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Abstract

The Timed Concurrent Constraint program-
ming language (tccp) introduces time aspects
into the Concurrent Constraint paradigm.
This makes tccp especially appropriate for an-
alyzing timing properties of concurrent sys-
tems by model checking. However, even if
very compact state representations are ob-
tained thanks to the use of constraints in tccp,
large state spaces can still be generated, which
may prevent model-checking tools from verify-
ing tccp programs completely. In this work, we
introduce an abstract methodology which is
based on over- and under-approximating tccp
models and which mitigates the state explo-
sion problem that is common to traditional
model-checking algorithms. We ascertain the
conditions for the correctness of the abstract
technique. We complete our methodology by
approximating the temporal properties that
must be verified.

1 Introduction
In the past few years, some extensions of the
concurrent constraint paradigm [3, 9] have
been defined in order to model reactive sys-
tems. All these extensions introduce a quan-
titative notion of time that makes it possible
to model the typical ingredients of these sys-
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tems, such as timeouts, preemptions, etc. In
this work, we develop a suitable approxima-
tion methodology that is based on abstract
interpretation (AI) [6] in order to drastically
reduce the state space of model checking tccp.

Applying abstract model checking involves
the abstraction of both the model to be ana-
lyzed and the properties to be checked within
the model. In the classic abstract model-
checking literature, the abstract model is an
over-approximation of the concrete model M .
However, due to the double, logical as well
as temporal dimension of tccp, inaccurate ab-
stract models would be obtained in our con-
text by simple over-approximation. In order
to achieve fine accuracy, in this paper we de-
fine abstract operations that over-approximate
the original ones (see [7]), and combine over-
and under-approximation in the abstraction of
tccp operators.

Applying AI in presence of quantifiable in-
formation such as time, raises other specific
problems which are related to the process syn-
chronization. In tccp, processes are totally
synchronized meaning that, at each time in-
stant, all enabled agents are simultaneously
carried out. Unfortunately, the loss of infor-
mation caused by the abstraction affects the
suspension behavior of processes: the suspen-
sion of a process in the original model does
not generally imply that the process abstractly
suspends; hence synchronization in the ab-
stract model might be damaged, and we have
to refine the abstract semantics in order to
overcome the suspension mismatch.



We have developed in [1, 2] a complete
methodology for abstracting tccp programs.
Summarizing, in these works, 1) we propose
an abstract model-checking methodology that
mitigates the state explosion problem in tccp
model checking; 2) We present the first for-
mal proof for the total correctness of a refined
abstract semantics which that models the sus-
pension behavior of processes; 3) We develop
a source-to-source transformation for tccp pro-
grams that is the basis for a natural imple-
mentation of our method;and 4) we develop
an approximation technique for checking the
satisfiability of the temporal properties that
must be verified. For space reasons, we only
present here a selection of these contributions.

2 The tccp language

In [3], the Timed Concurrent Constraint lan-
guage (tccp) was defined as an extension of
the Concurrent Constraint programming lan-
guage ccp [8]. The computational model is
based on a global store where constraints are
accumulated and on a set of agents that in-
teract with the store. The model is para-
metric w.r.t. cylindric constraint system C.
In tccp, a new (w.r.t. ccp) conditional agent
now c then A else B is introduced which makes
it possible to model situations where the ab-
sence of information can cause the execution
of a specific action.

In the full version of the paper we show the
definition of cylindric constraint system which
is a particular class of simple constraint sys-
tem. In this summary we refer only to simple
constraint systems:

Definition 1 A simple constraint system is
a structure 〈C,`〉 where C is the set of atomic
constraints and relation `⊆ ℘(C)× C satisfies
C1. u ` C, for all C ∈ u.
C2. u ` C, if ∀C′ ∈ v, u ` C′ and v ` C.
Relation ` can be extended to `⊆ ℘(C) ×

℘(C) as u ` v ⇐⇒ ∀C ∈ v, u ` C which is
reflexive and transitive.

During tccp computations, stores are repre-
sented by elements of Θ = ℘(C). Let us recall
the tccp syntax for agents:

A ::= stop | tell(c) |
Pn

i=0 ask(ci) → Ai |
now c then A else A | A||A | ∃x A | p(x)

where c, ci is a finite set of constraints of C. A
tccp process P has the form D.A, where D is
a set of procedure declarations p(x):-B, and B
is an agent.

3 Abstract tccp programs

An abstract interpretation (an abstraction) of
the constraint system 〈C,`〉 is given by an up-
per closure operator (uco) ρ : ℘(Θ) → ℘(Θ).
The intuition of this definition is that each
st ∈ Θ is abstracted by its closure ρ({st}).

Using abstract interpretation terminology,
ρ({st}) is the most precise abstraction of the
store st∈Θ and, if ρ({st})⊆sst, then sst is also
an abstraction of st. Thus roughly speaking,
an abstract store is a set of concrete stores.

