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Abstract. The development of powerful techniques for proving termi-
nation of rewriting modulo a set of equations is essential when dealing
with rewriting logic-based programming languages like CafeOBJ, Maude,
OBJ, etc. One of the most important techniques for proving termination
over a wide range of variants of rewriting (strategies) is the dependency
pair approach. Several works have tried to adapt it to rewriting modulo
associative and commutative (AC) equational theories, and even to more
general theories. However, as we discuss in this paper, no appropriate
notion of minimality (and minimal chain of dependency pairs) which is
well-suited to develop a dependency pair framework has been proposed to
date. In this paper we carefully analyze the structure of infinite rewrite
sequences for rewrite theories whose equational part is a (free) combina-
tion of associative and commutative axioms which we call AVC-rewrite
theories. Our analysis leads to a more accurate and optimized notion of
dependency pairs through the new notion of stably minimal term. Then,
we have developed a suitable dependency pair framework for proving
termination of AVC-rewrite theories.
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1 Introduction

Rewriting with rules R modulo axioms F is a widely used technique in both rule-
based programming languages and in automated deduction. Consequently, termi-
nation of rewriting modulo specific axioms E (e.g., associativity-commutativity,
AC) has been studied. Methods for proving termination of rewriting systems
modulo AC-axioms are known and even implemented. Several works have tried
to adapt the dependency pair approach (DP-approach [1]) to rewriting mod-
ulo associative and commutative (AC) theories [13,9-11, 14]. The corresponding
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fmod LIST&SET is
sorts Bool Nat List Set .
subsorts Nat < List Set .
ops true false : -> Bool .
ops _and_ _or_ : Bool Bool -> Bool [assoc comm]

op O : -> Nat .
op s_ : Nat -> Nat .

op _;_ : List List -> List [assoc]

op null : -> Set .

op __ : Set Set -> Set [assoc comm]

op _in_ : Nat Set -> Bool .

op _==_ : List List -> Bool [comm]

op list2set : List -> Set .

var B : Bool . vars N M : Nat .

vars L L’ : List . var S : Set .

eq NN =N .

eq true and B = B . eq false and B = false .

eq true or B = true . eq false or B =B .

eq 0 == s N = false . eqs N==sM=N=NM.

eq N ; L ==M = false . eqN ; L==M; L= (N==M and L ==L’

eq L ==L = true .

eq list2set(N) = N . eq list2set(N ; L) = N list2set(L)

eq N in null = false . eq Nin M S = (N==M) or N in S .
endfm

Fig. 1. Example in Maude syntax [3]

proof methods, though, cannot be applied to commonly occurring combinations
of axioms that fall outside their scope. For instance, they could not be applied
to prove termination of the TRS in Figure 1, (specified in Maude with self-
explanatory syntax; we would not care about sort information here) where we
have a (free) combination of associative and commutative axioms which we call
an AVC-rewrite theory in this paper. Furthermore, the Dependency Pair Frame-
work (DP-framework [6]), which is the basis of state-of-the-art tools for proving
termination of (different variants of) term rewriting has not yet been adapted
to the AC case.

In this paper, we address these two problems. Giesl and Kapur generalized
the previous works on AC-termination with dependency pairs to deal with more
general kinds of equational theories E satisfying some restrictions [5]. In princi-
ple, the AVC-theories that we are going to investigate here fit Giesl and Kapur’s
approach. However, as we discuss below, they did not provide any definition of
minimal chain needed for further developments in the DP-framework. In the
DP-framework, the central notion regarding termination proofs is that of DP
problem: the goal is checking the absence (or presence) of the so-called infinite
minimal chains, where the notion of minimal chain can be thought as an ab-
straction of the infinite rewrite sequences starting from minimal non-terminating



terms. The most important notion regarding mechanization of the proofs is that
of processor. A (correct) processor basically transforms DP problems into (hope-
fully) simpler ones, in such a way that the existence of an infinite chain in the
original DP problem implies the existence of an infinite chain in the transformed
one. Here ‘simpler’ usually means that fewer pairs are involved. Processors are
used in a pipe (more precissely, a tree) to incrementally simplify the original
DP problem as much as possible, possibly decomposing it into smaller pieces
which are then independently treated in the very same way. This is the crucial
new feature of the DP-framework w.r.t. the DP-approach of [1]. This makes it
so powerful as a basis for implementing termination provers.

Before being able to adapt the DP-framework to deal with AV C-theories,
we start by giving a more refined notion of minimality. In fact, the notion of
minimality which is used in [5] is the straightforward extension of the one which
is used to prove termination of standard rewriting but without dealing with
equivalence preservation which, as we show below, is essential to provide an
appropriate notion of minimal non- E-terminating term for AVC-theories F which
can be used to define a suitable AvVC-DP-framework. We carefully analyze the
structure of infinite rewrite sequences for AV C-rewrite theories. This leads to
appropriate definitions of AVC-dependency pair and minimal chain.

After some technical preliminaries, in Section 3 we investigate the drawbacks
of previous notions of minimal term when modeling infinite AV C-rewrite se-
quences. Then, we introduce the notion of stably minimal non-E-terminating
term which is the basis of our development. Section 4 investigates the struc-
ture of infinite sequences starting from such stably minimal terms. Section 5
uses these results to formalize our notion of AVC-dependency pairs and minimal
chains. Section 6 introduces an AVC-DP-framework for proving AVC-termination
using AVC-DPs. in particular, we introduce the notion of AVC-dependency graph
and a first processor for proving termination in the AVC-DP-framework. We also
show how to use orderings for defining a second processor. Section 7 compares
our approach with the related work and concludes.

