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Abstract

Safe is a first-order eager functional language
with facilities for programmer-controlled de-
struction and copying of data structures and is
intended for compile-time analysis of memory
consumption. In Safe, heap memory consump-
tion depends on the length of recursive calls
chains. Ensuring termination of Safe programs
(or of particular function calls) is therefore es-
sential to implement these features. Further-
more, being able to giving bounds to the chain
length required by such terminating calls be-
comes essential in computing space bounds.

In this paper, we investigate how to analyze
termination of Safe programs by using stan-
dard term rewriting techniques, i.e., by trans-
forming Safe programs into term rewriting sys-
tems whose termination can be automatically
analyzed by means of existing tools. Further-
more, we investigate how to use proofs of ter-
mination which combine the dependency pairs
approach together with polynomial interpreta-
tions to obtain suitable bounds to the length
of chains of recursive calls in Safe programs.

1 Introduction

Safe [20, 21, 18] is a first-order eager func-
tional language with facilities for programmer-
controlled destruction and copying of data
structures and is intended for compile-time
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analysis of memory consumption. In Safe, the
allocation and deallocation of compiler-defined
memory regions for data structures is asso-
ciated to the function application. So, heap
memory consumption depends on the length
of recursive calls chains.

In order to compute space bounds for such
chains it is essential first to compute bounds
to their lengths and, in turn, it is previously
essential to ensure termination of such func-
tions.

Both termination and complexity bounds of
programs have been investigated in the ab-
stract framework of Term Rewriting Systems
(TRSs [2, 19]). In this paper we investigate
how to use rewriting techniques for proving
termination of Safe programs and giving ap-
propriate bounds to the number of recursive
calls of Safe programs as a first step to com-
pute space bounds.

A suitable way to prove termination of pro-
grams written in declarative programming lan-
guages like Haskell or Maude [7] is translating
them into (variants of) term rewriting systems
and then using techniques and tools for prov-
ing termination of rewriting. See [10, 12] for
recent proposals of concrete procedures and
tools which apply to the aforementioned pro-
gramming languages. In this paper we in-
troduce a transformation for proving termina-
tion of Safe programs by translating them into
Term Rewriting Systems.

Polynomial interpretations have been exten-
sively investigated as suitable tools to address
different issues in term rewriting [2]. For in-
stance, the limits of polynomial interpreta-
tions regarding their ability to prove termi-
nation of rewrite systems were first investi-
gated in [14] by considering the derivational
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complexity of polynomially terminating TRSs,
i.e., the upper bound of the lengths of ar-
bitrary (but finite) derivations issued from a
given term (of size n) in a terminating TRS.
Hofbauer has shown that the derivational com-
plexity of a terminating TRS can be better ap-
proximated if polynomial interpretations over
the reals (instead of the more traditional poly-
nomial interpretations over the naturals) are
used to prove termination of the TRS [13].

Complexity analysis of first order functional
programs (or TRSs) has also been successfully
addressed by using polynomial interpretations
[3, 4, 5, 6]. The aim of these papers is to clas-
sify TRSs in different (time or space) com-
plexity classes according to the (least) kind
of polynomial interpretation which is (weakly)
compatible with the TRS. Recent approaches
combine the use of path orderings [9] to en-
sure both termination together with suitable
polynomial interpretations for giving bounds
to the length of the rewrite sequences (which
are known finite due to the termination proof),
see [5]. Polynomials which are used in this
setting are weakly monotone, i.e., if x ≥ y
then P (. . . , x, . . .) ≥ P (. . . , y, . . .). This is
in contrast with the use of polynomials in
proofs of polynomial termination [15], where
monotony is required (i.e., whenever x > y,
we have P (. . . , x, . . .) > P (. . . , y, . . .)). How-
ever, when using polynomials in proofs of ter-
mination using the dependency pair approach
[1], monotony is not longer necessary and we
can use weakly monotone polynomials again
[8, 16]. The real advantage is that, we can now
avoid the use of path orderings to ensure ter-
mination: with the same polynomial intepre-
tation we can both prove termination and as
we show in this paper, obtain suitable com-
plexity bounds. Furthermore, since the limits
of using path orderings to prove termination of
rewrite systems are well-known, and they ob-
viously restrict the variety of programs they
can deal with, we are able to improve on the
current techniques.

