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t As the 
omplexity of software systems in
reases, automati
veri�
ation tools whi
h are able to guarantee the 
orre
t behavior of su
hsystems are dramati
ally la
king. Model 
he
king is a formal veri�
ationte
hnique whi
h allows one to automati
ally 
he
k whether a spe
i�
property is satis�ed by a model of the system; otherwise it provides a
ounterexample whi
h helps the programmer to debug the wrong 
ode.In this paper we develop a symboli
 model 
he
king te
hnique for theTimed Con
urrent Constraint Language (t

p), a de
larative languagewithin the 
on
urrent 
onstraint paradigm whi
h allows one to programrea
tive systems in a very natural way. Two of the most important fea-tures of the language are the use of 
onstraints and a notion of time whi
his within the operational model. By taking advantage of these two fea-tures and using an extension of Di�eren
e De
ision Diagrams (DDDs),we formulate a symboli
 model 
he
king algorithm for t

p whi
h mit-igates the state explosion problem that is 
ommon to model 
he
kingapproa
hes. The symboli
 approa
h to model 
he
king t

p leads to animportant improvement w.r.t. previous approa
hes based on the 
lassi
alLinear Time Logi
 (LTL) model 
he
king algorithm.Keywords: Timed Con
urrent Constraint, Model Che
king, DDDs1 Introdu
tionIn the last de
ades, formal veri�
ation of industrial appli
ations has be-
ome a hot topi
 of resear
h. Veri�
ation is usually 
arried out by usingmodel 
he
king algorithms whi
h are able to demonstrate the satis�abilityof 
ertain properties formalized as logi
al formulas whi
h are automati-
ally 
he
ked on a model of the system.Re
ent advan
es in model 
he
king deal with huge state-spa
es by us-ing symboli
 manipulation algorithms inside model 
he
kers [6,11℄. Other? This work has been partially supported by the MCYT under grant TIC2001-2705-C03-01



te
hniques su
h as abstra
t interpretation, partial evaluation, and on-the-
y methods have also been proposed in the literature as a mean to(partially) solve the \state-spa
e explosion" problem [5℄.The 
on
urrent 
onstraint paradigm (

) was �rst introdu
ed in [15℄to model 
on
urrent systems. A global store 
onsisting of 
onstraints 
on-tains the information a

umulated during the 
omputation. Constraintsare dynami
ally added to the store, and it is also possible to 
onsult thestore. In order to deal with rea
tive systems, that is, systems whi
h 
ontin-uously intera
t with their environment without produ
ing a �nal resultand exe
ute in�nitely along the time, the programming model was ex-tended in [2℄ over a dis
rete notion of time. Con
urrent systems are morediÆ
ult to be manually debugged, simulated or veri�ed than sequentialsystems. This diÆ
ulty makes yet more interesting the availability of au-tomati
 formal veri�
ation tools and te
hniques for these systems.In this paper, we formulate a symboli
 model 
he
king algorithm toverify rea
tive systems whi
h are spe
i�ed in a timed 
on
urrent 
on-straint language. This is a signi�
ant improvement w.r.t. previous works[8,9,18℄, where the 
lassi
al LTL model 
he
king algorithm was adaptedto the 
on
urrent 
onstraint paradigm. The symboli
 approa
h adoptedin this paper allows us to verify more 
omplex rea
tive systems.In Se
tion 2, we introdu
e the spe
i�
ation language for rea
tive sys-tems whi
h we 
onsider in this work. In Se
tion 3, we re
all and extendthe notion of DDD in order to be able to deal with lists whi
h we use tomodel the value of system variables along the time. Se
tion 4 introdu
esthe symboli
 model 
he
king te
hnique for DDDs with lists, together withan illustrative example. Finally, in Se
tion 5 we show our 
on
lusions andfuture work.2 The t

p languageThe Timed Con
urrent Constraint Language (t

p) was developed in [2℄by F. de Boer et al. as a framework for modeling rea
tive and real-timesystems. It was de�ned by extending the 
on
urrent 
omputational modelof the 

 paradigm [15,17℄ with a notion of dis
rete time.Basi
ally, a 

 program des
ribes a system of agents that 
an add in-formation into a store as well as 
he
k whether a 
onstraint is entailedby su
h global store. The basi
 agents de�ned in t

p are those inher-ited from 

 plus a new 
onditional agent des
ribed below. Moreover, adis
rete global 
lo
k is provided. It is assumed that ask and tell a
tionstake one time unit, and the parallel operator is interpreted in terms of2