2 Rewriting modulo equational theories

Given a rewrite theory R = (X, E/, R), we write s — g/ p t if there exist u, v such
that s ~p u, u =g v, and v ~g t. We say that a rewrite theory R = (X, E, R)
is E-terminating, iff —g/p is terminating. In general, given terms s and ¢, the
problem of whether s —r,r t holds is undecidable: in order to check whether
s —pgr/p t we have to search through the possibly infinite equivalence classes
[s]g and [t]g to see whether a matching is found for a subterm of some u € [s]g
and the result of rewriting u belongs to the equivalence class [t]g. For this
reason, a much simpler relation — g g is defined, which becomes decidable if an
E-matching algorithm exists. For any terms s,¢, s —g g t holds iff there is a
position p in s, a rule | — r in R, and a substitution o such that s|, ~g o({)
and t = s[o(r)], (see [15]). We say that a rewrite theory R = (X, E,R) is
(R, E)-terminating, if — g g is terminating.



Regarding E-termination analysis using dependency pairs (DPs), Kusakari
and Toyama observed that there is no simple extension of DPs to directly deal
with — g/ g-computations [11,9]. In contrast, several approaches have been de-
veloped for — g p-computations [5, 11, 13]. Since — g, pC— /g (but the opposite
inclusion does not hold, in general), E-termination cannot be concluded from
(R, E)-termination. Actually, Marché and Urbain showed that there are (R, E)-
terminating rewrite theories R which are not E-terminating.

Ezample 1. Consider the following rewrite theory R = (X, E, R), where ‘4’ is
an AC symbol [13]: a+b — a+ (b+¢). Note that t = a + (b+¢) is an —pg -
normal form (hence (R, F)-terminating). However, t ~4¢ (a 4+ b) + ¢ which is
non- E-terminating.

Giesl and Kapur [5] proved the equivalence of both notions of termination with
respect to a notion of extension completion Extgp(R) of a rewrite theory R =
(X, E, R) which, for E being a set containing associative or commutative axioms,
goes back to Peterson and Stickel [15].

Theorem 1. [5, Theorem 11] Let R = (X, E, R) be a rewrite theory with E
a regular and linear equational theory and t € T (X, X). Then, t starts an in-
finite — g p-reduction if and only if t starts an infinite — g1, (R), p-reduction.
Therefore, R is E-terminating if and only if — gy, (r),E 05 terminating.

2.1 Combination of Associative and Commutative Theories

Let E be a set of equations that has the modular decomposition E = rex Er
where if k = ar(f) # 2, then Ey = @, and if k = 2, then E; C {A;, Cr}, where:

— Ay is the associativity axiom f(f(z,y),2) = f(=, f(y, 2)),
— (Y is the commutativity axiom f(z,y) = f(y, x).

We also define ¥ = Xy W Yo W Ypo W Xy where f € Yy & Ep = {Ay},
feXece Er= {Cf}, feXac e Ef = {Af,Cf}, feXy e Erf =a. In the
following, we often say that a symbol f € X' is associative if f € X4 U Xyc.

Definition 1 (AVC-rewrite theory). An equational theory E = J;c x5 Ey,
where if k = ar(f) # 2, then Ef = &, and if k = 2, then Ey C {Ay,Cy}
is called an AV C-theory. A rewrite theory R = (X, E,R) such that E is an
AV C-theory, is called an AVC-rewrite theory.

To deal with rewriting modulo AVC-theories by using (R, E)-rewriting we have
to extend R by following [15, Definition 10.4]:

Ertac(R) = RU{f(l,w) — f(r,w) |l =7 € R, f =root(l) € Xac}
gmtA(R) =RU {f(lvw) - f(T, w)7 f(w’l) - f(w,r),f(z,f(l,w)) - f(Z,f(T', w))
|l —7r€R,f=root(l) € Xa}
&xtc(R) = R

where w and z are fresh variables which do not occur in the original rule of R.
Therefore, given an AVC' theory E, we let: E&xtg(R) = Ertac(R) U Exta(R) U
Ertc(R). Note that R C &xtp(R).



2.2 Minimal terms and infinite rewrite sequences

Given a TRS R = (C W D, R), with C a subsignature of constructors and D a
subsignature of defined symbols, the minimal nonterminating terms associated
to R are nonterminating terms ¢ whose proper subterms u (i.e., t > u) are ter-
minating; 75, is the set of minimal nonterminating terms associated to R [7].
Minimal nonterminating terms have two important properties:

1. Every nonterminating term s contains a minimal nonterminating term ¢ €
T (ie., s> 1), and

2. minimal nonterminating terms ¢ are always rooted by a defined symbol f €
D: Vt € Ty, root(t) € D.

Considering the structure of the infinite rewrite sequences starting from a mini-
mal nonterminating term t = f(ty,...,tx) € T is helpful to arrive at the notion
of dependency pair. Such sequences proceed as follows (see, e.g., [7]):

1. a finite number of reductions can be performed below the root of ¢, thus
rewriting ¢ into ¢’; then

2. arule f(ly,...,lx) — r applies at the root of t' (i.e., t' = o(f(l1,...,l)) for
some substitution o); and

3. there is a minimal nonterminating term u € 75, (hence root(u) € D) at some
position p of o(r) which is a nonvariable position of r which ‘continues’ the
infinite sequence initiated by ¢ in a similar way.