2 Preliminaries

A binary relation R on a set A is termi-
nating (or well-founded) if there is no in-
finite sequence a1 R a2 R a3 · · ·. Given

f : Ak → A and i ∈ {1, . . . , k}, we
say that R is monotonic on the i-th argu-
ment of f (or that f is i-monotone regarding
R) if f(x1, . . . , x, . . . , xk)Rf(x1, . . . , y, . . . , xk)
whenever xRy, for all x, y, x1, . . . , xk ∈ A. We
say that R is monotonic regarding f (or that
f is R-monotone) if R is i-monotonic on the
i-th argument of f for all i, 1 ≤ i ≤ k. A
transitive and reflexive relation � on A is a
quasi-ordering. A transitive and irreflexive re-
lation > on A is an ordering.

Terms and term rewriting Throughout
the paper, X denotes a countable set of vari-
ables and F denotes a signature, i.e., a set
of function symbols {f, g, . . .}, each having a
fixed arity given by a mapping ar : F →
N. The set of terms built from F and X
is T (F ,X ). A context is a term C[ ] with
a ‘hole’ (formally, a fresh constant symbol).
A rewrite rule is an ordered pair (l, r), writ-
ten l → r, with l, r ∈ T (F ,X ), l 6∈ X and
Var(r) ⊆ Var(l). A TRS is a pair R = (F , R)
where R is a set of rewrite rules. Given
R = (F , R), we consider F as the disjoint
union F = C ]D of symbols c ∈ C, called con-
structors and symbols f ∈ D, called defined
functions, where D = {root(l) | l → r ∈ R}
and C = F − D. Given a TRS R, a term
t ∈ T (F ,X ) rewrites to s, written t →R s,
if t = C[σ(l)] and s = C[σ(r)], for some rule
ρ : l → r ∈ R, context C[ ] and substitution σ.
A TRS R is terminating if →R is terminating.

Term orderings and algebraic interpre-
tations Term orderings can be obtained by
giving appropriate interpretations to the func-
tion symbols of a signature. Given a signa-
ture F , an F-algebra is a pair A = (A,FA),
where A is a set and FA is a set of map-
pings fA : Ak → A for each f ∈ F where
k = ar(f). For a given valuation map-
ping α : X → A, the evaluation mapping
[α] : T (F ,X ) → A is inductively defined by
[α](x) = α(x) if x ∈ X and [α](f(t1, . . . , tk)) =
fA([α](t1), . . . , [α](tk)) for x ∈ X , f ∈ F ,
t1, . . . , tk ∈ T (F ,X ). Given a term t with
Var(t) = {x1, . . . , xn}, we write [t] to de-
note the function Ft : An → A given by
Ft(a1, . . . , an) = [α(a1,...,an)](t) for each tuple
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(a1, . . . , an) ∈ An, where α(a1,...,an)(xi) = ai

for 1 ≤ i ≤ n.
A quasi-ordered F-algebra, is a triple

(A,FA,�A), where (A,FA) is an F-algebra
and �A is a quasi-ordering on A. Then, we
can define a stable quasi-ordering � on terms
given by t � s if and only if [α](t) �A [α](s),
for all α : X → A.

3 The SAFE language

Safe was first introduced in [20] as a research
platform to investigate analyses related to
sharing of data structures and to memory con-
sumption. Currently it is provided with a type
system guaranteeing that all well-typed pro-
grams will be free of dangling pointers at run-
time, in spite of the memory destruction facil-
ities provided by the language. More informa-
tion can be found in [21] and [18].