maximal parallelism. Computation evolves in steps of one time unit byadding or asking (entailment test) some information to the store. More-over, it is assumed that 
onstraint entailment tests take a 
onstant timeindependently of the size of the store3.Let us �rst informally re
all the notion of 
ylindri
 
onstraint systemas it is used in the 

 paradigm. A simple 
onstraint system 
an be de�nedas a set of tokens (or primitive 
onstraints) together with an entailmentrelation satisfying some standard set-based properties. Examples of su
h
onstraint systems are the Herbrand 
onstraint system, the FD 
onstraintsystem [10℄ and the Gentzen 
onstraint system [16℄.A 
ylindri
 
onstraint system 
onsists of a simple 
onstraint systemplus an existential quanti�
ation operator whi
h is monotone, 
onserva-tive under information loss and gives support to renaming. The existentialquanti�
ation allows one to model lo
al variables in a given agent. Theformal de�nition of the notion of 
ylindri
 
onstraint system 
an be foundin [2℄.We de�ne the set AP of atomi
 propositions as the set of atomi
propositions of the 
ylindri
 
onstraint system underlying the t

p lan-guage. In the rest of the paper, we identify the notion of (�nite) 
onstraintwith an atomi
 proposition.Let us now re
all the syntax of t

p, de�ned in [2℄ as follows:4De�nition 1 (t

p Language). Let C be a 
ylindri
 
onstraint system.The syntax of agents of the language is given by the following grammar:A ::= stop j tell(
) jPni=1 ask(
i) ! Ai j now 
 then A else A jA jjA j 9xA j p(x)where 
; 
i are �nite 
onstraints in C. A t

p pro
ess P is an obje
t ofthe form D:A, where D is a set of pro
edure de
larations of the formp(x) : �A, and A is an agent.The stop agent terminates the exe
ution whereas the tell(
) agent addsthe 
onstraint 
 to the store. Nondeterminism is modeled by the 
hoi
eagent (written Pni=1 ask(
i) ! Ai) that exe
utes nondeterministi
allyone of the 
hoi
es whose guard is satis�ed by the store. The agent A jjBrepresents the 
on
urrent 
omponent of the language, and 9xA is theexistential quanti�
ation, that makes the variable x lo
al to the agent A.3 In pra
ti
e some synta
ti
 restri
tions are imposed in order to ensure that thesehypotheses are reasonable (see [2℄ for details).4 The operational and denotational semanti
s of the language 
an be found in [2℄.3



The agent for the pro
edure 
all is p(x). It is important to remark thatonly the tell, the ask and the pro
edure 
all agents imply an in
rement ofone time-unit, whereas other primitives are interpreted as instantaneous.Finally, the now 
 then A else B agent (
alled 
onditional agent) isthe new agent (w.r.t. 

) whi
h allows us to des
ribe notions su
h astimeout or preemption. The notion of timeout is de�ned as the abilityto wait for a spe
i�
 signal and, if a limit of time is rea
hed and su
hsignal is not present, then an ex
eption program is exe
uted. The notionof preemption is de�ned as the ability to abort a pro
ess when a spe
i�
signal is dete
ted. The 
onditional agent exe
utes A if the store entails 
,otherwise it exe
utes B.Now we 
onsider a spe
i�
 
onstraint system whi
h allows us to de�nean interesting 
lass of software systems. In parti
ular, we need the tradi-tional arithmeti
 for reals in
luding addition, equality and order 
ompar-ison. This part of the 
onstraint system handles the information 
omingfrom the 
onstrained nature of the system. On the other hand, we arealso interested to handle lists sin
e streams are modeled in t

