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Abstract

The dependency pairs approach, one of the most powerful techniques for proving termination of rewrit-
ing, has been recently adapted to be used for proving termination of context-sensitive rewriting (CSR). The
notion of context-sensitive dependency pair (CS-DP) is different from the standard one in that collapsing de-
pendency pairs (i.e., rules whose right-hand side is a variable) are considered. Although the implementation
and practical use of CS-DPs leads to a very powerful framework which improves the current state-of-the-art
of methods for proving termination of CSR, handling collapsing pairs is not easy and often leads to impose
heavy requirements over the base orderings which are used to achieve the proofs. A recent proposal removes
collapsing pairs by transforming them into sets of new (standard) pairs. In this way, though, the complexity
of the obtained dependency graph is heavily increased and the role of collapsing pairs for modeling context-
sensitive computations gets lost. This leads to a less intuitive and accurate description of the termination
behavior of the system. In this paper, we show how to get the best of the two approaches, thus obtaining a
more powerful dependency pair framework which hopefully fulfills all practical and theoretical expectations.
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1 Introduction

In Context-Sensitive Rewriting (CSR, [17]), a replacement map p satisfying p(f) C
{1,...;ar(f)} for every function symbol f in the signature F is used to discrim-
inate the argument positions on which the rewriting steps are allowed. In this
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Fig. 1. Dependency graph for Example 1.1 following [1] (left) and [5] (right)

way, a terminating behavior of (context-sensitive) computations with Term Rewrit-
ing Systems (TRSs) can be obtained. CSR has shown useful to model evaluation
strategies in programming languages [8,9,10,11,12,18]. In [3,4], Arts and Giesl’s de-
pendency pairs approach, a powerful technique for proving termination of rewriting,
was adapted to CSR (see [5] for a more recent presentation). In [1], a transformation
that replaces the collapsing dependency pairs (i.e., pairs whose right hand sides are
variables, see [3]) by a new set of pairs that simulate their behavior was introduced.
This new set of pairs is used to simplify the definition of context-sensitive depen-
dency chain; but, on the other hand, we loose the intuition of what collapsing pairs
mean in a context-sensitive rewriting chain, and some processors which are based
on collapsing dependency pairs cannot be used anymore (see [5]). Furthermore,
understanding the new dependency graph is harder.

Example 1.1 Consider the context-sensitive term rewriting system (CS-TRS) in [1]

gt(0,y) — false p(0) — 0

gt(s(z),0) — true p(s(z)) — =
gt(s(z),s(y)) — gt(x ) minus(z,y) — 'f(gt(y, 0), minus(p(z), p(y)), =)
if(true, z,y) — div(0,s(y)) —
if (false, z,y) — div(s(z),s(y)) — s(dlv(mlnus(ac ¥),s(v)))

with p(if) = {1} and u(f) ={1,...,ar(f)} for all other symbols f. Note that if no
replacement restriction is considered, then the following sequence is possible and
the system would be nonterminating:

minus(0,0) —% if(gt(0,0), minus(0,0),0) —% if(...,if(gt(0,0), minus(0,0),0),...) =% -~

If we follow the transformational definition in [1] we have the following dependency
pairs (a new symbol U is introduced):

GT(s(z),s(y)) = GT(z,y) (1) M(z, y) — IF(gt(y,0), minus(p(z), p(y)), ) (7)
M(z,y) — GT(y,0) (2) D(s(z),s(y)) — D(minus(z, y),s(y)) (8)
D(s(z),s(y)) = M(z,y) (3) U(minus(p(z), p(y))) — M(p(z), p(¥)) 9)
IF(true, z,y) — U(x) (4) U(p(x)) — U(z) (10)
IF(false, z,y) — U(y) (5) U(p(y)) — U(y) (11)
U(p(z)) — P(2) (6) U(minus(z,y)) — U(z) (12)
U(minus(z,y)) — U(y) (13)

and the dependency graph has the unreadable aspect shown in Figure 1 (left). In
contrast, if we consider the original definition of CS-DPs and CS-DG in [3,4], our
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set of dependency pairs is the following:

GT(s(z),s(y)) — GT(z,y) (1) M(z,y) — IF(gt(y,0), minus(p(z),p(y)),z) (7)
M(z,y) — GT(y,0) (2) D(s(z),s(y)) — D(minus(z,y),s(y)) (8)
D(s(z),s(y)) — M(z,y) (3) IF(true,z,y) — = (14)
IF(false, z,y) — y (15)

and the dependency graph is much more clear, see Figure 1 (right).