There are two versions of Safe: full-Safe,
in which programmers are supposed to write
their programs, and Core-Safe (the compiler
transformed version of full-Safe), in which all
program analyses are defined.

Full-Safe syntax is close to Haskell’s. The
main difference is that Safe is first-order at
this moment. Safe admits two basic types
(booleans and integers), algebraic datatypes
(which are introduced by means of the usual
data declarations), and the definition of func-
tions by means of conditional equations with
the usual facilitites for pattern matching,
use of let and case expressions, and where
clauses. No recursion is possible inside let
expressions and where clauses and no local
function definition can be given.

A Safe program consists of a sequence of
(possibly recursive) function definitions to-
gether with a main expression. Let xi

n denote
the sequence x1, . . . , xn in the following:

prog → f1 x1j
n1 = e1;

. . .
fr xrj

nr = er;
e

where the only free variables in ei, 1 ≤ i ≤
r are xij

ni and f1, . . . , fi, and the only free
variables in e are f1, . . . , fr.

Additionally, we can specify a destructive
pattern matching operation by using symbol

! after the pattern. The intended meaning
of this operator is the destruction of the cell
which is associated to the constructor symbol
thus allowing its reuse later.

The following merge-sort program uses a
constant heap space to implement the sorting
of the list.
splitD :: ∀a, ρ.Int → [a]!@ρ → ρ → ([a]@ρ, [a]@ρ)@ρ
splitD 0 xs! = ([ ], xs!)
splitD n [ ]! = ([ ], [ ])
splitD n (x : xs)! = (x : xs1, xs2)

where (xs1, xs2) = splitD (n− 1) xs

mergeD :: ∀a, ρ.[a]!@ρ → [a]!@ρ → ρ → [a]@ρ
mergeD [ ]! ys! = ys!
mergeD xs! [ ]! = xs!
mergeD (x : xs)! (y : ys)!

| x ≤ y = x : mergeD xs (y : ys!)
| otherwise = y : mergeD (x : xs!) ys

msortD :: ∀a, ρ.[a]!@ρ → ρ → [a]@ρ
msortD xs
| n ≤ 1 = xs!
| otherwise = mergeD (msortD xs1) (msortD xs2)
where (xs1, xs2) = splitD (n ‘div ‘ 2) xs

n = length xs

This is a consequence of the destructive
constant-space versions splitD and mergeD of
the funtions which respectively split a list into
two pieces and merge two sorted lists. Types
which are shown in the program above are
inferred by the compiler. A symbol ! in a
type signature indicates that the correspond-
ing data structure is destroyed by the function.
Variables ρ are polymorphic and indicate the
region where the data structure ‘lives’.

3.1 Core-Safe syntax

The Safe compiler first performs a region infer-
ence which determines which region have to be
used for each construction. A function has two
associated memory regions: a working region
which can be addressed by using the reserved
identifier self and an output region which is
passed as a parameter. For this reason, the
low-level syntax, called Core-Safe requires an
additional parameter r both in some function
calls and in expressions such as (C xi

n)@r
which denotes a construction, and x@r which
denotes the copy of the structure with root la-
beled x into a region r. The compiler also flat-
tens the expressions in such a way that the ap-
plication of functions is made on constants or
variables only. Also, where clauses are trans-
lated into let expressions, and boolean con-
ditions in the guards are translated into case
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expressions. Bound variables are also conve-
niently renamed to avoid name clashes.

The syntax of Core-Safe is shown in Fig-
ure 1. Note that constructions can only oc-
cur on binding expressions be inside let ex-
pressions. The normal form of an expression
is either a basic constant c, or a pointer p to
a construction. We assume the existence of a
heap which keeps track of the correspondence
between pointers and constructions. The com-
plete operational semantics can be found in
[21].