p as listsof terms as in many other logi
 languages. In t

p, lists are used for mod-eling streams whi
h represent the value of a given system variable alongthe time. Intuitively, in the 
urrent time instant, the head of the list rep-resents the value of a variable, the tail of the list models the future, andit is instantiated to a list variable. The entailment relation for lists isspe
i�ed by Clark's Equality Theory. For example, [XjZ℄ = [ajY ℄ entailsX = a and Z = Y .Roughly speaking, we de�ne the set of tokens of our 
onstraint systemas the set of terms of the form X�Y � 
, X�Y < 
, V = [℄, V = [XjW ℄or V = [
jW ℄ where X and Y are real or integer variables, V and W arelist variables, and 
 is a real or integer value 
onstant.3 Extended Di�eren
e De
ision DiagramsDi�eren
e De
ision Diagrams (DDDs) are an extension of the Binary De-
ision Diagrams (BDDs) de�ned in [3℄ to represent di�eren
e 
onstraintexpressions symboli
ally. While BDDs 
an be seen as an eÆ
ient repre-sentation of boolean formulas, DDDs data stru
tures eÆ
iently representdi�eren
e 
onstraint expressions, whi
h are formulas of a logi
 extendedwith di�eren
e 
onstraints. Di�eren
e 
onstraints are inequalities of theform x� y � 
 where x and y are integer or real-valued variables, and 
is a 
onstant. These 
onstraints naturally appear when we model timingsystems where di�erent 
lo
ks need to be syn
hronized.4



DDDs and BDDs share some 
ommon features. For example, bothBDDs and DDDs 
an be ordered and redu
ed, and the algorithms tohandle them are quite similar. A drawba
k of DDDs is the fa
t thatmaintaining them as a 
anoni
al data stru
ture is more expensive than forBDDs. Nevertheless, a semi-
anoni
al stru
ture whi
h 
an be handle moreeÆ
iently, suÆ
es in our setting for 
he
king satis�ability and tautology.We note that, to 
orre
tly represent 
onstraints, we 
annot simply usea boolean stru
ture as OBDDs. Constraints are able to en
ode some im-pli
it information whi
h 
annot be dire
tly represented by boolean fun
-tions. This is the main reason why a DDD-like stru
ture is ne
essary.This is also the reason why, if we redu
e a DDD following the ideas ofOBDDs, then we do not obtain a 
anoni
al representation for the 
onsid-ered di�eren
e 
onstraint expression, as opposed to the 
ase of OBDDs.However, it is still possible to obtain a semi-
anoni
al5 stru
ture whi
h
an be used to de
ide satis�ability, validity, falsi�ability or unsatis�abilityof expressions. There is also an algorithm to obtain a 
anoni
al represen-tation of DDDs whi
h is quite expensive. We do not 
onsider it in ordernot to overly 
ompli
ate the development.3.1 Di�eren
e De
ision Diagrams + Logi
al StreamsWe intend to represent t

p programs (as de�ned in Se
tion 2) by usingsome symboli
 data stru
ture. Sin
e the 
onstraint system underlying thelanguage 
ontains di�eren
e 
onstraint expressions and list (or stream)expressions, we 
an extend the DDD data stru
ture de�ned in [12,13℄to handle logi
al lists or streams. Therefore, in this se
tion we de�neDi�eren
e De
ision Diagram + Logi
al Streams (DDD+LS) stru
ture asan extension of DDDs.Similarly to DDDs, a DDD+LS is a dire
ted a
y
li
 graph (V;E)where V is a set of verti
es and E a set of ar
s 
onne
ting pairs of verti
es.The set V 
ontains two terminal verti
es with out-degree zero (
alled 0and 1). In addition, V 
ontains a set of non-terminal verti
es with out-degree two. Ea
h non-terminal vertex v has nine attributes. Intuitively,the four �rst attributes (
alled pos(v);neg(v); op(v) and 
onst(v)) rep-resent a di�eren
e 
onstraint of the form pos(v) � neg(v)op(v)
onst (v)where op(v) 2 fle; leq; listg indi
ate whether the node represents astri
t disequality, a disequality or a stream 
onstraint, respe
tively. Then,the left(v), head (v) and tail(v) attributes represent the stream 
onstraint5 A DDD is semi-
anoni
al if (i) an expression � is represented by 1 i� � is valid, and(ii) an expression � is represented by 0 i� � is unsatis�able.5