The work in [1] was motivated by the fact that mechanizing proofs of termination
of CSR according to the results in [3] can be difficult due to the presence of collapsing
dependency pairs. The problem is that [3] imposes hard restrictions on the orderings
which are used in proofs of termination of CSR when collapsing dependency pairs
are present. In this paper we address this problem in a different way. We keep
collapsing CS-DPs (and their descriptive power and simplicity) while the practical
problems for handling them are overcome in an elegant way.

After some preliminaries in Section 2, in Section 3 we introduce the notion of
hidden term and hidden context and discuss their role in infinite u-rewrite sequences.
Then, in Section 4 we introduce a new notion of CS-DP chain which is well-suited
for mechanizing proofs of termination of CSR with CS-DPs. Finally, in Section 5
we introduce a dependency pairs framework which is more appropriate for proving
termination of CSR and is as powerful as the approach in [1]. Furthermore, we show
that with the new definition we can also use all the existing processors from the two
previous approaches. Section 6 concludes.

2 Preliminaries

We assume a basic knowledge about standard definitions and notations for term
rewriting as given in, e.g., [7]. Positions p, g, ... are represented by chains of positive
natural numbers used to address subterms of t. Given positions p, ¢, we denote its
concatenation as p.q. If p is a position, and @ is a set of positions, p.QQ = {p.q | g €
Q}. We denote the empty chain by A. The set of positions of a term ¢ is Pos(t).
The subterm at position p of ¢ is denoted as t|, and t[s], is the term ¢ with the
subterm at position p replaced by s. We write t > s if s = t|, for some p € Pos(t)
and t> s if t> s and ¢t # s. The symbol labeling the root of ¢ is denoted as root(t).
A substitution is a function o : X — T(F,X) such that o(z) # x. A context is
aterm C € 7(F U {0}, X) with zero or more ‘holes’ O (a fresh constant symbol).
A rewrite rule is an ordered pair (¢,r), written ¢ — r, with {,r € T(F,X), L € X
and Var(r) C Var(£). The left-hand side (lhs) of the rule is ¢ and r is the right-
hand side (rhs). A TRS is a pair R = (F,R) where R is a set of rewrite rules.
Given R = (F,R), we consider F as the disjoint union F = C & D of symbols
c € C, called constructors and symbols f € D, called defined functions, where
D = {root(¢) | { - r € R} and C = F\D.

In the following, we introduce some notions and notation about CSR [17]. A
mapping p : F — p(N) is a replacement map ifVf € F, p(f) C{1,...,ar(f)}. Let
M be the set of all replacement maps (or Mg for the replacement map of a TRS
(F,R)). The set of active positions Post(t) of t € T(F,X) is: Post(t) = {a}, if
t € X and Pos"(t) = {A} U U (rootry) - Pos” (tli), if t ¢ X. The set of replacing
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variables of t is Vart(t) = {x € Var(t) | Ip € Post(t),t|, = x}. The replacing
subterm relation >, is given by t &>, s if there is p € Pos#(t) such that s = ¢|,. We
write t >, s if t >, s and t # s. We write ¢ > s to denote that s is a nonreplacing
strict subterm of t: t >, s if there is a frozen position p, i.e. p € Pos(t) \ Pos*(t),
such that s = t[,. In CSR, we (only) contract replacing redexves: t p-rewrites to
s, written ¢ —, s (or t —g, s), iff there are { — r € R, p € Pos”(t) and
a substitution ¢ with ¢, = o(¢) and s = t[o(r)],. We say that a variable x is
migrating in { — r € R if x € Vart(r)\ Var*(£). A TRS R is p-terminating if —,,
is terminating. A term ¢ is p-terminating if there is no infinite py-rewrite sequence
t =1t =ty =y - =y ty —, - starting from ¢. A pair (R, p) where R is a
TRS and p € Mg is often called a CS-TRS. We say that f € F is a hidden symbol
in £ — r € R if there exists a term t € 7(F,X) s.t. r D>yt and root(t) = f. We
denote H(R, pu) (or just H) the set of all hidden symbols in (R, i) [5].