Definition 2 introduces two dual entailment
relations for abstracting constraint systems.

Definition 2 Let 〈C,`〉 be a simple con-
straint system and ρ be a constraint abstrac-
tion. Then, we define the over- and under-
approximated constraint systems 〈Θ,`+

ρ 〉 and
〈Θ,`−ρ 〉 where `+

ρ ,`−ρ ⊆ ℘(Θ)× ℘(Θ), by:

sst1 `+
ρ sst2 ⇔ ∃u ∈ ρ(sst1),∃v ∈ sst2.u ` v

sst1 `−ρ sst2 ⇔ ∀u ∈ ρ(sst1),∃v ∈ sst2.u ` v

The names given above are justified because
(1) If u ` v, then {u} `+

ρ {v}.
(2) If {u} `−ρ {v}, then u ` v.

The abstract tccp semantics developed be-
low makes use of the abstract union operator
tρ : ℘(Θ) → ℘(Θ) defined as sst1 tρ sst2 =
ρ({u ∪ v|u ∈ sst1, v ∈ sst2, u ∪ v 6` false}).

3.1 Abstract Semantics

As it is shown in [10], the ask-tell paradigm
introduces some problems when we deal with
abstraction. When dealing with tccp, abstrac-
tion is more difficult to apply due to the tem-
poral dimension and the maximal parallelism.

In Figure 1 we formalize a preliminary ab-
stract operational semantics of tccp programs.
A configuration is a pair 〈Γ, sst〉 where Γ is an
agent and sst ∈ ℘(Θ) is an abstract store. In
the following, we assume that an abstraction
operator ρ : ℘(Θ) → ℘(Θ) has been provided.
We drop the subindex ρ from `+

ρ , `−ρ and tρ

in order to simplify the presentation.



(0)〈stopα
, sst〉 −→α 〈stopα

, sst〉
(1)〈tellα(c), sst〉 −→α 〈stopα

, sst t {{c}}〉

(2)
∃j.sst `+ {{cj}}

〈
nX

i=0

askα
(ci) → Ai, sst〉 −→α 〈Aj , sst〉

(3)
sst 6`− {{c0}, · · · , {cn}}

〈
nX

i=0

askα
(ci)→Ai, sst〉−→α〈

nX

i=0

askα
(ci) → Ai, sst〉

(4)
∃j.sst `+ {{cj}}, 〈Aj , sst〉 −→α 〈A′

j , sst′〉

〈
nX

i=0

ask!(ci) → Ai, sst〉 −→α 〈A′
j , sst

′〉

(5)
〈A, sst〉 −→α 〈A′, sst′〉, sst `− c

〈nowα c then A else B, sst〉 −→α 〈A′, sst′〉

(6)
〈B, sst〉 −→α 〈B′, sst′〉, sst 6`− c

〈nowα c then A else B, sst〉 −→α 〈B′, sst′〉

(7)
〈A, sst〉−→α〈A′, sst′1〉, 〈B, sst〉−→α 〈B′, sst′2〉

〈A||B, sst〉−→α〈A′||B′, sst′1 t sst′2〉

(8)
〈A, sst1 t ∃xsst2〉 −→α 〈A′, sst′〉

〈∃sst1xA, sst2〉 −→α 〈∃sst′xA′, sst2 t ∃xsst′〉
(9)〈p(x), sst〉 −→α 〈A, sst〉 if p(x):-A ∈ D

Figure 1: Correct abstract operational semantics

Let us explain the main differences w.r.t. the
concrete tccp semantics defined in [3]. First,
observe that in both semantics, each transition
consumes a time instant, and that all agents
are completely synchronized (rule (7) in Fig-
ure 1). The abstract version of agent A is de-
noted by Aα in this figure. The main points of
the abstract semantics are the new ask! agent
and the use of the two abstract entailment re-
lations. There is one completely new rule (4),
which defines the semantics for the instanta-
neous choice agent (ask!), which is similar to
askα except for it does not consume time. The
new agent is used to correctly abstract agent
now as shown below in Figure 2. In addi-
tion, in order to simulate suspension in the
abstract semantics, when a configuration con-
taining an ask agent suspends in the concrete
semantics, the corresponding abstract config-
uration is replicated in the new abstract se-
mantics (rule (3)).

We give a first step towards a source-to-
source transformation of tccp programs into
the corresponding abstract programs. For
each tccp agent A, we inductively construct
a corresponding abstract tccpα agent α(A) as
is shown in Figure 2.

Stop agent. α(stop) = stopα.

Tell agent. α(tell(c))=tellα(c).

Choice agent. α(
Pn

i=0 ask(ci) → Ai) =Pn
i=0 askα(ci) → α(Ai).

Conditional agent. α(now c then A else B)=

nowα c then α(A) else ask!(c) → α(A)
+ ask!(true) → α(B)

Parallel agent. α(A||B) = α(A)||α(B).