This means that considering the occurrences of defined symbols in the right-hand
sides of the rewrite rules suffices to ‘catch’ every possible infinite rewrite sequence
starting from o(r). In particular, no infinite sequence can be issued from t’ below
the variables of r (more precisely: all bindings o(z) are terminating terms). The
standard definition of dependency pair [1] and (minimal) chain of dependency
pairs [6] relies on (1)—(3) above [7]. These facts are formalized as follows:

Proposition 1. [7, Lemma 1] Let R = (CW D, R) be a TRS. For all t € T,

there existl — r € R, a substitution o and a term u € T, such that root(u) € D,

¢ A a(l) 4 o(r) > u and there is a nonvariable subterm v of v, r > v, such

that u = o(v).

In the following section we begin the analysis of infinite E-rewrite sequences
according to this schema. We aim at providing an appropriate notion of minimal
non-E-terminating term (for AVC-theories F) which allows us to reach a result
similar to Proposition 1.

3 Stably minimal non- E-terminating terms

In the dependency pair approach [1,7,6], the analysis of infinite rewrite se-
quences is restricted to those starting from minimal nonterminating terms t €
T The following notion of minimal non-E-terminating term is implicit in [5,
proof of Theorem 16]. Similar definitions can be found in [10, 11,9, 14].



Definition 2 (Minimal non-E-terminating term [5]). Let R
= (X,E,R) be a rewrite theory. A non-E-terminating term t € T (X, X) is
said to be minimal (written t € Too g E) if every strict subterm s oft (i.e., t>>s)
is (&rtp(R), E)-terminating.

Remark 1. In Definition 2, if we assume that E is linear and regular (like AVC-
theories), then, by Theorem 1, we could equivalently start by saying that ¢ is
non-(&rtp(R), F)-terminating. This leads to a more symmetric definition which
we often use in the following without further comment.

Every non-FE-terminating term s contains a minimal non-FE-terminating term
t € Too g, (this is stated without proof in [5, proof of Theorem 16]).

Remark 2 (Root symbols of minimal terms). Note that, if F is an AVC-equational
theory, then root(t) € D whenever t € T g g. As remarked by Giesl and Kapur
(see also Example 5 below) this is not true for arbitrary equational theories.

The problem with Giesl and Kapur’s Definition 2 is that minimality is not pre-
served under F-equivalence.

Ezxample 2. Consider the following TRS R:
flz,2) — f(0, f(1,2)) (1)
where f € Yac. Hence, Extac(R) only adds the following rule to R:

(@, z),y) — fF(f(0, f(1,2)),9) (2)

Note that t = f(f(0,1), f(0, f(1,2))) is non-(&xtac(R), AC)-terminating:
I
I

S(f(0,1), f(0, £(1,2))) ~a £0, f£(1, £(0, f(1,2)))) ~a f(0, f(f(1,0), f(1,2))) ~c
F(0, £(£(0,1), £(1,2))) ~a f(O, £(0, f(1, f(1, ))))N £(0,0), F(1, F(1,2) v ()
F0,£(1,2)), f(1, £ (1,2))) —extac(r).ac -

Since f(0,1) and f(0, f(1,2)) are in (&rtac(R), AC)-normal form, we have
that ¢ € 7o r,ac. However, t' = f(£(0,0), (1, f(1,2))), which is AC-equivalent
to t (i.e., t ~ac t'), is non-AC-terminating but it is not minimal because its
strict subterm f(1, f(1,2))) is non-(&xtac(R), AC)-terminating:

F(L £(1,2

))) ~A f( ( ) )H&tAc(R)f(f(Ovf(172))72) ~A f(ovf(f(172)32))
~A f(O f(l f(2 2))) ~A f(f( 71)7f(272)) ~C f(f(272)a f(07 1))£’£a:tAc(R)
F(f(0, £(1,2)), £(0,1)) &t ac(R),AC T

Example 2 shows that an essential property of minimal terms when considered
as part of infinite (&xtg(R), E)-rewriting sequences for AVC-theories E gets lost:
the application of (&xtg(R), E)-rewrite steps at the root of a minimal term s by

means of a rule [ — r (i.e., s ~ac J(l)igmtE(R)o(r)) does not guarantee that
there is a nonvariable subterm v of the right-hand side r which is a prefix of the
‘next’ minimal term in the infinite sequence.



Ezample 3. Term t in Example 2 can be rewritten at the root only by rule (2)
of E&xtac(R). We can apply this rule to ¢’ in Example 2 (for instance) to obtain
§' = alr) = F(£(0, £(1,2)), £(1, £(1,2))) (where r = f(£(0, £(1,2)),y)), which
is non-(&xtac(R), AC)-terminating. Note that s’ contains a minimal term u €
Too,r.E- Since s'|s = f(1, f(1,2)) is non-(&xtac(R), AC)-terminating, it follows
that s’ is not minimal. Since §'|; = f(0, f(1,2)) is (&xtac(R), AC)-terminating,
the only possibility is that u occurs in §'|3. Actually, s'|o is minimal already;
hence, u = §|. But note the absence of any nonvariable position p € Pos(r) in
the right-hand side of the considered rule such that o(r|,) = v = f(1, f(1,2)).