3 Infinite u-Rewrite Sequences

For every non-p-terminating term ¢ we can extract a minimal infinite p-rewrite
sequence of the form ¢ —g, t) >, ts —r, t5 >, t3 —g, - - where every t;,
i > 2, is a minimal non-p-terminating term (all its active strict subterms are p-
terminating); this is denoted by t; € My, and t; (which is a subterm of ¢, i.e.,
t > t1) is a strongly minimal non-p-terminating term (all its strict subterms are
p-terminating); denoted t € 7o, [5].

As shown in Theorem 3.2 below, when a minimal infinite py-rewrite sequence is
considered, the minimal non-u-terminating terms v € M ;,, which are introduced
by the instantiated migrating variables x of a rule £ — r (which are frozen in r but
active in /¢, i.e., x € Vart(r) \ Var#({)) are instances of terms occurring in frozen
positions in the right-hand sides of the rules (hidden terms) within a given (hiding)
context. A term t € 7(F,X)\ X is a hidden term [1,5] if there is a rule { — r € R
such that ¢ is a frozen subterm of r. In the following, H7 (R, i) (or just H7, if R and
w are clear for the context) is the set of all hidden terms in (R, 1) and NHT (R, i)
the set of narrowable ? hidden terms headed by a defined symbol. A function symbol
[ hides position i if f(ri,...,7r, ..., ) € HT(R,p), i € p(f), and r; contains a
defined symbol or a variable at an active position (i.e., Posh (r;) UPosh, (r;) # @). A
context C[0] is hiding [1] if C[0O] = O or C[0O] = f(t1,...,ti—1, C'[O], tit1, ..., tn),
where f hides position i and C’[0] is a hiding context.

Example 3.1 The hidden terms in Example 1.1 are minus(p(z),p(y)), p(z) and
p(y). Symbol minus hides positions 1 and 2, and p hides position 1.

These notions are used and combined to model infinite context-sensitive rewrite
sequences starting from strongly minimal non-u-terminating terms as follows.

Theorem 3.2 (Minimal sequence [14]) Let R = (F,R) be a TRS and p € M.

4 A term s narrows to the term ¢ if there is a nonvariable position p € Posx(s) and a rule £ — r such that
s|p and £ unify with mgu o, and t = o(s[r]p).
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For allt € T, there is an infinite sequence

A A A A A
t=to =Ry 01() Srp 01(r)2utt SR, 02(02) SRy 02(r2)Buts TSR,

where, for allt > 1, {; — r; € R are rewrite rules, o; are substitutions, and terms
t; € Moo, are minimal non-p-terminating terms such that either
(i) ti = 0i(s;) for some s; € X such that r; >, s; and root(s;) € D, or
(i) oi(z;) = Citi] for some z; € Vart(r;) \ Var*(¢;) and C;[t;] = 0;(CL[t)]) for
some t; € NHT (R, ), hiding context C![O], and substitution 0;.

4 Context-Sensitive Dependency Pairs

The following definitions naturally follow from the facts which have been established
in Theorem 3.2. We use the following functions [3,5]: REN#(t), which independently
renames all occurrences of p-replacing variables by using new fresh variables which
are not in Var(t), and NARR, (¢), which indicates that ¢ is g-narrowable (w.r.t. the
intended TRS R).

Definition 4.1 [Context-sensitive dependency pairs [5]] Let R = (F,R) = (C W
D, R) be a TRS and pu € Mx. We define DP(R, ) = DP£(R, ) UDPx (R, 1) to be
set of context-sensitive dependency pairs (CS-DPs) where:

DPx(R,u) = {¢* — s*| £ —r € R,r>, s root(s) € D, L 1t, s, NARR/s (REN"(5))}
DPx(R,u) = {{f - x|l —rcR,xcVart(r)\ Var*({)}

We extend p € My into p# € Mg p: by pf(f) = u(f) if f € F and p*(f*) = u(f)
if feD.