left(v) = [head (v)jtail (v)℄. We note that there are two kinds of variables:D -variables and list variables, where D ranges on R or Z. The remainingtwo attributes (high(v) and low (v)) represent the two bran
hes that 
anbe followed in the graph from the vertex v.Some shorthands are de�ned to referen
e 
ombinations of attributes.For instan
e, the operator var (v) represents the pair (pos(v);neg(v))whereas the operator bnd(v) 
orresponds to the pair (op(v); 
onst (v)).We let list(v) denote the pair (head (v); tail (v)) and listExp(v) is the pair(left(v); list (v)); by varl(v) we represent the pair (head (v); tail (v)). Fi-nally, we denote by attr (v) the set of attributes of the node v.The set of edges E is de�ned as the set of pairs of the form (v; low (v))and (v; high(v)), where v 2 V and v is not a terminal vertex.A node of a DDD+LS stru
ture represents an expression whi
h 
anbe either a di�eren
e 
onstraint (as in DDDs) or a stream 
onstraint. Thesemanti
s of DDD+LS nodes is formalized in De�nition 2. Exp standsfor di�eren
e 
onstraint expressions and stream expressions.De�nition 2. Let v be a vertex of a DDD+LS stru
ture. We de�ne thefun
tion S : V ! Exp:SJ0K def= falseSJ1K def= trueSJvK def=8<: (pos(v) � neg(v) < 
onst(v)) ! VJhigh(v)K;VJlow (v)K if op(v) = le;(pos(v) � neg(v) � 
onst(v)) ! VJhigh(v)K;VJlow (v)K if op(v) = leq;(left(v) = [head (v)jtail (v)℄) ! VJhigh(v)K;VJlow (v)K if op(v) = listThe semanti
s of both, terminal verti
es and verti
es with op(v) = leor op(v) = leq, 
oin
ide with the semanti
s of nodes of DDDs ([12,13℄).De�nition 2 just adds the semanti
s derived from the new attributes in-trodu
ed in DDD+LS.Ordered DDD+LS. To formalize the notion of Ordered DDD+LS, weneed to de�ne a total order on the verti
es of the graph. First of all, we as-sume to have an order between variables. We require that given a node n,both var (v) and varl(v) are normalized. This means that pos(v) > neg(v)and left(v) < tail(v).Then we assume that list < le < leq. Finally, tu-ples formed by the set of attributes in a spe
i�
 vertex u, i.e., tuples of theform (pos(v);neg(v); op(v); 
onst (v); left(v); head (v); tail (v)), are orderedlexi
ographi
ally. 6



De�nition 3 (ODDD+LS). An Ordered DDD+LS (ODDD+LS) is aDDD+LS where ea
h non-terminal vertex v satis�es:1. neg(v)<pos(v) and left(v)< tail (v),2. var (v)<var (high(v)) and list(v)< list(high(v)),3. var (v)<var (low (v))_ (var(v)=var (low (v))^ bnd(v)<bnd (low (v))),4. list(v)< list(low (v))_ (list(v)= list(low (v))^ head (v)<head (low (v)))Semi-
anoni
al stru
ture. In order to verify properties, we need asemi-
anoni
al stru
ture. We propose some lo
al and path redu
tions forODDD+LSs, whi
h are inspired by the redu
tions de�ned for ODDDs.De�nition 4 (RLRedu
ed DDD). Let D be an ODDD+LS, and letu and v be non-terminal verti
es of D. Then D is Lo
ally Redu
edDDD+LS (RLDDD+LS) if it satis�es:1. if D = Z then, for all v, op(v) = leq or op(v) = list,2. for all u and v, if attr (u) = attr (v), then u = v,3. for all v, low (v) 6= high(v),4. for all v, if var (v) = var (low (v)) then high(v) 6= high(low (v)),5. for all v, if list(v) = list(low (v)) then high(v) 6= high(low (v))Roughly speaking, the �rst point states that, if we are working withintegers, then we 
an represent the < operator in terms of � as o

urs inDDDs. The se
ond and third points 
oin
ide with the requirements forredu
ed BDDs. The fourth point states that, if the variables in the lowbran
h of node v 
oin
ide with var(v), then the high bran
hes must di�er.Finally, we add a new restri
tion, similar to the fourth point, 
on
erningthe redu
tion of nodes 
ontaining stream expressions.The next step towards the semi-
anoni
al representation of DDD+LSsis the de�nition of the path redu
tion. We �rst need to de�ne the seman-ti
s of edges and paths. Note that we de�ne the negation of lists as theabsen
e of information. That is, when we negate a stream expression wemean that the 
urrent store does not entail it.De�nition 5. Let u; v be verti
es of a DDD+LS stru
ture. Let u and vbe adja
ent verti
es. The fun
tion E : E ! Exp is de�ned as follows:EJ(u; v)K def=8>>>>>><>>>>>>:
(pos(u)� neg(u) < 
onst(u)) if v = high(u) and op(v) = le;(pos(u)� neg(u) � 
onst(u)) if v = high(u) and op(v) = leq;:(pos(u)� neg(u) < 
onst(u)) if v = low (u) and op(v) = le;:(pos(u)� neg(u) � 
onst(u)) if v = low (u) and op(v) = leqleft(v) = [head (v)jtail (v)℄ if v = high(u) and op(v) = list;:(left(v) = [head (v)jtail (v)℄) if v = low (u) and op(v) = list:7