Function splitD defined in the Safe program
above is translated into the following Core-
Safe definition:

splitD n xs r =
case n of
0 -> ([]@r,xs!)@r
_ -> case! xs of

[] -> ([]@r,[]@r)@r
: x xx -> let z = let n’ = n-1 in

splitD n’ xx @ r in
let xs1 = case z of

(ys1,ys2) -> ys1 in
let xs2 = case z of

(zs1,zs2) -> zs2 in
let xs1’ = (: x xs1)@r in
(xs1’, xs2)@r

4 Transformation from Core-SAFE
to CTRS

In this section we describe a transformation of
Core-SAFE programs into Conditional Term
Rewriting Systems (CTRSs). For the purpose
of the transformation, we can even simplify
the Core-SAFE syntax, because information
concerning destructive patterns and regions is
not relevant for termination purposes. Thus,
we use the simplified syntax in Figure 2. We
assume that each case expression in a func-
tion definition has a unique integer label k.
The transformation is defined by means of the
following auxiliary functions:

1. trP which takes a sequence of Core-Safe
function definitions and returns a CTRS.

2. trF which takes a function definition and
returns a set of conditional rewrite rules.

3. trR which given an expression e, or a
binding expression be, the set V of its
free variables, and a condition C =
s1 → t1, . . . , sk → tk consisting of atomic

(rewrite) conditions si → ti, returns the
right-hand side of a rule together with its
conditional part. In fact, we treat C as a
list; if the conditional part C = [] then the
generated rule has no conditional part.

4. trL which, given a expression e and the
set V of its free variables yields a left part
of a condition, and a sequence of atomic
conditions to its left.

Assume that var(V ) assigns the variables in
V to a given term t in a fixed ordering. The
transformation is given as follows:

trP(def i
n
)
def
=

Sn
i=1 trF(def i)

trF(f xi
n = e)

def
= f(x1, . . . , xn) → trR(e, fv(e), [ ])

trR(c, V, C)
def
= c ⇐ C

trR(x, V, C)
def
= x ⇐ C

trR(Cr ai
n, V, C)

def
= Cr(a1, . . . , an) ⇐ C

trR(f ai
n, V, C)

def
= f(a1, . . . , an) ⇐ C

trR(k : case x of Ci xij
ni → ei

n
, V, C)

def
=

{casek(x, var(V )) ⇐ C} ∪
{casek(Ci(xi1, . . . , xini

), var(V )) →
trR(ei, fv(ei), [ ]) | i ∈ {1..n}}

trR(let x1 = e1 in e2, V, C)
def
=

trR(e2, fv(e2), C ++ [, trL(e1, fv(e1)) → x1])

trL(e, V )
def
= trR(e, V, [ ]) if e ∈ {c, x, Cr ai

n, f ai
n, case}

trL(let x1 = e1 in e2, V )
def
=

[trL(e1, fv(e1)) → x1, ] ++ trL(e2, fv(e2))

Our running example would be transformed
into the following CTRS:

splitD(n,xs) -> case1(n,n,xs)

case1(0,n,xs) -> Tup(Nil,xs)

case1(S(x),n,xs) -> case2(xs,n)

case2(Nil,n) -> Tup(Nil,Nil)

case2(Cons(x,xx),n) -> Tup(xs1’,xs2)

<= n-1 -> n’, splitD(n’,xx) -> z,

case3(z) -> xs1, case4(z) -> xs2,

Cons(x,xs1) -> xs1’

case3(Tup(ys1,ys2)) -> ys1

case4(Tup(zs1,zs2)) -> zs2

Proposition 1 Every Core-SAFE program
P is transformed into a left-linear, non-
overlapping deterministic 3-CTRS trP(P)
which is, therefore, confluent.

