharp contrast with the un-
conditional case, termination of CTRSs, i.e., well-
foundedness of the (conditional) rewrite relation
— g, does not have the desired or expected com-
putational features. For instance, in general for a
terminating relation — g it is not decidable whether
a term is a normal form or not [11]. In fact, Kaplan
established the following result.

Theorem 1 [12, Theorem 1.4] There exists a con-
ditional TRS R such that =g s confluent and ter-
minating, but such that the relation —g 1s not de-
cidable and whose set of normal forms is not com-
putable.

After Kaplan’s work, different attempts to formu-
late appropriate notions of termination for CTRSs
have been made [12, 5], see [15] for a survey. Mar-
chiori devised a notion of termination for CTRSs
which (in Marchiori’s words) implies effective com-
putability for CTRSs [13, Section 5.1]. Such a no-

tion was described as follows:

Definition 5 (Effective Termination [13, 15])
A CTRS R s effectively terminating if —g is
terminating and the set A*(s) = {t € T(F, &) |
s =%t} of all R-reducts of a term s € T(F,X) is
finite and computable.

The crucial difference between termination and ef-
fective termination of a CTRS 1s that, for a termi-
nating CTRS R, membership of a pair t — ¢ in



the rewriting relation may in general be undecid-
able. Thus, Theorem 1 tells us that termination
does not imply effective termination.

Giesl and Arts introduced the notion of quasi-
decreasingness® [8, Definition 1] as defined in Sec-
tion 3.1. As shown in [15], the notion of quasi-
decreasingness is currently the most general one
which is intended to be checked by comparing parts
of the CTRS.

We prove two theorems showing that operational
termination of (deterministic 3-)CTRSs R (viewed
as theories) w.r.t. the CTRS logic is equivalent to
quasi-decreasingness of R.

Theorem 2 Let R be a deterministic 3-CTRS. If
R is quasi-decreasing, then it is operationally ter-
minating.

Proor. Since R is quasi-decreasing, there is
a well-founded partial ordering > which includes
both —pg and > and such that for every rule
Il — raf s1 = t1,...,8, — t,, substitution o,
and index ¢, 0 < @ < n, if s;0 =% tj0 for every
1<j<i thenlo » sj410.

Assume that R is not is operationally terminat-
ing. Then, there is an infinite well-formed proof
tree T for some judgement G (i.e., G = head(T)).
We prove that there is a judgement G’ at level 1
or 2 in T which is the head of an infinite well-
formed proof tree 7' and such that left(G) =
s = s = left(G"), where left(s =1 t) = s and
left(s =™ 1) = s.

1. In case G = s —' ¢, G must be the head of
an instance of an inference rule A, where A is
either the Congruence or Replacement rule.

(a) If A is  the Congruence rule,
then s = Flur, oo g, oo uy),
t = flur,...,ul,...,uy) and there

1s an 1infinite well-formed proof tree
T (at level 1 in T) whose head is
G' = head(T") = u; =1 u}. Since > C >,
we have left(G) = s = u; = left(G') as

required.
(b) If A is the Replacement rule, then
s = lo for some conditional rule [ —

2 Actually, the original notion by Giesl and Arts was
called left-right decreasingness, but we use Ohlebusch’s ter-
minology in [15].

r if sy — t1,---,8, — t, and substitu-
tion o and there is 7 € {1,...,n} such
that 7i,...,7;_1 are well-formed finite
proof trees with head(T;) = s;jo —* ;0
for 1 < j < i (and hence, s;o =% t;0 for
all 1 < j < i) and T; is infinite. Let G; =
head(T;) = s;0 =* t;o. Now, we have
s = lo > s;o. Thus, we let G/ = (; and
conclude left(G) = s = s;o = le ft(G').

2. Now consider the case G = s —* t. Since T
is infinite, the only possibility is to use Tran-
sitivity. Thus, we have two proof trees 77 and
Ty such that either T} or T3 are infinite. Here,
Gy = head(Ty) = s =1 s’ for some term s’
and Gy = head(Ty) = ' =* t.

(a) If Ty is infinite, then left(G) = s =
left(G1). We can apply item 1 above
to G4 and T} to conclude that there is
a judgement G’ at level 1 in 71 (i.e., at
level 2 in T) such that left(G) = s =
o =left(G").

If T} is finite, then s —g &, 1.e., 5 = &
and T is infinite. Then, we let G' =
(2 and conclude left(G) = s = s =
left(G").

Thus, given the well-formed infinite proof tree T,
we can define an infinite sequence s = uy > us >
-+ - which contradicts the well-foundedness of . [

Theorem 3 Let R be a determunistic 3-CTRS. If
R s operationally terminating, then it is quasi-
decreasing.