The notion of path in a DDD is de�ned as a �nite sequen
e of edgesof the form h(v0; v1); (v1; v2); : : : ; (vk�1; vk)i. We say that su
h path haslength k. The semanti
s of a path is de�ned as the 
onjun
tion of alldi�eren
e 
onstraints, negated di�eren
e 
onstraints, stream 
onstraints,negated stream 
onstraints in the path.Now we are ready to de�ne the notion of path redu
tion whi
h pro-vides us the semi-
anoni
al representation. We denote with RPDDD+LSthe stru
ture resulting from applying this redu
tion step to RLDDD+LSs.A semi-
anoni
al representation has exa
tly one DDD+LS for valid ex-pressions and also a single DDD+LS for unsatis�able expressions.Essentially, we 
an identify redundant edges regarding di�eren
e 
on-straint expressions by 
he
king how expressions divide the domain. Ea
hedge ei splits the domain into two disjoint subsets. If one of these subsetsis empty, then we know that the edge is redundant. This is the methodapplied in [12℄. Regarding nodes representing stream expressions, sin
e wehave de�ned the negation as the absen
e of information, then the domainis split into two possibly non disjoint subsets, and no path-redu
tion 
anbe done.Theorem 1 allows us to 
he
k properties in the RPDDD+LS in a safeway. We know that the expression �u represented by the node u is validif and only if u = 1. If u = 0, then the expression is unsatis�able. If u is anon terminal vertex, then we know that the expression is both satis�ableand falsi�able. The proof of this result 
an be found in [1℄.Theorem 1 (RPDDD+LSs are semi-
anoni
al). In a RPDDD+LS,the terminal vertex 1 is the only representation of valid expressions, andthe terminal vertex 0 is the only representation of unsatis�able expres-sions.3.2 Constru
tion of DDD+LSsIn this se
tion, we show how a RPDDD+LS stru
ture 
an be built froma stream expression. Verti
es and edges of the DDD+LS are stored in agraph data stru
ture 
alled Graph. Let G be a Graph. Initially, G 
ontainsonly the two terminal verti
es 0 and 1. The set of edges of G are impli
itlystored via the attributes of its verti
es.Let us introdu
e some fun
tions whi
h allow us to a

ess the infor-mation or modify the stru
ture. First, insert(G; a) 
reates a new vertex vin G with attribute a, and returns v. The fun
tion member(G; a) returnstrue if there exists a vertex in G with attribute a. Finally, lookup(G; a)returns the vertex in G with attribute a.8



We also need some operations whi
h obtain information about theattributes of a graph. Sin
e names and behavior of these operations arevery intuitive, we will use them dire
tly in the algorithms. For a formalde�nition, the reader 
an 
onsult [1℄.In the following, we extend the algorithms in [12℄ (de�ned to 
onstru
tDDDs), to 
onstru
t the DDD+LS stru
ture. We also develop the newalgorithms to deal with stream expressions.vertex MkD(x: DVar, y: Dvar, o: op, 
: Const, h: vertex, l: vertex)if D = Z^ o = le then 
 = 
� 1o = leqif member(G; (x; y; o; 
;�;�;�; h; l)) thenreturn lookup(G; (x; y; o; 
;�;�;�; h; l))else if l = h then return lelse if (x; y) = var(l) ^ h = high(l) then return lelse return insert(G; (x; y; o; 
;�;�;�; h; l))Figure 1. MkD Algorithm that 
reates a vertex for a di�eren
e 
onstraint expressionIn Figure 1, the algorithm MkD for di�eren
e 
onstraints is given asan extension of the algorithm presented in [12℄. We have modi�ed theattributes of nodes to take into a

ount that nodes in DDD+LSs havethree additional attributes. The pre
onditions for the algorithm are thoseof DDDs plus an extra 
ondition whi
h applies when we are dealing withdi�eren
e 
onstraints (namely, op(v) 6= list).In Figure 2 the algorithm MkL is given whi
h builds the vertex rep-resenting the stream expression. The set of pre
onditions for the MkLalgorithm is similar to the pre
onditions for the MkD algorithm ex
eptthat we require that op(v) = listvertex MkL(x: LVar, y: Var, z: LVar, h: vertex, l: vertex)if member(G; (�;�; list;�; x; y; z; h; l)) thenreturn lookup(G; (�;�; list;�; x; y; z; h; l))else if l = h thenreturn lelse if (x; z) = plist(l) ^ h = high(l) thenreturn lelsereturn insert(G; (�;�; list;�; x; y; z; h; l))Figure 2. Algorithm MkL that 
reates a vertex for a list expression9