Proposition 2 Given a Core-SAFE program
P and its transformed 3-CTRS R = trP(P)
the main expression e of P terminates accord-
ing to Safe semantics if and only if the term
te associated to e terminates in R. Further-
more, in every term (except the last one, if it
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prog → dec1; . . . ; decn; e
dec → f xi

n r = e {single-recursive, polymorphic function}
| f xi

n = e {This does not return a new data structure}
a → c {atom is a basic constant}

| x {or a variable}
e → a

| x@r {copy}
| x! {reuse}
| (f ai

n)@r {function application}
| (f ai

n)
| let x1 = be in e {non-recursive, monomorphic}
| case x of alt i

n {read-only case}
| case! x of alt i

n {destructive case}
alt → C xi

n → e {algebraic datatype alternative}
| → e {default alternative for literal case}

be → C ai
n@r {constructor application}

| e

Figure 1: Syntax of Core-Safe

prog → dec1; . . . ; decn; e
dec → f xi

n = e {A single version of function declaration}
a → c {basic constant}

| x {variable (replaces reuse and copy expressions)}
e → a

| f ai
n {A single version of function application}

| let x1 = be in e {non-recursive, monomorphic}
| case x of alt i

n {a single version of case}
alt → C xi

n → e
| → e

be → C ai
n {constructor application (region is irrelevant)}

| e

Figure 2: Simplified Core-SAFE

exists) of the reduction sequence of te there is
only one redex.

We remind that a 3-CTRS satisfies var(r) ⊆
var(l)∪var(C) for every conditional rule of the
form l → r ⇐ C. The deterministic property
means that the variables of the righthand side
of every condition si → ti of C are introduced
before they are used in the lefthand side of a
subsequent condition sj → tj .

Now we can apply standard transformations
from deterministic 3-CTRS into unconditional
TRSs [19, Def. 7.2.48]. If R is a 3-CTRS, let
us call U(R) to the TRS resulting from the
transformation. For instance, in our running
example U(R) would be the following TRS:

splitD(n,xs) -> case1(n,n,xs)

case1(0,n,xs) -> Tup(Nil,xs)

case1(S(x),n,xs) -> case2(xs,n)

case2(Nil,n) -> Tup(Nil,Nil)

case2(Cons(x,xx),n) -> U1(n-1,x,xx)

U1(n’,x,xx) -> U2(splitD(n’,xx),x)

U2(z,x) -> U3(case3(z),z,x)

U3(xs1,z,x) -> U4(case4(z),x,xs1)

U4(xs2,x,xs1) -> U5(Cons(x,xs1),xs2)

U5(xs1’,xs2) -> Tup(xs1’,xs2)

case3(Tup(ys1,ys2)) -> ys1

case4(Tup(zs1,zs2)) -> zs2

Proposition 3 For every Core-SAFE pro-
gram P,the TRS U(trP(P)) satisfies the fol-
lowing properties:

1. It consists of non-overlapping rules.
Moreover, all the lefthand sides are of the
form f(p1, . . . , pn) where the pi are flat
patterns.

2. The righthand sides have at most a nest-
ing depth of 1. In the worst case they
are of the form g(e1, . . . , en) with g be-
ing a function symbol and all the ei being
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either variables, flat patterns, or terms
f(a1, . . . , am) with f being a function
symbol and the aj variables or basic con-
stants.

It is a standard result [19, Prop. 7.2.50] that
the termination of U(R) implies the termina-
tion of R.

5 Termination and complexity
bounds

Termination of rewriting can be proved by us-
ing the dependency pairs approach [1]. Given
a TRS R = (C ] D, R) the set DP(R)
of dependency pairs for R is given as fol-
lows: if f(t1, . . . , tm) → r ∈ R and r =
C[g(s1, . . . , sn)] for some defined symbol g ∈
D, and context C[·], and s1, . . . , sn ∈ T (F ,X ),
then f ](t1, . . . , tm) → g](s1, . . . , sn) ∈ DP(R),
where f ] and g] are new fresh symbols associ-
ated to f and g respectively. Termination of
rewriting can be ensured by inspecting the cy-
cles of the dependency graph associated to the
TRS R. The nodes of the dependency graph
are the dependency pairs in DP(R); we refer
the reader to [1] for details about how to build
it.