Now, we have to provide a suitable notion of chain of CS-DPs. In contrast to
[1], we store the information about hidden terms and hiding contexts as a new TRS
instead of introducing them as new (transformed) pairs.

Definition 4.2 [Unhiding TRS] Let R = (F, R) be a TRS and p € Mx. We define
unh(R, i) as the TRS formed by the rules:

o f(z1,...,24...,@y) — x; for every function symbol f of arity n and every 1 <
i < n where f hides position 7, and

o t — t! for every t € NHT (R, p).
Example 4.3 The unhiding TRS unh(R, 1) for R and g in Example 1.1 is:

minus(p(z), p(y)) — M(p(2), p(y)) (16) p(x)—x (18)
p(xz) — P(z) (17) minus(z,y) —x (19) minus(z,y) —y (20)

Definitions 4.1 and 4.2 lead to a suitable notion of chain which captures minimal

infinite p-rewrite sequences according to the description in Theorem 3.2.

Definition 4.4 [S-chain of pairs - minimal S-chain] Let R = (F,R) and P =
(G, P) be TRSs and i € Mryg. Let (S, u) = (S, USy, it), where Sp., are rules of the
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form f(z1,...,2i,...,2,) — x; € S for some f € Fand i € pu(f); and Sy = S\ S,
A (P,R,S, u)-chain is a finite or infinite sequence of pairs u; — v; € P, together
with a substitution o satisfying that, for all i > 1,

(i) if v; & Var(u;) \ Vart(u;), then o(v;) = s; =% , o(uit1), and

o

A x

A
i) if v; € Var(u;) \ Var*(u;), then o(v;) —=5 0 =8, i =k, 0(Uit1).

o

A (P,R,S, p)-chain is called minimal if for all i > 1 s; is (R, p)-terminating.

Notice that if Sp, = {f(21,...,2,) — x; | f € D,i € p(f)}, then we have the
notion of chain in [5] and if Sy = {f(z1,...,2,) — f(z1,...,3,) | f € D}, then we
have the original notion of chain from [3].

Theorem 4.5 (Soundness and completeness of CS-DPs) Let R be a TRS and
uw € Mg. A CS-TRS (R,p) is terminating if and only if there is no infinite
(DP(R,,u),R,unh(R, M))M)'Chain'

5 Context-Sensitive Dependency Pairs Framework

In the DP framework [13] the focus is on the so-called termination problems involv-
ing two TRSs P and R instead of just the ‘target’ TRS R. In our setting we start
with the following definition (see also [1,5]).

Definition 5.1 [CS-termination problem and processor| A CS-termination problem
T is a tuple 7 = (P, R,S, ), where R = (F,R), P =(G,P) and S = (FUG,S) are
TRSs, and p € Mgyg. A CS-termination problem (P, R,S, i) is finite if there is no
infinite (P, R, S, u)-chain. A CS-processor Proc is a mapping from CS-termination
problems into sets of CS-termination problems. A CS-processor Proc is sound if for
all CS-termination problems 7, 7 is finite whenever 7’ is finite for all 7" € Proc(7).
A CS-processor Proc is complete if for all CS-termination problems 7, whenever 7
is finite, 7’ is finite for all 7/ € Proc(7).

In order to prove the u-termination of a TRS R, we start with the CS-termination
problem (DP(R, i), R,unh(R, i), 1) and we repeatedly apply correct CS-processors
until no further CS-processor applies. Then, the p-termination of R is proved.
The pairs in a CS-TRS (P,u), where P = (G, P), are partitioned as follows:
Py ={u — v e P|veVar(u) \ Var*(u)} and P; = P\ Py. Definition 5.1
enables the use of all existing CS-processors (see [1,5]). For instance, the following
processor integrates the transformation of [1] into our framework.