This is in sharp contrast with the situation of the DP-approach for ordi-
nary rewriting. Furthermore, it is not difficult to see that for all ¢ ~4¢ t such
t" = o' (l) for some substitution ¢, we have a similar situation. Thus, the prob-
lem illustrated here cannot be solved by using a different ~ 4 sequence before
performing the &t o (R)-root-step.

In the following we introduce a new notion of minimality which solves these
problems.

3.1 A new notion of minimal non-E-terminating terms

The following definition solves the problems discussed above by explicitly requir-
ing that the condition defining minimality is preserved under E-equivalence.

Definition 3 (Stably minimal non-E-terminating term). Let R =
(X,E,R) be a rewrite theory. Let Moo r . be a set of stably minimal non-E-
terminating terms in the following sense: t € T (X, X)) belongs to Meo r.E if t
is non-E-terminating, and for allt’ ~g t and every proper subterm s’ of t' (i.e.,
t'>s), s is (Extp(R), E)-terminating.

We have the following useful characterization of minimality.

Proposition 2 (Characterization of stably minimal terms). Let R =
(X,R,E) be a rewrite theory and t € T(X,X). Then, t € Moo r.g if and only
Zf [t]E - Too,R,E- Therefore, Moo,R,E = {t S T(E,X) | [t]E - Too,R,E}-

The problem in Example 2 disappears now: ¢ is not minimal according to Defini-
tion 3. The following result shows how to find stably minimal non- E-terminating
terms associated to a given non- E-terminating term. This is essential in our de-
velopment.

Proposition 3. Let R = (X, E, R) be a rewrite theory such that [t|g = {t} for
all constant and variable terms t. Let s € T(X,X). If s is non-E-terminating,
then there is a subterm t of some s’ ~g s (s' > t) such that t € Mo g E.

Clearly, Proposition 3 holds whenever R is an AVC-rewrite theory.

Ezample 4. Consider the term ¢ in Example 2. Although ¢t € T rp, t ¢
Moo, g the term ¢ = f(f(0,0), f(1, f(1,2))), which is AC-equivalent to ¢,
contains a subterm u = f(1, f(1,2)) which is non-E-terminating. It is not diffi-
cult to see that actually u € M g E.



In general, Proposition 3 does not hold for arbitrary sets of equations F.

Ezample 5. Consider the following example [5, Example 13]:
R:f(z)— = E:f(a)=a

Note that a € 75 g, g. However, a is not stably minimal because a ~g f(a) but
f(a) & T, r, - Thus, Proposition 3 does not hold.

Now we provide a more precise result about where we can find stably mini-
mal subterms within a non-F-terminating term for AVC-rewrite theories R =
(X, E,R). In the following theorem, given a term s and a symbol f, by an f-
subterm ¢ of s (written s> t) we mean a subterm ¢ of s such that ¢t = s|, and
for all ¢ < p, root(s|q) = f. We also write s>t if s>t and s # t.

Theorem 2. Let R = (¥, E,R) be an AV C-rewrite theory. If s is non-E-
terminating, then there is a subterm t € T p.g of s (s>1t) and

LIf (1) Aroott)y & Erootry or (2) t = f(t1,t2), Ay € Ey, root(t1) # f, and
root(ta) # f, thent € Moo R.E-

2. Ift = f(t1,t2), Ay € Ey, androot(t) = f orroot(ts) = f, andt ¢ Moo R, E,
then there is ' ~g t and a strict f-subterm w of s’ (s’ >y u) such that
root(u) = f and v € Moo R, E-

The following result is just a convenient reformulation of the previous one.

Corollary 1. Let R = (X, E,R) be an AV C-rewrite theory. If s is non-E-
terminating, then either there is a subtermt € Moo g of s (s>t), or there is a
subterm t € Too r.E of s satisfying that t = f(t1,t2), Ay € Ey, and root(t1) = f
or root(ta) = f, and such that there is s’ ~g t and a strict f-subterm u of s
(s' > u) such that root(u) = f and u € Moo R E.

4 Structure of (stably) minimal infinite AV C-rewrite
sequences

Now we analyze AVC-rewrite sequences starting from stably minimal non-AVC-
terminating terms. First we consider a restricted case.

Proposition 4. Let R = (X, E,R) = (CW D, E,R) be an AVC-rewrite theory.
Let s € Moo, r g be such that f = root(s) and either (1) Ay ¢ Ey, or (2) s =
f(s1,82), Ay € Ey, and root(s1), root(ss) € C. Assume that for alll — r € R
such that root(l) = f and all subterms v of r (r > v) such that v = g(vy,vs)
for some associative symbol g, we have that root(vy),root(ve) & X U{g}. Then,
there exist | — r € R, a substitution o and termst € T(X,X) andu € M pr.E
such that

Ay A
s >—’5mtE(R),E t~po(l) Sro(r)>u

and there is a nonvariable subterm v of r, r > v, such that u = o(v).



Unfortunately, stable minimality of (arbitrary) non-E-terminating terms s for
AV C-theories E is not preserved under inner (&xtg(R), E)-rewritings.