An argument filtering π for a signature
F is a mapping that assigns to every k-ary
function symbol f ∈ F an argument posi-
tion i ∈ {1, . . . , k} or a (possibly empty) list
[i1, . . . , im] of argument positions with 1 ≤
i1 < · · · < im ≤ k. Argument filterings ap-
ply to terms to remove appropriate symbols
and subterms (see [1]). Furthermore, when S
is a subset of rules, we write π(S) to denote
the set {π(s) → π(t) | s → t ∈ S}.

A reduction pair (�, A) consists of a stable
and weakly monotonic quasi-ordering �, and a
stable and well-founded ordering A satisfying
either � ◦ A ⊆ A or A ◦ � ⊆ A. The follow-
ing results justify the use of reduction pairs in
proofs of termination using dependency pairs.

Theorem 1 (DP termination [1]) A TRS
R is terminating if and only if there is a
reduction pair (�, A) such that R ⊆ � and
DP(R) ⊆A.

Let us assume that we use Theorem 1 and
—by hand or by using a suitable tool— we find

a polynomial interpretation of the TRS result-
ing from transforming a Core-Safe program.
Let us call [[f ]]] to the polynomial interpret-
ing the symbol f ] associated to the Core-Safe
function symbol f . This polynomial is guaran-
teed to remain non-negative for non-negative
arguments and to decrease at each dependency
pair. Moreover, in contrast to the polynomi-
als obtained by using Theorem 2 (see below),
there is a single polynomial interpreting each
symbol f ].

Proposition 4 (polynomial bounds) If
[[f ]]] is the polynomial (satisfying Theorem 1
and) interpreting the symbol f ] associated to
a n-ary function symbol f in a Core-SAFE
program and x1, . . . , xn are interpreted as the
sizes of the input arguments to f , then the
number N(x1, . . . , xn) of recursive calls to f
with arguments t1, . . . , tn of sizes x1, . . . , xn,
respectively, is bounded by [[f ]]](x1, . . . , xn),
i.e. N(x1, . . . , xn) ≤ [[f ]]](x1, . . . , xn)

Consider the TRS U(R) obtained in Section 4
for our running example. The following poly-
nomial intepretation:

[pred](X) = 1/2.X

[S](X) = 2.X + 1

[splitD](X1,X2) = 0

[case1](X1,X2,X3) = 0

[0] = 0

[tup](X1,X2) = 0

[nil] = 0

[case2](X1,X2) = 0

[cons](X1,X2) = X2 + 2

[U1](X1,X2,X3) = 0

[U2](X1,X2) = 0

[case3](X1,X2) = 0

[SPLITD](X1,X2) = 2.X1 + 2.X2 + 1

[CASE1](X1,X2,X3) = X1 + X2 + 2.X3

[CASE2](X1,X2) = 2.X1 + X2

[UU1](X1,X2,X3) = 2.X1 + 2.X3 + 2

[UU2](X1,X2) = 1

[PRED](X) = 0

[CASE3](X1,X2) = 0

which is obtained by mu-term [17] proves DP-
termination of U(R).

Proofs of termination using the dependency
pair approach are usually achieved by consid-
ering the dependency graph, or rather the cy-
cles in the dependency graph.
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Theorem 2 (SCC termination [11]) A
TRS R is terminating if and only if for
all cycles C in the dependency graph there
is an argument filtering πC and a reduc-
tion pair (�C, AC) such that π(R) ⊆ �C,
π(C) ⊆�C ∪ AC, and π(C) ∩ AC 6= ∅.

In general, the dependency graph of a TRS is
not computable and we need to use some ap-
proximation of it (e.g., the estimated depen-
dency graph, see [1]). According to Theorem
2, the important point in proofs of SCC ter-
mination is the generation of appropriate ar-
gument filterings πC and reduction pairs (�C

, AC) for each cycle C in the (estimated) de-
pendency graph. In the following, we are in-
terested in their generation by means of poly-
nomial interpretations.