Theorem 5.2 (Collapsing pairs transformation) LetT = (P, R,S, i) be a CS-
termination problem and Py be given by the following rules:

o u— U(x) for every u — x € Py,

o U(f(z1,...,mi...,2n)) — U(x;) for every f(z1,...,24...,2n) — 2 € Sy, and
o U(s) —t for every s — t € S.

where U is a new fresh symbol. Let P’ = (G U {U}, P") where P’ = (P \ Px) U Py,
and ' extends p by ' (U) = @. The processor Procecoy given by Proceoo(T) =
{(P'\R,o,u)} is sound and complete.
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Now, we can apply all CS-processors from [1] and [5] which did not consider any
S component in termination problems. In the following sections, we describe some
important CS-processors within our framework.

5.1 Context-Sensitive Dependency Graph

In the DP-approach [6,13], a dependency graph is associated to the TRS R. The
nodes of the graph are the dependency pairs in DP(R) and there is an arc from a
dependency pair © — v to a dependency pair v/ — v’ if there are substitutions 6
and 0’ such that 6(v) —% ¢'(v'). In our setting, we have the following.

Definition 5.3 [CS-graph of pairs] Let R = (F,R), P = (G,P)and § = (F UG, S)
be TRSs and p € Mgzyg. The CS-graph associated to R, P and S (denoted
G(P,R,S, 1)) has P as the set of nodes and arcs which connect them as follows:

(i) there is an arc from u — v € Pg to v’ — v/ € P if there are substitutions
and 0’ such that 0(v) —% , 0'(«), and

(ii) there is an arc from v — v € Py to v/ — v’ € P if there are substitutions 6

A x

A
and ¢', and a term s such that 0(v) —=% o <=s,u s =%, 0'(uW).
wo )

Example 5.4 In Figure 1 (right) we show G(R,DP(R, u),unh(R, p), ) for R in
Example 1.1.

In termination proofs, we are concerned with the so-called strongly connected
components (SCCs) of the dependency graph, rather than with the cycles themselves
(which are exponentially many) [16]. The following result formalizes the use of SCCs
for dealing with CS-termination problems.

Theorem 5.5 (SCC processor) Let 7 = (P, R,S,u) be a CS-termination prob-
lem. The CS-processor Procgco given by

Procsco (1) = {(Q,R,So, 1) | Q contains the pairs of an SCC in G(P,R,S,u)}

where Sg = Sy, U{s =t | s — t € S, NARR(RENH(t))} is sound and complete.

Example 5.6 The graph in Figure 1 (right) has three SCCs Py = {(1)}, P2 =
{(8)}, and Ps = {(7), (14), (15)}. If we apply the CS-processor Procgcc to the initial
CS-termination problem (DP(R, ), R,unh(R, i), p) for (R, p) in Example 1.1 we
obtain problems (P1, R,unh(R, u), 1), (P2, R,unh(R, u), 1), (P3, R,unh(R, u), ).

The CS-graph is not computable. Thus, we have to use an over-approximation to
it. In the following definition, besides REN* we use a new function Cap/y (¢), which
renames all subterms headed by a ‘defined’ symbol in A by new fresh variables.

Definition 5.7 [Estimated CS-graph of pairs| Let R = (F,R), P = (G, P) and
S =(FUg,S) be TRSs and u € Mz g. The estimated CS-graph associated to R,
P and S (denoted EG(P, R, S, 1)) has P as the set of nodes and arcs which connect
them as follows:

(i) there is an arc from u — v € Pg to v — v’ € P if REx#(CaPp(v)) and o’
unify, and
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(ii) there is an arc from v — v € Py to u' — v’ € P if there is £ — r € S; such
that REN#(CaP(r)) and v/ unify.

Example 5.8 In Example 1.1, the estimated context-sensitive dependency graph
and the context-sensitive dependency graph are the same.

5.2  Reduction Pair Processor

A p-reduction pair (2, ) consists of a stable and p-monotonic quasi-ordering 2,
and a well-founded stable relation J on terms in 7 (F,X’) which are compatible,
ie,2o3CTor JozC3.