Proor. If R is operationally terminating, then
—r 1s a well-founded ordering which is closed un-
der contexts (although it is not necessarily closed
under substitutions). By [15, Lemma 7.2.4], the
relation (—g U D)t is a well-founded partial or-
dering on terms. We write s ~» ¢ if there is a
conditional rule [ — r if s = t1,---,8, = 1,, a
position p of s, a substitution ¢ and i € {1,...,n}
such that s|, = lo, t = s;0 and sjo =5 t;o for
all 1 < j < i. We now prove that = = (—g
Up-U ~)* is a well-founded (strict) ordering. Tran-
sitivity is obvious. Irreflexivity is a consequence of
well-foundedness, which we prove as follows: as-
sume that > is not well-founded. Then, there is
an infinite »-decreasing sequence A where, since



(—r UD>)T is a well-founded partial ordering, we
must have an infinite number of ~-»-steps which iso-
late finite (=g Up>)-sequences. We can, then, write
A as follows:

up (—r UD) ) ~ us (=g UD) uh ~ ug -

In fact, since (—g U>)T = (>*o —g)To>* and the
relation ~- already takes into account subterms, we
can eventually mix the last subterm steps of each
sequence u; (—g UD>)Tul with the ~-step on u}.
Then, we can write each sequence from wu; to w1
as

U = Vi1
>* Uiy
—R V52
(>0 =R)  Vin,41
~ Ui 1

where v;; = Cjj[vi;]q,, for i > 1 and 1 < j < n;.
Thus, we can also write:

Cir[viilpa
Cilvialpa

Usg =
—R
—R

—r Gl CinVin41lpin. - lpa
~ Ui+1

Now, each step Cij[v};lp.,, —r Cijlvij+1lp,; has a
finite proof tree Tj; whose head is Ci;[v);]l,,; —'
Cijlvij41lp,; and after |p;;| applications of the Con-

: / 1
gruence rule there is a proof of Ui; = Vij1.

On  the other hand, since  wj =
Cal+ Cin[Vinit1lpin, I~ Uip1, there is
arule l; — r; if st — 1t} ..., sf’ — tf’, a position

¢i > Pi1.- - .Pin,;, & substitution ¢;, and an index
L; €{1,... k;} such that w;
and S‘Z o =k t‘gai for all 1 < j < ¢;. Thus, there is
a proof tree

¢
g = lioi, uip1 = s;%0;

T TETL T GEYY L G
G,
with root G; = w;llios],, —' wilrioi],, well-

formed trees 7Y headed by slo; —% tlo; for 1 <
j < &;, an infinite tree Tf’ with left(head(Tf’)) =
Ujp1 = sf’ai which continues the tail of A after u; 4
as explained before, and open goals Gf""l, oo G

Figure 2 illustrates these facts.

Therefore, assumming that = 1s not well-founded
contradicts operational termination of R. Also,
since well-foundedness implies irreflexivity of >, it
turns out that = is a well-founded strict ordering
on terms. Now, it is not difficult to see that >
makes R quasi-decreasing. d

5 Concluding Remarks

The work presented here advances the theoretical
foundations of a longer-term collaborative research
effort to develop both theory and tools to reason
about the termination of specifications in advanced
equational languages. There is at present a sub-
stantial gap between the input languages of current
termination tools and the expressive features of ad-
vanced equational languages. In fact, the research
in this paper started when we tried to apply the ex-
isting notions of termination of CTRSs to Maude
specifications [4]. When we found that the simple
example in the introduction was not terminating
when the corresponding versions of it as programs
were executed in a number of interpreters, we felt
that, in order to reason about specifications writ-
ten in such languages, both the notions of CTRS
and of CTRS termination need to be generalized.
Thus, in this paper, we have proposed an inference-
system-based approach to generalize both CTRSs
and CTRS termination. Specifically, we have pro-
posed a general notion, called operational termina-
tion, that is parametric on the underlying inference
system and closely corresponds to the termination
of a language interpreter. Operational termination
of TRSs (where no conditional rules are present)
coincides with the usual notion of termination of
TRSs. On the other hand, we have proven that
operational termination of CTRSs 1s equivalent to
quasi-decreasingness (Theorems 2 and 3). TInter-
estingly, this shows an agreement between two in
principle quite different computational definitions
of termination, one proof-theoretic, and the other
based on an ordering and very general, so that both
capture the same essential intuition in different
ways. As a consequence of our equivalence result,
existing methods for proving quasi-decreasingness
of CTRSs immediately apply to prove operational
termination of CTRSs. Moreover, operational ter-
mination implies effective termination, although
the converse does not hold.
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Figure 2: Proof of Theorem 3

Future work

One important advantage of our operational ter-
mination notion is its parametricity. We plan to
use our framework and results to explore other in-
stances of this notion: for example to reason about
the termination of higher-order rewriting systems
with sophisticated type systems, of rewrite the-
ories involving rewriting with order-sorted speci-
fications, memberships, both equations and non-
equational rules; evaluation strategies, or even of
inference systems not involving a rewriting relation,
etc. [2, 3, 6, 14]. In this sense, the transforma-
tional approach initiated in [6] is worth to be fur-
ther investigated in the new framework presented
in this paper. However, intrinsic termination cri-
teria that can be used at the level of the given
inference system, without requiring theory trans-
formations (e.g., term orderings used in proofs of
quasi-decreasingness of CTRSs), should also be in-
vestigated.
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