Proposition 5 Given a Core-SAFE program
P, there is a bijection between cycles in the de-
pendency graph of the TRS RP = U(trP(P))
and recursive calls in P.

So, in our running example, the only exist-
ing cycle in the dependency graph contains the
following dependency pairs:

SplitD(n,xs)-> Case1(n,n,xs)

Case1(s(x),n,xs) -> Case2(xs,n)

Case2(cons(x,xx),n) -> U1(n-1,x,xx)

U1(n’,x,xx) -> SplitD(n’,xx)

which corresponds to the internal recursive
call of splitD . Here, we capitalize the first let-
ter of a function name f to indicate its asso-
ciated symbol f ]. The problem now is that it
is unclear how to give a suitable definition of
polynomial associated to a given defined sym-
bol f . In principle, a symbol f ] can occur in
several cycles C, thus leading to different poly-
nomials [[f ]]]C.

6 Case studies

We have applied Theorem 1 to the TRS’s ob-
tained by transforming the Core-Safe func-
tions presented in Section 3 —including func-
tion length with the obvious definition— and
have obtained the polynomials shown in Fig-
ure 3.

The last one insert is the function inserting
an element in a binary search tree. Its full-Safe
definition is as follows:

Safe function Polynomial inferred
length(x) 2x + 1
splitD(n, x) 2n + 2x + 1
mergeD(x, y) x + y + 1
msortD(x) No proof obtained
insert(x, t) 2t + 1

Figure 3: Polynomials obtained for several Core-
Safe functions

data Tree a = Empty | Node (Tree a) a (Tree a)

insert x Empty = Node Empty x Empty

insert x (Node l y r)

| x < y = Node (insert x l) y r

| x == y = Node l y r

| x > y = Node l y (insert x r)

and the CTRS resulting from the trP trans-
formation is:

insert(x,t) -> case1(t,x)

case1(Empty,x) -> Node(l0,x,r0)

<= Empty -> l0,

Empty -> r0

case1(Node(l,y,r),x) -> case2(c,l,y,r,x)

<= lt(x,y) -> c

case2(False,l,y,r,x) -> case3(c’,l,y,r,x)

<= eq(x,y) -> c’

case2(True,l,y,r,x) -> Node(l’,y,r)

<= insert(x,l) -> l’

case3(False,l,y,r,x) -> case4(c’’,l,y,r,x)

<= gt(x,y) -> c’’

case3(True,l,y,r,x) -> Node(l,y,r)

case4(False,l,y,r,x) -> error

case4(True,l,y,r,x) -> Node(l,y,r’)

<= insert(x,r) -> r’

From the above results, and interpreting the
argument variables as characterizing the size
of the corresponding data structures, we are
glad to see that the bounds obtained are rather
accurate. For instance, if an argument x is of
type list and we interpret x as its length, the
polynomial x + y + 1 accurately bounds the
number of recursive calls to mergeD(x, y). To
see whether interpreting argument variables as
sizes is correct or not we must pay attention
to the interpretation given by Proposition 4 to
data constructors. During the execution of a
function f , the formal arguments of f will be
replaced by actual ones and these consist just
of ground terms formed by data constructors.
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By knowing the polynomial interpretation ob-
tained for these constructors, we can know the
polynomial associated to the whole term rep-
resenting the actual data structure passed to
f as actual argument. In the examples above,
we have obtained the following interpretation
for the list data constructors:

[[Nil ]] = 0
[[Cons(x, xs)]] = k + xs

being k = 1 or k = 2. For binary trees, we
have obtained:

[[Empty ]] = 0
[[Node(l, x, r)]] = 1 + l + r

Then, the polynomial associated to a com-
plete list will be related to its length and the
one associated to a binary tree will coincides
with its cardinality. This circumstance allows
us to interpret argument variables as sizes (at
least in the examples we have tried so far).