Ezample 6. Termu = f(f (

1),
We have that f(f(1, ),2) Rf(f(O,f(1,2)),2). Note that f(f(0, f(1,2)),2) ¢
Moo, r g2 we have f( (0,f(1,2)),2) ~a f(0, f(f(1,2),2)) ~a (0, f(1, f(2,2)))
where  f(0, f(1, f(2,2))) contains a subterm f(1,f(2,2)) which is
non-(&xtg(R), E)-terminating.

2) in Example 2 is stably minimal: v € M g g.

In the following, we show how to avoid this problem. We define deep reduction as

a restriction E&tE(R),E of inner (&xtg(R), E)-rewriting which restricts reduc-
tions on terms like u above. We will show that deep reduction preserves stable
minimality of non- E-terminating terms for AVC-rewrite theories R = (X, E, R).

Definition 4 (Deep reduction). Let R = (X, E, R) be an AVC-rewrite theory.
Gien t € T(X,X), t Lﬂ&tE(RLE s if ti)&:tE(R),E s for some position q €
Pos(t) such that g > p for p € {1,2} if t = o(u) for some u = v € E or
v=u€ E and ul, ¢ X; otherwise, ¢ > A.

Obviously, 1325“}2( R), E§>—A>gxt »=(r),E- The following proposition shows that
deep reduction preserves stable minimality.

Proposition 5. Let R = (X, E, R) be an AVC-rewrite theory and t € Moo R E-
Ift == 2134 Eot(R),E S and s is non-E-terminating, then s € My R E-

As a consequence, the following theorem establishes the desired property for
stable minimal non-AVC-terminating terms.

Theorem 3. Let R = (X, E, R) be an AVC-rewrite theory. For all s € Moo R E,
there exist | — r € Extg(R) and a substitution o such that

>1,2 . A
5(~E 0 = an(r),E) L ~E 0(1) =gutp(r) o(r)

and there is a nonvariable subterm v of r (r > wv), such that either

1. v = f(v1,va) for some associative symbol f, root(vi) € XU{[f} orroot(vs) €
X UA{f}, root(o(v1)) = f orroot(c(ve)) = f, 0(v) € Too,r,E and there is a
term t' ~g o(v) containing a strict f-subterm uw = f(u1,u2) (t' >5u) such
that u € Moo r.E, OT

2. 0(v) € Moo, r,E Otherwise.

Example 2 shows that Theorem 3 does not hold for Giesl and Kapur’s minimal
terms s € T R E-



5 AV C-Dependency Pairs and Chains

Propositions 3 and 4 together with Theorem 3 are the basis for our definition
of AVC'-Dependency Pairs and the corresponding chains. Together, they show
that given an AV C-rewrite theory R = (X, E, R), every non-E-terminating
term s has an associated infinite (Extg(R), E)-rewrite sequence starting from a
stably minimal subterm ¢t € My, g g. Such a sequence proceeds as described in
Proposition 4 and Theorem 3, depending on the shape of ¢.

This process is abstracted in the following definition of AV C-dependency
pairs (Definition 5) and in the definition of chain below (Definition 6).

Given a signature ¥ and f € X, we let f* denote a fresh new symbol (often
called tuple symbol or DP-symbol) associated to a symbol f [1]. Let X% be the
set of tuple symbols associated to symbols in X'. As usual, for t = f(t1,...,tx) €
T(X,X), we write t* to denote the marked term f#(¢y,. .., ;) (written sometimes
F(t1,...,tx)). Given a set of rules R and a symbol f € X, we let Ry = {l —
r € R | root(l) = f}. Given a set of rules R, the set DP(R) of dependency pairs
associated to R is [1]: DP(R) = {I¥ — s* || — r € R,r > 5,700t(s) € D}.

Definition 5 (AvC-Dependency Pairs). Let R = (¥, E,R) = (CWD, E,R)
be an AV C-rewrite theory. Then, DPg(R) = DP(&xtg(R)) is the set of AVC-
dependency pairs (AVC-DPs) of R.

In general, the set of AVC-DPs which is obtained from Definition 5 is a subset
of those which are obtained by particularizing Giesl and Kapur’s definitions to
the AVC case [5].

Ezample 7. Consider the AC-rewrite theory R = (X, E, R) in Example 2. The
set DPg(R) consists of the following pairs:

F(z,z) — F(0, f(1,2)) 3)
F(x,z) — F(1,2) (4)
F(f(z,2),y) — F(f(0, f(1,2)),y) (5)
F(f(z,x),y) — F(0, f(1,2)) (6)
F(f(z,2),y) — F(1,2) (7)

5.1 Chains of AVC-DPs

An essential property of the dependency pair method is that it provides a char-
acterization of termination of TRSs R as the absence of infinite (minimal) chains
of dependency pairs [1,6]. If we want to prove the same for AVC-rewrite the-
ories, we have to introduce a suitable notion of chain which can be used with
AVC-DPs. As in the DP-framework, where the origin of pairs does not matter,
we should rather think of another rewrite theory P = (I', F, P) which is used
together with R to build the chains. According to the usual terminology [6], we
often call pairs to the rules u — v € P.