In [12℄, some fun
tions are given whi
h normalize pairs of variablesbefore the 
onstru
tion of verti
es. We 
an use similar pro
edures for thedi�eren
e expressions 
ontained in our DDD+LS stru
tures.The last step for the 
onstru
tion of the DDD+LS stru
ture, is todesign the algorithms whi
h 
ombine di�eren
e and stream expressionswith boolean operators. The idea is to re
ursively apply a spe
i�
 operatorto all the verti
es in the DDD Stru
ture. In [3℄, this pro
edure is 
alledApply. The same idea 
an be used for our DDD+LS stru
ture. TheApply algorithm returns a DDD whi
h is lo
ally redu
ed, hen
e it is stillne
essary to path redu
e the resulting DDD.We have 
alled ApplyLS the algorithm for DDD+LSs. We do notin
lude this algorithm in the paper sin
e it follows 
losely the design ofApply with some little adjustment to in
lude the handling of the streamexpressions. The reader 
an �nd the algorithm in [1℄.4 Symboli
 Model Che
kingIn [9,18℄, a model 
he
king algorithm was proposed whi
h allows one toverify t

p programs. The idea was to automati
ally 
onstru
t a 
om-pa
t model whi
h represents the t

p program; then, a logi
 dealing with
onstraints was proposed as the basis to develop a 
lassi
al LTL model
he
king algorithm. The most important advantage of this approa
h isthat the use of 
onstraints leads to a 
ompa
t representation of the systemwhi
h we also exploit to dire
tly 
he
k properties over the built model.The problem with the exhaustive approa
h, whi
h is based on a tableaualgorithm, is in the state-explosion problem (as o

urs in the 
lassi
alapproa
hes) whi
h shows up when we try to 
ombine the model with theproperty that we want to verify.By 
onsidering the 
onstraint system de�ned in Se
tion 2 for the t

planguage, the model whi
h 
an be automati
ally obtained by following[9,18℄ only 
ontains di�eren
e and stream 
onstraints. Thus, if we repre-sent the t

p Stru
ture by means of DDD+LSs, then we 
an use the eÆ-
ient algorithms for 
he
king DDD+LSs in order to verify t

p programs.In the following we formalize our veri�
ation strategy and illustrate it bymeans of a detailed example.4.1 Model 
onstru
tionFollowing [8,9,18℄, given a t

p program, we 
an build a t

p Stru
turewhi
h represents a model of the system.10



A t

p Stru
ture is a graph stru
ture analogous to a Kripke Stru
ture,whi
h is widely used in many di�erent model 
he
king approa
hes [5,4℄.A
tually, the main di�erent point is the de�nition of state. A state in at

p Stru
ture is de�ned as a (satis�able) set of 
onstraints whi
h repre-sent a set of possible values of variables. A state in a Kripke Stru
ture isde�ned as an assignment of values to variables. In other words, a state ina t

p Stru
ture is a set of states in a Kripke Stru
ture. We refer to [8,18℄for the formal de�nition of t

p Stru
ture.Modelling Example: The Soldiers' problem. The soldiers' problemis formulated as follows ([14℄).Four soldiers who are heavily injured, try to 
ee to their home land. Theenemy is 
hasing them and in the middle of the night they arrive at a bridgethat spans a river whi
h is the border between the two 
ountries at war.The bridge has been damaged and 
an only 
arry two soldiers at a time.Furthermore, several land-mines have been pla
ed on the bridge and a tor
his needed to sidestep all the mines. The enemy is on their tails, so the soldiersknow that they have only 60 minutes to 
ross the bridge. The soldiers onlyhave a single tor
h and they are not equally injured. The 
rossing time (one-way) for soldier S0 is 5 minutes, for soldier S1 is 10 minutes, for soldier S2 is20 minutes, and �nally the 
rossing time for soldier S3 is 25 minutes.Does a s
hedule exists getting all four soldiers to the safe side within 60 min.?We model the problem as a t