In [3], when a collapsing dependency pair u — x occurs in a chain we have to look
inside the instantiated right-hand side o(x) for a p-replacing subterm that, after
marking it, does rewrite to the (instantiated) left-hand side of another dependency
pair. For this reason, the quasi-ordering 2 of our reduction pair (2, 1) is required to
have the p-subterm property, i.e. >, C 2. This is similar for markings: we have to
ensure that f(z1,...,2,) 2> f¥(z1,...,2,) for all defined symbols f in the signature.
In [5], thanks to the notion of hidden term, we can relax the last condition to be held
on hidden terms only, that is we require ¢ > t* for all (narrowable) hidden terms ¢.
However, we kept the quasi-ordering 2 compatible with t>,. In [1], thanks to the
notion of hiding context, we only require that = is compatible with the projections
f(x1,...,x2,) — x; for those symbols f and positions ¢ such that f hides position
i. However, this information is implicitly encoded as (new) pairs in the set P. The
strict component J of the reduction pair (2, ) is used with these new pairs now.

In this paper, since the rules in S are not considered as ordinary pairs (in the
sense of [1,5]) we can relax the conditions imposed to the orderings dealing with
these rules. Since rules in S are applied to the root of the term, we only have
to impose stability to the ordering which is compatible with these rules (no well-
foundedness or p-monotonicity required).

Therefore, we can use now p-reduction triples (2, 3,>) where (2, 3) is a p-
reduction pair and > is a stable quasi-ordering which is compatible with =, i.e.,
—oz2CZ>or2o-C2.

Theorem 5.9 (p-reduction triple processor) Let 7 = (P,R,S,u) be a CS-
termination problem. Let (2, 3,%) be a p-reduction triple such that

() PCZUD, RCZ, and
(ii) whenever Py # & we have that S C 2 U JU ».

Let Po={u—v € P|udv}. Then, the processor Procrr given by

{(P\P+,R,S, )} if (i) and (ii) hold
{(P,R,S,u)} otherwise

Procrr(r) =

is sound and complete.

Since rules from S are only applied when collapsing pairs appear, we only need to
make them compatible with some ordering if condition (ii) holds. Another advantage
is that we can use p-reduction pairs to remove rules from S.

8
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Theorem 5.10 (u-reduction pair processor) Let d = (P,R,S,u) be a CS-
termination problem. Let (2, ) be a p-reduction pair such that

(i) PCzUd, RC 2, and
(ii) whenever Py # @ we have that S C 2 U .

Let Po={u—veP|uv} and So={u—veS|udv}. Then, the processor
Procrp given by

{(P\P4,R,S\ 87, 1)} if (i) and (i) hold
{(P,R,S, 1)} otherwise

Procgp(d) =

is sound and complete.

Furthermore, we can increase the power of this definition by considering the
usable rules corresponding to P instead of R as a whole (see [1,15]).

5.8  Collapsing Dependency Pairs Processors

With the new definition, we can apply specific processors for collapsing pairs that
are very useful, but that do not apply if we do not have them in our chains (as in
[1]). For instance, we can use the following result, which is often used in proofs of
termination of CSR with mu-TERM [19,2]. The subTRS of Py containing the rules
whose migrating variables occur on non-p-replacing immediate subterms in the left-
hand side is Py = {f(u1,...,ux) » 2 € Py | Ji,1 <i < k,i & u(f),r € Var(u;)}.

Theorem 5.11 [5] Let 7 = (P, R,S,p) be a CS-termination problem. If P = P
then T is finite.

And we can also define new processors. The following processor can be applied
after processor from Theorem 5.10 if we have removed all the rules in S;.

Theorem 5.12 (Marking rules processor) Let 7 = (P,R,S,u) be a CS-ter-
mination problem. Then, the processor Procy given by

{(P\Px,R,2,1)} if Sy = @ hold

Procy(7) =
{(P,R,S,n)} otherwise

is sound and complete.

6 Conclusions

When proofs of termination of CSR are mechanized following the context-sensitive
dependency pairs approach [3], handling collapsing pairs is difficult. In [1] this
problem is solved by a transformation which disregards collapsing pairs (so we loose
their descriptive power), adds a new fresh symbol U which has nothing to do with
the original CS-TRS, and makes the dependency graph harder to understand.

We have shown a different way to mechanize the context-sensitive dependency
pairs approach. The idea is adding a new TRS, the unhiding TRS, which avoids the

9
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extra requirements in [3]. Thanks to the flexibility of our framework, we can use all
existing processors in the literature, improve the existing ones by taking advance of
having collapsing pairs, and define new processors.
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