Hiding agent. α(∃x A) = ∃x α(A), where x is a
variable.

Procedure Call agent. α(p(x)) = p(x) where
x is a variable of the constraint system and
there exists a declaration p(x):-A.

Figure 2: α-transformation for tccp programs

3.2 Correctness

Given a tccp program P = D.Γ0, a trace t of P
starting at 〈Γ0, st0〉 is a sequence of configura-
tions t = 〈Γ0, st0〉 −→ · · · which is built by ap-
plying the transition relation rules −→ defined
in [3]. Let O(P )(〈Γ0, st0〉) denote the corre-
sponding standard operational semantics. We
say that a concrete trace t= 〈Γ0, st0〉−→· · ·∈
O(P )(〈Γ0, st0〉) is erroneous iff ∃i≥0.sti is not
consistent, that is, iff ∃i≥0.sti ` false.

Similarly, given an abstraction ρ, let
Aρ(P

α)(〈Γ0, sst0〉) denote the set of abstract
traces generated by the abstract program P α

by using the abstract operational semantics
given by Figure 1.

Given a trace t = 〈Γ0, st0〉 −→ · · · ∈
O(P )(〈Γ0, st0〉), we denote with α(t) the ab-
stract trace obtained by point-wise apply-
ing the transformation α presented previously
(Figure 2) to the agents in the configurations
of t, and abstracting the corresponding stores
using ρ; that is, α(t) = 〈α(Γ0), ρ({st0})〉 −→α

· · · . Given two abstract traces of the form tα
1=

〈Γα
0 , sst01〉 −→α · · · and tα

2 = 〈Γα
0 , sst02〉 −→α

· · · , we write tα
1 v tα

2 whenever ssti1 ⊆ ssti2,
for all i≥0.

Theorem 1 Given a tccp program P = D.Γ0,
and an abstraction ρ, for each non-erroneous
trace t ∈ O(P )(〈Γ0, st0〉), there exists an ab-
stract trace tα ∈ Aρ(α(P ))(〈α(Γ0), ρ({st0}〉)
such that α(t) v tα.

4 Abstracting properties

In order to check temporal properties in the
abstract model, we need to provide a suitable



approximation for them.
The syntax of the temporal logic of [4] is

φ ::= c | ¬φ | φ ∧ φ | ∃xφ | # φ | φ U φ

The truth value of temporal formulae is de-
fined with respect to a sequence of constraints
s and the constraint system 〈C,`〉. Each ele-
ment in the sequence represents the store at a
time instant. Given a sequence s = c0 · c1 · · · ,
for all i ≥ 0, we define si = ci · ci+1 · · · . Fol-
lowing [4, 5], given temporal formulas φ, φ1

and φ2, the satisfaction relation |= is defined
below where ∃xs means ∃xc0 · ∃xc1 · · · :
(1) si |= c iff ci ` c
(2) si |= ¬φ iff si 6|= φ
(3) si |= φ1 ∧ φ2 iff si |= φ1 and s |= φ2

(4) si |= ∃xφ iff s′ |= φ, for some s′

such that ∃xsi = ∃xs′

(5) si |= #φ iff si+1 |= φ
(6) si |= φ1Uφ2 iff for some k ≥ i . sk |= φ2

and for all i≤j <k . sj |=φ1

The temporal logic defined above is parame-
terized w.r.t. the underlying constraint sys-
tem 〈C,`〉. Given an abstraction ρ, and us-
ing the systems (Θ,`+

ρ ) and (Θ,`−ρ ) given in
Section 3, we may also define two abstract re-
lations |=+

ρ and |=−
ρ which, respectively, over-

and under-approximate |=.
The main difficulty in abstracting the satis-

fiability relation |= is in dealing with the satis-
fiability of negated formulae (case (2) above).
In fact, we may prove the following result
which basically means that in order to check
a negated formula, we have to interchange the
abstract satisfaction relations:

sα |=+
ρ ¬φ ⇐⇒ sα 6|=−

ρ φ
sα |=−

ρ ¬φ ⇐⇒ sα 6|=+
ρ φ

Theorem 2 proves the preservation results
of our abstract model-checking methodology.

Theorem 2 Given a tccp program P = D.Γ0,
an abstraction ρ, and a temporal formula φ:

1. If α(P ) |=−
ρ φ then P |= φ.

2. If α(P ) 6|=+
ρ φ then P |= ¬φ.

5 Conclusions
For space reasons, in this work we have pre-
sented only some results of [1, 2]. In particu-
lar, we have shown the refined abstract model-
checking methodology that mitigates the state
explosion problem in tccp model checking. We

have proved its correctness and we have devel-
oped an approximation technique for check-
ing the satisfiability of the temporal proper-
ties that must be verified, which completes our
methodology. As future work, an implemen-
tation of the framework proposed has already
started, and we expect to get some feedback
from the experiments that will enable further
improvements in our method.
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