The polynomials obtained for length and
splitD are less accurate, but at least they show
an accurate linear dependency with their argu-
ment sizes. The bound for insert is also accu-
rate as the binary tree needs not be balanced:
in the worst case, the number of recursive calls
grows linearly with the tree size.

We have not obtained a termination proof
for msortD. We must be prepared for that
due to the incompleteness of any termina-
tion proving algorithm. Apparently, the cur-
rent TRS termination proving technology is
not able to detect that the sizes of the lists
passed as arguments to msortD in the two re-
cursive calls are strictly smaller that the list
of the external call. Manipulating the rules,
it is possible to obtain a termination proof
for U(trF (msortD)) but it is not clear that
this manipulation can always be obtained au-
tomatically.

7 Hierarchical composition of
SAFE programs

When proving termination and complexity
bounds of Safe programs, two strategies can
be applied:

1. Either the whole program is transformed
into a TRS, and then this is submitted

to a termination prover tool such as MU-
TERM.

2. Or else each function is separately ana-
lyzed for termination, assuming that the
functions possibly called from the anal-
ized one in turn terminate.

Approach (1) is more realistic in the sense
that the TRS exactly corresponds to the orig-
inal Core-Safe program. In particular, con-
structor and function symbols are global to the
whole program and the polynomials obtained
for them, in case of success, guarantee that
every term will be finitely rewritten. That is,
every well-formed main expression using those
symbols will terminate.

However, programs can be huge and the
time needed by the termination tool will prob-
ably increase more than linearly with program
size. So, it is worthwhile to investigate the
modularity properties of the TRS obtained
from the transformation of Safe programs. In-
tuitively, if we get a polynomial bounding the
number of recursive calls of a particular func-
tion f , this is a property which depends on
the definition of f (and, of the definition of
all the functions used by f) but not on its use
in enclosing contexts. So, we expect that the
polynomial of a function f , once obtained, will
remain stable along the function definitions
following that of f in the Safe text. In this
case, f ’s polynomial would not need to be in-
ferred again when analyzing the functions that
follows f .

Data constructors are a different matter as
they miss a definition. Our experiments tell
us that almost always they get a polynomial
which clearly indicates the size of the data
structure starting at this constructor, as it has
been mentioned in Section 6. Then, we believe
that it is desirable to force a fixed interpreta-
tion for the constructors, and this interpreta-
tion should convey the intuitive notion of size
for the corresponding data structure.

In this vein, when inferring the polynomial
for a particular function f , we could force the
interpretation of the functions defined previ-
ously to f , to the polynomials obtained for
them. In this way, the termination tool will
have to infer only the polynomials for the new
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defined symbols introduced by the transforma-
tion of f , and the amount of work would ap-
proximately be proportional to the complexity
of f .

We should then prepare our termination
tool for this mixed working mode, i.e. for re-
ceiving some polynomials as given and then
inferring the rest.

8 Conclusions and Future Work

The preliminary experiments reported in this
paper encourages us to continuing the explo-
ration of the approach of using TRS termina-
tion tools to infer polynomial bounds on the
number of recursive calls of real programs.

However much work remains to be done. In
particular, we consider using DP-termination
as a first approach to the problem due to the
following reasons:

1. It forces all dependency pairs of the TRS
to be strictly oriented while in fact only
one strictly oriented pair per cycle is re-
quired for SCC-termination. The conse-
quence is that termination proofs will fail
more often.

2. Bounding the total number of recursive
calls is sometimes a too rough bound on
the length of recursive calls chains, due to
the fact that a function may be multiple-
recursive.

SCC-termination seems more promising in
both repects but it requires a correct way of
composing the polynomials obtained for the
different cycles of the TRS. It is not clear that
the least upper bound of all the polynomials
gives always the correct bound. We conjec-
ture that adding the polynomials obtained for
a given symbol f# will always be a safe bound.

Another path to explore is to provide the
termination proving tool with some help from
the programmer in order to prove termination,
and to infer correct polynomials, in cases such
as the msortD function where the tool fails.
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