Definition 6 (Chain of pairs - Minimal chain). Let P = (I, F, P) and R =
(X, E, R) be rewrite theories, and S = (F,S) be a TRS. An (F, P,E, R, S)-chain
is a finite or infinite sequence of pairs u; — v; € P, together with substitutions
o and 0; satisfying that, for alli > 1:

1. If o(v;) = fi(vir,via) satisfies o(v;) = 6;(ul) for some u) = v, € F or
v, = u} € F such that u} = f;(u}y, uly) satisfies ujy ¢ X or uly ¢ X, then

A >1,2
o(vi) ~p 0 ==§ i (~F © “Sentp(r),B) "0 ~F 0(Uit1)

2. and o(v;) = t; —>zrtE(R)7E o ~p o(uijt1), otherwise.

An (F,P,E, R, S)-chain is called minimal if for all ¢ > 1, and t; € [t;]F, t} is
(&rtp(R), E)-terminating.

As usual, in Definition 6 we assume that different occurrences of dependency
pairs do not share any variable (renaming substitutions are used if necessary).

This more abstract notion of chain can be particularized to be used with AvVC-
DPs, by just taking

1. P=DPg(R),
2. F = EUFE* where Ef = {s* =t | s =t € F}, and
3. S ={f"(f(z,y),2) — fH(z,y), fH(z, f(y,2)) = [H(y.2) | f € ¥aU Zac}

Theorem 4 (Characterization of AVC-termination). Let R = (X, E, R)
be an AV C-rewrite theory. Let S = (X U D!, S) be a TRS such that S =
{fﬁ(f(x,y),z) - fﬁ(x,y),fﬁ(:c,f(y,z)) - fﬁ(y7z) | f € XaU EAC}' Then,
R is (Extp(R), E)-terminating if and only if there is no infinite minimal (E* U
E,DPg(R), E, R, S)-chain.

6 An AVC-Dependency Pair Framework

In the following, we adapt Giesl et al. DP-framework to provide a suitable frame-
work for mechanizing proofs of AVC-termination using AVC-DPs.

Definition 7 (A/C problem). An A/C problem 1 is a tuple T = (F, P, E, R, S),
where R = (X, E, R) is an AVC-rewrite theory, P = (I, F, P) is a rewrite theory,
and 8 = (F,S) is a TRS. An AVC' problem is finite if there is no infinite minimal
(F,P,E,R,S)-chain. An AVC problem T is infinite if R is non-AVC'-terminating
or there is an infinite minimal (F, P, E, R, S)-chain.

The following definition adapts the notion of processor [6] to prove termination
of AVC-rewrite theories.

Definition 8 (AVC processor). An AVC processor Proc is a mapping from
AVC problems into sets of AVC' problems. Alternatively, it can also return “no”.
An AVC processor Proc is



— sound if for all AVC problems 7, T is finite whenever Proc(r) # no and
V7' € Proc(r), 7' is finite.

— complete if for all AVC problems T, T is infinite whenever Proc(T) = no or
31" € Proc(t) such that 7' is infinite.

Similar to [6] for the DP-framework, we construct a tree whose nodes are labeled
with AV C problems or ‘yes” or “no”, and whose root is labeled with (Ef U
E,DPg(R), E, R, S). Now we have the following result which adapts [6, Corollary
5] to AVC-rewrite theories.

Theorem 5 (AVC-DP framework). Let R = (X, E, R) be an AVC-theory. We
construct a tree whose nodes are labeled with AVC problems or “yes” or “no”, and
whose root is labeled with (E*UE,DPg(R), E, R, S), where S = {f*(f(z,y), 2) —
), fi(z, fly,2) — fAy,2) | f € ZaUXac}. For every inner node labeled
with 7, there is a sound processor Proc satisfying one of the following conditions:

1. Proc(7) = no and the node has just one child, labeled with “no”.

2. Proc(T) = @ and the node has just one child, labeled with “yes”.

3. Proc(7) # no, Proc(r) # &, and the children of the node are labeled with the
AVC problems in Proc(T).

If all leaves of the tree are labeled with “yes”, then R is E-terminating. Other-
wise, if there is a leaf labeled with “no” and if all processors used on the path
from the root to this leaf are complete, then R is not E-terminating.

6.1 AVC-Dependency Graph

AV C problems focus our attention on the analysis of infinite minimal chains.
Our aim here is obtaining a notion of graph which is able to represent all infinite
minimal chains of pairs as given in Definition 6.

Definition 9 (AVC-Graph of Pairs). Let R = (X, E,R) and P = (I, F, P)
be rewrite theories and S = (F,S) be a TRS. The AV C-graph associated to
them (denoted G(F,P,E, R,S)) has P as the set of nodes. There is an arc from
u—veEPtouw —v €Pifu—uvu —v isan (F, P, E,R,S)-chain.

In termination proofs, we are concerned with the so-called strongly connected
components (SCCs) of the dependency graph, rather than with the cycles them-
selves (which are exponentially many) [8]. A strongly connected component in a
graph is a mazimal cycle, i.e., a cycle which is not contained in any other cycle.
In the following result, given two sets of rules S and @, we let S be the least
subset of S satisfying that whenever there is a rule u — v € @, such that v
unifies with s for some s =t € F or t = s € F such that s = f(s1,s2) and
s1 ¢ X or so ¢ X, then Sy C Sg.

Theorem 6 (SCC processor). Let R = (X,E,R) and P = ([, F,P) be
rewrite theories and S = (F,S) be a TRS. Then, the processor Procsco given
by

Procscc (F, P,E,R,S) = {(F,Q,E,R,Sq) | Q are the pairs of an SCC in G(F,P,E, R, S)}



18 sound and complete.