p program. Then, from the t

p pro-gram we 
onstru
t the 
orresponding t

p Stru
ture. Note that the arith-meti
 underlying the program 
an be expressed as di�eren
e expressions.The t

p program 
orresponding to the main predi
ate is shown inFigure 3. The program 
onsists of some initial statements, a pro
edure 
allto the RiverCross predi
ate and another pro
edure 
all to the Che
kpredi
ate. All these three 
alls are run in parallel. We omit the 
ode forthe Che
k predi
ates, whi
h 
an be found in [1℄.Soldiers() ::=tell(C = 0) jj tell(S0 = 0) jj tell(S1 = 0) jj tell(S2 = 0) jj tell(S3 = 0) jjRiverCross([CjC0℄; [S0jS00℄; [S1jS01℄; [S2jS02℄; [S3jS03℄; [T jT 0℄) jjask(true)! Che
k([CjC0℄; [S0jS00℄; [S1jS01℄; [S2jS02℄; [S3jS03℄; [T jT 0℄)Figure 3. Example: t

p program for the Soldiers' problemThe t

p predi
ate modelling the most important aspe
t of the pro-gram is the RiverCross predi
ate. It states that two soldiers 
an 
rossthe bridge to the safe land only if they 
an take the tor
h. Moreover, onlyone soldier is allowed to 
ome ba
k to the unsafe zone to bring the tor
hto the remaining soldiers. The 
ode is (partially) shown in Figure 4.11



RiverCross(C; S0; S1; S2; S3; T ) ::=ask(C = [C1jC0℄ ^ C1 � 60 ^ S0 = [0jS00℄ ^ S1 = [0jS01℄ ^ T = [0jT 0℄^S2 = [X2jS02℄ ^ S3 = [X3jS03℄)! tell(S00 = [1jS000 ℄) jjtell(S01 = [1jS001 ℄) jj tell(T 0 = [1jT 00℄) jjtell(Ca = C1 + 10) jj tell(C0 = [CajC00℄) jjtell(S02 = [X2jS002 ℄) jj tell(S03 = [X3jS003 ℄) jjRiverCross(C0; S00; S01; S02; S03; T 0) +...ask(C = [C1jC0℄ ^ C1 � 60 ^ S2 = [0jS02℄ ^ S3 = [0jS03℄ ^ T = [0jT 0℄^S0 = [X0jS00℄ ^ S1 = [X1jS01℄)! tell(S02 = [1jS002 ℄) jjtell(S03 = [1jS003 ℄) jj tell(T 0 = [1jT 00℄) jjtell(Ca = C1 + 25) jj tell(C0 = [CajC00℄) jjtell(S00 = [X0jS000 ℄) jj tell(S01 = [X1jS001 ℄) jjRiverCross(C0; S00; S01; S02; S03; T 0) +ask(C = [C1jC0℄ ^ C1 � 60 ^ S0 = [1jS00℄ ^ T = [1jT 0℄ ^ S1 = [X1jS01℄^S2 = [X2jS02℄ ^ S1 = [X3jS03℄)! tell(S00 = [0jS000 ℄) jj tell(T 0 = [0jT 00℄) jjtell(Ca = C1 + 5) jj tell(C0 = [CajC00℄) jjtell(S01 = [X1jS001 ℄) jj tell(S02 = [X2jS002 ℄) jjtell(S03 = [X3jS003 ℄) jjRiverCross(C0; S00; S01; S02; S03; T 0) +...ask(C = [C1jC0℄ ^ C1 � 60 ^ S3 = [1jS03℄ ^ T = [1jT 0℄ ^ S0 = [X0jS00℄^S1 = [X1jS01℄ ^ S2 = [X2jS02℄)! tell(S03 = [0jS003 ℄) jj tell(T 0 = [0jT 00℄) jjtell(Ca = C1 + 25) jj tell(C0 = [CajC00℄) jjtell(S00 = [X0jS000 ℄) jj tell(S01 = [X1jS001 ℄) jjtell(S02 = [X2jS002 ℄) jjRiverCross(C0; S00; S01; S02; S03; T 0)Figure 4. Example: t

p program for the allowed soldiers movementsRiverCross spe
i�es the movements that 
an do the soldiers. Ea
hask bran
h of the agent RiverCross des
ribes a possible move. The idea isthat either one single soldier or two soldiers 
an 
ross the bridge from oneside to the other provided they 
an take the Tor
h (T ). The time whi
h isne
essary to 
ross 
orresponds to that required by the most injured of thetwo soldiers. The total time (C) whi
h has passed is in
reased a