As a consequence, we can separately work with the strongly connected compo-
nents of G(F, P, E, R, S), disregarding other parts of the graph. Now we can use
these notions to introduce the AV C-dependency graph, i.e., the AV C-graph
whose nodes are the AVC-DPs instead of an arbitrary set of pairs.

Definition 10 (AvC-Dependency Graph). Let R = (X, E, R) be an AVC-
rewrite theory with ¥ = CWD. Let S = (Y UD*, S) be a TRS such that S =
{f%f(.’l?,y),Z) - fu($7y),fﬁ(x7f(y,z)) - fu(y7z) | feXa UEAC}' The AVC-
Dependency Graph associated to R is: DG(R) = G(E* U E,DPg(R), E, R, S).

6.2 Estimating the AV C-dependency graph

As in standard rewriting, the AVC-dependency graph of an AVC-rewrite theory is
in general not computable. So, we need to use some approximation of it. For any
term t € T (X, X) let CAP(t) result from replacing all proper subterms rooted by
a defined symbol by fresh variables and let REN(¢) which independently renames
all occurrences of variables in ¢t by using new fresh variables [1].

As usual, we do not have to talk about mgu when dealing with rewriting
modulo equations. Instead, it is used the notion of complete set of E-unifiers.
However, although in theory, all these unifiers have to be considered, for our
results of reachability it is enough to check the existence of one.

Proposition 6. Let R = (X, E, R) be an AVC-rewrite theory with X = C W D.
Let u,t € T(X,X) be such that Var(u) N Var(t) = & and 0,0’ be substitutions.
If0(t) =i () © ~E 0'(u), then REN(CAP(t)) and u E-unify.

Now, we are ready to provide a correct estimation of our graph of pairs. Cor-
rectness of our definition relies on Proposition 6.

Definition 11 (Estimated AVC-Graph of Pairs). Let R = (X, E, R) and
P = (I,F,P) be rewrite theories and S = (F,S) be a TRS. The estimated
AV C-graph associated to them (denoted EG(F,P,E,R,S)) has P as the set of
nodes and arcs which connect them as follows:

1. If v unifies with s for some s =t € F ort =s € F such that s = f(s1,$2)
and s1 ¢ X or sy & X, then, there is an arc fromu — v € P touw — v € P
if root(u') = f.

2. Otherwise, there is an arc from u — v € P to v’ — v’ € P if REN(CAP(v))
and v’ E-unify.

According to Definition 9, we would have the corresponding one for the es-
timated AVC-DG: EDG(R) = EG(E* U E,DPg(R), E, R, S), where

S={f(f(z,y),2) = A (z,y), Az fy.2) = fHy.2) | f € ZaUZac}



Example 8. For the AVC-rewrite theory in Figure 1, the set DPg(R) is®:

LIST2SET(cons(N,L)) — UNION(N, list2set(L)) (8)
LIST2SET(cons(N, L)) — LIST2SET(L) (9)
IN(N,union(M,S)) — EQ(N, M) (10)
IN(N,union(M,S)) — OR(eq(N,M),in(N,S)) (11)
IN(N,union(M,S)) — IN(N,S) (12)
UNION (union(N, N), Z) — UNION(N, Z) (13)
AND(and(true, B),Z) — AND(B, Z) (14)
AND(and(false,B),Z) — AND(false, Z) (15)
OR(or(true, B), Z) — OR(true, Z) (16)
OR(or(false,B),Z) — OR(B, Z) 17)
EQ(s(N),s(M)) — EQ(N, M) (18)
EQ(cons(N, L), cons(M, L)) — EQ(N, M) (19)
EQ(cons(N, L), cons(M,L")) — EQ(L,L") (20)
EQ(cons(N, L), cons(M,L")) — AND(eq(N, M), eq(L,L")) (21)

The (estimated) AVC-DG is:
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By Theorem 6 we transform the AVC problem (E U E*, DP(R), E, R, S) into
a set Procscc(E U E* DP(R), E, R, S) given by

{(EUE* {(9)},E,R,2),(EUE" {(12)}, E, R, ©), (E U E* {(13)}, E, R, Sunion),
(BEUE*, {(14), (15)}, E, R, Sand), (BUE*, {(16), (17)}, E, R, Sor), (EUE*®, {(18), (19), (20)}, E, R, @)}

which contains six new (but simpler) AVC problems.

6.3 Use of reduction pairs

A reduction pair (2, 3) consists of a stable and monotonic quasi-ordering =, and
a stable and well-founded ordering 1 satisfying either > o 3 C Jor Jo 2 C 1.

3 We have introduced new ‘prefix’ symbols eq, cons and union instead of the original
‘infix’ ones ==_, _;_, __.



In the dependency pair framework reduction pairs are used to obtain smaller
sets of pairs P’ C P by removing the strict pairs, i.e., those pairs u — v € P
such that u 3 v. Stability is required both for = and 1 because, although we
only check the left- and right-hand sides of the rewrite rules | — r (with 2)
and pairs u — v (with = or 1), the chains of pairs involve instances o(1), o(r),
o(u), and o(v) of rules and pairs and we aim at concluding o(l) 2 o(r), and
o(u) Z o(v) or o(u) 3 o(v), respectively. Monotonicity is required for 2 to
deal with the application of rules | — r to an arbitrary depth in terms. Since
the pairs are ‘applied’ only at the root level, no monotonicity is required for -
(but, for this reason, we cannot compare the rules in R using ). Dealing with
associative-commutative axioms, we will compare them with the equivalence
relation defined by the stable, reflexive, transitive, and symmetric equivalence
~ induced by 2, i.e., ~ =2 N <, since we need to impose compatibility with
the equational theories E and F'. The following theorem formalizes a generic
processor to remove pairs from P by using reduction pairs.

Theorem 7 (Reduction pair processor). Let P = (I,F,P) be a rewrite
theory, R = (X, E, R) be an AVC-rewrite theory, and S = (F,S) be a TRS. Let
(=,3) be a reduction pair such that

1. R CZ,
2. PUSCZ>UDO, and
8. FUF Cn~,

Let Pm ={u— v € P|u3 v}. Then, the processor Procgp given by

{(F,P—P5,E,R,S)} if (1), (2), and (3) hold

Procgp(F,P,E,R,S) = {{(E P,E,R,S)} otherwise

is sound and complete.

7 Related work and conclusions

As remarked in the introduction, this is not the first work which tries to use
dependency pairs for proving termination of rewriting modulo an equational
theory, see [5,10,11,9, 13, 14]. Our work, however, is, as far as the authors know,
the first one which provides a correct notion of minimal non-terminating term
for an AVC-rewrite theory R = (X, E, R) which can be used to provide a suitable
definition of minimal chain of dependency pairs which can be used to characterize
AVC-termination (Theorem 4). In order to substantiate this claim, consider the
AC-rewrite theory R = (X, E, R) in Example 2 again. The AVC-DPs for R are
enumerated in Example 7. Such dependency pairs coincide with the ones which
would be computed by, e.g., [5, 10, 11]. Remember that ¢ in Example 2 is minimal
in Giesl and Kapur’s sense (Definition 2). We should, then, be able to find an
infinite minimal chain of DPs starting from ¢*. According to [5, 10, 11], ‘minimal’
means that o(v;) is (&xtg(R), E)-terminating for all pairs u; — v; € DPg(R) in
the chain of dependency pairs induced by the substitution o. However, this is



not possible: the marked version t# of ¢ is F(f(0,1), f(0, f(1,2))), which is an
(&rtp(R), E)-terminating term. After some E* U E-equivalence steps we would
be able to apply one of the rules in DPg(R). Note, however, that no rule u —
v € DPg(R) except (5) has a right-hand side v which can be rewritten (after
instantiation into o(v)) into an instance o (u') of the left-hand side u’ of any other
pair in DPg(R) by means of (&t (R), E* U E)-rewriting steps. This means that
only the dependency pair (5) could be used in any infinite minimal chain of
dependency pairs starting from ¢f. But such a chain would start as follows:

F(£(0,1), £(0, f(1,2))) ~ gz g F(£(0,0), £(1, f(1,2))) =) F(F0, £(1,2)), f(1, £(1,2)))

where F(f(0, f(1,2)), f(1, f(1,2))) contains a subterm f(1, f(1,2)) which, as

showed in Example 2, is non-(&xtg(R), E)-terminating. Therefore, this chain of
dependency pairs is not minimal. We conclude that, according to the notion of
minimal chain in the aforementioned papers, there is no minimal chain of pairs
starting from t*. This means that no sound approach to proving AC-termination
on the basis of such notion of minimal chain is possible. In this paper we have
introduced the notion of stably minimal term (Definition 3) which overcomes
these problems (Proposition 4 and Theorem 3) and leads to an appropriate
characterization of AVC-termination as the absence of infinite minimal chains
of AVC-DPs (Definitions 5 and 6, and Theorem 4).

Furthermore, we note that [10,11] deal with AC-rewrite theories only, and
that [5], which considers more general rewrite theories F including AVC-theories
do not cover our work in a second respect: when purely associative theories are
considered (i.e., rewrite theories R = (X, E, R) such that Ey C {Ay} for all
f € X)), then Giesl and Kapur’s technique requires the computation of instances
of the rules in &tg(R) for which the computation of all the E-unifiers unig(v, )
of v and ! for the rules I — r in &tr(R) and equations u = v € F or v =
u € F is required. It is well-known, however, that the E-unification problem for
associative theories F is infinitary, which means that unig(v,1) is not guaranteed
to be finite, in general. In sharp contrast, we do not have to do that for dealing
with purely associative rewrite theories R.

Our second main (and novel) contribution is the formalization of an AVC-
dependency pair framework (Definitions 7 and 8) which, on the basis of the
previously developed theory, can be used to develop automatic tools for proving
termination of AV C-rewrite theories (Theorem 5). Two important processors
have been adapted as well: the SCC processor (Theorem 6) and the reduction
pair processor (Theorem 7).

Much work remains ahead both in terms of further developing the new AVC-
dependency pair framework and in tool support. Appropriate reduction orderings
which are well-suited for being used in the reduction pair processor should be
investigated. It would also be very useful to explore how the requirements on
E can be relaxed to handle even more general sets of axioms. Regarding tool
support for the method we have presented, we plan to integrate it within the
tool MU-TERM |[2]. In this way, our termination technique modulo combinations
of associative and commutative axioms will become applicable to an even wider



range of rewrite theories, that can be transformed into AV C-theories by non-
termination-preserving transformations [3,4, 12].
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