ordingly.In Figure 5, we (partially) show the t

p Stru
ture we 
onstru
t forthe predi
ate CrossRiver. There is an initial node at the top whi
hhas ten 
hildren 
orresponding to the ten possible behaviors de�ned bythe pro
edure. For the sake of simpli
ity, in the �gure we only showthe �rst two sons, the sixth, the seventh and the tenth ones. Sin
e no
onditional nor 
hoi
e agent is exe
uted, the nodes in the se
ond levelevolve deterministi
ally.The subsequent evolution of nodes at the se
ond level depend on theposition of the tor
h. Consequently, the six nodes in the left side of the�gure are 
onne
ted to the four nodes at the right, and vi
e-versa. This12
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Figure 5. t

p Stru
ture for the soldiers' programfa
t is automati
ally dete
ted in the 
onstru
tion of the model sin
e thea

umulated store determines the possible behaviours.6In order to improve 
larity, we draw in a separate box the labels ofea
h node of the t

p Stru
ture. This di�erentiates the store in a spe
i�
node from the labels 
orresponding to the agents that must be exe
utedat that exe
ution point.4.2 Representation using DDD+LSsAs we have said before, the main idea of this work is to de�ne a methodto represent a t

p Stru
ture by using DDD+LSs. This allows us to miti-gate the state explosion problem by following a symboli
 approa
h whi
hsigni�
antly redu
e the sear
h spa
e. In [12,13℄, eÆ
ient algorithms whi
h
he
k validity or tautology of su
h stru
tures w.r.t. some property werede�ned. The idea here is to take advantage of su
h algorithms in order toimprove the veri�
ation of t

p 
ode.A t

p Stru
ture 
an be translated to a formula of the logi
 underlyingour 
onstraint system. In parti
ular, we 
an represent the relation R ofthe stru
ture as a disjun
tion of 
onjun
tions in a way similar to themethod used for BDDs.6 We note that two nodes are 
onsidered equivalent if the two 
orresponding stores ofa node are equal modulo variable renaming.13



If we are able to represent the system in the logi
 of DDD+LSs, thenwe 
an 
onstru
t the symboli
 stru
ture 
orresponding to the formula,whi
h represents an en
oding of the system.Let us explain the pro
edure by using the example in Figure 5. Ea
har
 in this �gure 
orresponds to an element in the relation R. Thus, we
an 
ode ea
h transition in a similar way as in the 
lassi
al approa
h. Forexample, the following formula models the leftmost ar
 of the �gure:S0 = [0jS00℄ ^ S1 = [0jS10℄ ^ S2 = [X2jS20℄ ^ S3 = [X3jS30 ℄^T = [0jT 0℄ ^ C = [C1jC0℄ ^ C1 � 60^S00 = [1jS000℄ ^ S10 = [1jS100℄ ^ S20 = [X2jS200 ℄ ^ S30 = [X3jS300℄^T 0 = [1jT 00℄ ^ Ca = C1 + 10 ^ C0 = [CajC00℄Following this idea, we 
an obtain the formula whi
h represents thewhole t

p Stru
ture. Su
h formula 
orresponds to the kind of expressionsthat we are able to handle by using DDD+LSs. Thus, we 
an 
onstru
tthe DDD+LS stru
ture 
orresponding to the system by applying the al-gorithms introdu
ed in this paper.On
e we have obtained the DDD+LS stru
ture, we 
an 
he
k whethera given property is satis�ed by the system in the way explained in Se
-tion 3.2.5 Con
lusionsWe have generalized DDDs to a new stru
ture whi
h allows us to repre-sent t

p programs symboli
ally. We have formalized the 
orrespondingnotions and algorithms whi
h allow us to 
he
k properties on these mod-els. This novel symboli
 methodology improves the automati
 veri�
ationof rea
tive systems.In [7℄, a di�erent data stru
ture 
alled CST is presented whi
h allowsone to represent integer linear 
onstraints symboli
ally and is used tode�ne a parameterized veri�
ation method for (in�nite state) Petri nets.As future work, we plan to extend the language to 
onsider moregeneral 
onstraint expressions. We are also implementing the method inorder to evaluate how our approa
h works in pra
ti
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